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1 Consumption set and budget set

The consumption set X is the set of all conceivable consumption bundles q,
usually identified with Rn

+

The budget set B ⊂ X is the set of affordable bundles
In standard model individuals can purchase unlimited quantities at constant

prices p subject to total budget y. The budget set is the Walrasian, competitive
or linear budget set:

B = {q ∈ Rn
+|p′q ≤ y}

Notice this is a convex, closed and bounded set with linear boundary p′q = y.
Maximum affordable quantity of any commodity is y/pi and slope dqi/dqj |B =
−pj/pi is constant and independent of total budget.

In practical applications budget constraints are frequently kinked or discon-
tinuous as a consequence for example of taxation or non-linear pricing.

2 Marshallian demands, elasticities and types of
good

The consumer chooses bundles f(y,p) ∈ B known as Marshallian, uncompen-
sated, competitive or market demands. In general the consumer may be prepared
to choose more than one bundle in which case f(y,p) is a demand correspon-
dence but typically a single bundle is chosen and f(y,p) is a demand function.

We wish to understand the effects of changes in y and p on demand for, say,
the ith good:

• total budget y

– the path traced out by demands in q-space as y increases is called the
income expansion path whereas the graph of fi(y,p) as a function of
y is called the Engel curve

– for differentiable demands we can summarise dependence in the total
budget elasticity

εi =
y

qi

∂qi
∂y

=
∂ ln qi
∂ ln y
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3 PROPERTIES OF DEMANDS

– if demand for a good rises with total budget, εi > 0, then we say it
is a normal good and if it falls, εi < 0, we say it is an inferior good

– if budget share of a good, wi = piqi/y, rises with total budget, εi > 1,
then we say it is a luxury or income elastic and if it falls, εi < 1, we
say it is a necessity or income inelastic

• own price pi

– the path traced out by demands in q-space as pi increases is called
the offer curve whereas the graph of fi(y,p) as a function of pi is
called the demand curve

– for differentiable demands we can summarise dependence in the (un-
compensated) own price elasticity

ηii =
pi

qi

∂qi
∂pi

=
∂ ln qi
∂ ln pi

– if uncompensated demand for a good rises with own price, ηii > 0,
then we say it is a Giffen good

– if budget share of a good rises with price, ηii > −1, then we say it is
price inelastic and if it falls, ηii < −1, we say it is price elastic

• other price pj , j 6= i

– for differentiable demands we can summarise dependence in the (un-
compensated) cross price elasticity

ηij =
pj

qi

∂qi
∂pj

=
∂ ln qi
∂ ln pj

– if uncompensated demand for a good rises with the price of another,
ηij > 0, then we can say it is an (uncompensated) substitute whereas
if it falls with the price of another, ηij < 0, then we can say it is an
(uncompensated) complement. These are not the best definitions of
complementarity and substitutability however since they may not be
symmetric ie qi could be a substitute for qj while qj is a complement
for qj . A better definition, guaranteed to be symmetric, is one based
on the concept of compensated demand to be introduced below.

3 Properties of demands

3.1 Adding up

We know that demands must lie within the budget set: p′f(y,p) ≤ y. If
consumer spending exhausts the total budget then this holds as an equality,
p′f(y,p) = y, which is known as adding up, Walras’ law or budget balancedness.
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3.2 Homogeneity 3 PROPERTIES OF DEMANDS

If we differentiate wrt y then we get a property known as Engel aggregation∑
i

pi
∂fi

∂y
=

∑
i

wiεi = 1

• It is clear from this that not all goods can be inferior (εi < 0), not all goods
can be luxuries (εi > 1) and not all goods can be necessities (εi < 1)

• Also certain specifications are ruled out for demand systems . It is not pos-
sible, for example, for all goods to have constant income elasticities unless
these elasticities are all 1. Otherwise piqi = Aiy

αi and 1 =
∑

iAiαiy
αi−1

for all y and for some Ai > 0, αi 6= 1, i = 1, . . . , n which is impossible.

If we differentiate wrt an arbitrary price pj then we get a property known
as Cournot aggregation

fj +
∑

i

pi
∂fi

∂pj
= 0 ⇒ wj +

∑
i

wiηij = 0

• From this, no good can be a Giffen good unless it has strong complements

3.2 Homogeneity

If we assume that demands depend on y and p only insofar as these determine
the budget set B then values of y and p giving the same budget set should give
the same demands. Hence, since scaling y and p simultaneously by the same
factor does not affect B, demands should be homogeneous of degree zero

f(λy, λp) = f(y,p) forany λ > 0

Differentiating wrt λ and setting λ = 1

y
∂f
∂y

+
∑

j

pj
∂f
∂pj

= 0 ⇒ εi +
∑

j

ηij = 0

which is just an application of Euler’s theorem.

3.3 Negativity

The Weak Axiom of Revealed Preference or WARP, stated for the most general
case, says that if q0 is chosen from a budget set B0 which also contains q1

then there should exist no budget set B1 containing q0 and q1 from which q1

is chosen and not q0. It is a statement of consistency in choice behaviour.
For the case of linear budget constraints, WARP says that if q0 6= q1 and

q0 is chosen at prices p0 when p0′q0 ≥ p0′q1 then q1 should never be chosen
at prices p1 when p1′q0 ≤ p1′q1

We say that q0 is (directly) revealed preferred to q1, written q0Rq1, if q0

is chosen at prices p0 when p0′q0 ≥ p0′q1. Hence WARP says that we should
never find different bundles q0 and q1 such that q0Rq1 and q1Rq0

3 Ian Preston, 2006



3.4 The Slutsky equation 4 PREFERENCES

Consider increasing the price of the first good p1 (by an amount ∆p1) at the
same time as increasing total budget by exactly enough to keep the initial choice
affordable. This is called Slutsky compensation and the extra budget required
is easily calculated as q1∆p1. Any alternative choice within the new budget set
which involves a greater quantity of q1 must previously have been affordable
and the consumer cannot now make that choice without violating WARP since
the initial choice is also still in the budget set. The consumer must therefore
decrease demand for the first good. Slutsky compensated own price effects are
necessarily negative.

Since Slutsky compensation was positive the uncompensated own price effect
must be even more negative if the good is normal. Hence the Law of Demand
states that demand curves slope down for normal goods.

We can generalise this to changes in the price of any number of goods.
Consider a Slutsky compensated change in the price vector from p0 to p1 =
p0 + ∆p inducing a change in demand from q0 to q1 = q0 + ∆q. By Slutsky
compensation both q0 and q1 are affordable after the price change: p1′q0 =
p1′q1. By WARP, q1 could not have been affordable before the price change:
p0′q0 > p0′q1. By subtraction, therefore, we get the general statement of
negativity : ∆p′∆q < 0.

3.4 The Slutsky equation

Slutsky compensated demands h(q0,p) are functions of an initial bundle q0

and prices p and are given by Marshallian demands at a budget which main-
tains affordability of q0 ie h(q0,p) = f(p′q0,p). Differentiating provides a link
between the price derivatives of Marshallian and Slutsky-compensated demands

∂hi

∂pj
=
∂fi

∂pj
+
∂fi

∂y
q0j

known as the Slutsky equation. Since all terms on the right hand side are ob-
servable from market demand responses we can calculate Slutsky compensated
price effects and check for negativity more precisely than simply checking to see
whether the law of demand is satisfied.

Let S, the Slutsky matrix, be the matrix with elements given by the Slutsky
compensated price terms ∂hi/∂pj . Consider a price change ∆p = λd where
λ > 0 and d is some arbitrary vector. As λ → 0, ∆p′∆q → λ2d′Sd hence
negativity requires d′Sd ≤ 0 for any d which is to say the Slutsky matrix
S must be negative semidefinite. Note how weak have been the assumptions
needed to get this result.

4 Preferences

We write q0 % q1 to mean q0 is at least as good as q1. For the purpose of
constructing a theory of consumer choice behaviour we need only construe this
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4.1 Rationality 4 PREFERENCES

as a statement about willingness to choose q0 over q1. For welfare analysis we
need to read in a link to consumer wellbeing.

From this basic preference relation we can pull out a symmetric part q0 ∼ q1

meaning that q0 % q1 and q1 % q0 and capturing the notion of indifference.
We can also pull out an antisymmetric part q0 � q1 meaning that q0 % q1 and
q0 � q1 capturing the notion of strict preference.

4.1 Rationality

We want the preference relation to provide a basis to consistently identify a
set of most preferred elements in any possible budget set. A minimal set of
properties comprises:

• Completeness: for any q0 and q1 either q0 % q1 or q1 % q0

• Transitivity : for any q0, q1 and q2, if q0 % q1 and q1 % q2 then q0 % q2

Completeness ensures that choice is possible in any budget set and tran-
sitivity ensures that there are no cycles in preferences within any budget set.
Together they ensure that the preference relation is a preference ordering.

4.2 Continuity and utility functions

We can use the preference ordering to define several sets for any bundle q0:

• the weakly preferred set, upper contour set or at least as good as set is the
set R(q0) = {q1|q1 % q0}

• the indifferent set is the set I(q0) = {q1|q1 ∼ q0}

• the lower contour set is the set L(q0) = {q1|q0 % q1}

Plainly I(q0) = R(q0) ∩ L(q0) but no assumptions made so far ensure that
R(q0) or L(q0) contain their boundaries and therefore that I(q0) can be iden-
tified with the boundaries of either. The following assumption guarantees this:

Continuity : Both R(q0) and L(q0) are closed sets. Equivalently, for any
sequences of bundles qi and ri such that qi % ri for all i, limqi % lim ri.

If preferences satisfy continuity then there exists a continuous function u :
X → R such that u(q0) ≥ u(q1) whenever q0 % q1. Such a function is called a
utility function representing the preferences. The utility function is not unique:
if u(·) represents preferences then so does any function φ(u(·)) where φ(.) is
increasing. All that matters for describing choice is the ordering over bundles
induced by the utility function and it is therefore said to be an ordinal function.

Any continuous function attains a maximum on a closed and bounded set
so continuity ensures that the linear budget set has a well identified set of most
preferred elements.

If the consumer chooses those most preferred elements then their behaviour
satisfies WARP. If there are only two goods then such behaviour is equivalent to
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4.3 Nonsatiation and monotonicity 4 PREFERENCES

WARP. If there are more goods then such behaviour is equivalent to the Strong
Axiom of Revealed Preference or SARP which says that there should never exist
a sequence of bundles qi, i = 1, . . . , n such that q0Rq1, q1Rq2, . . . , qn−1Rqn

but qnRq0.

4.3 Nonsatiation and monotonicity

Nonsatiation says that consumers are never fully satisfied:
Nonsatiation: For any bundle q0 and any ε > 0 there exists another bundle

q1 ∈ X where |q0 − q1| < ε and q1 � q0

This, with continuity, ensures that indifferent sets are indifference curves -
they cannot have any “thick” regions to them

Monotonicity strengthens nonsatiation to specify the direction in which pref-
erences are increasing:

Monotonicity : If q1 � q0 ie q1i > q0i for all i, then q1 % q0

Strong monotonicity : If q1i > q0i for some i and q1i < q0i for no i, then q1 % q0

Monotonicity ensures that indifference curves slope down and that further
out indifference curves represent higher utility. The slope of the indifference
curve is called the marginal rate of substitution or MRS.

Any utility function representing (strongly) monotonic preferences has the
property that utility is increasing in all arguments. If the utility function is
differentiable then ∂u/∂qi > 0 for all i and

MRS =
dqj
dqi

∣∣∣∣
u

= − ∂u/∂qi
∂u/∂qj

The implied marginal rates of substitution are features of the utility function
which are invariant to monotonic transformation.

4.4 Convexity

Convexity captures the notion that consumers prefer variety:
Convexity : If q0 ∼ q1 then λq0 + (1− λ)q1 % q0

Upper contour sets are convex sets and the MRS is diminishing (in magni-
tude): d2qj/dq2i

∣∣
u
> 0. The corresponding property of the utility function is

known as quasiconcavity : u(λq0 + (1− λ)q1) ≥ min(u(q0), u(q1)).

4.5 Homotheticity and quasilinearity

Preferences are homothetic if indifference is invariant to scaling up consumption
bundles: q0 ∼ q1 implies λq0 ∼ λq1 for any λ > 0. This imposes no restriction
on the shape of any one indifference curve considered in isolation but implies
that all indifference curves have the same shape in the sense that those further
out are magnified versions from the origin of those further in. As a consequence,
marginal rates of substitution are constant along rays through the origin.

Homotheticity clearly holds if the utility function is homogeneous of degree
one: u(λq) = λu(q) for λ > 0. In fact, up to increasing transformation, this is
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5 CHOICE

the only class of utility functions which give homothetic preferences ie prefer-
ences are homothetic iff u(q) = φ(υ(q)) where υ(λq) = λυ(q) for λ > 0.

Quasilinearity is a somewhat similar idea in that it requires indifference
curves all to have the same shape, but in the sense of being translated versions
of each other. In this case indifference is invariant to adding quantities to a
particular good: preferences are quasilinear wrt the ith good if q0 ∼ q1 implies
q0 +λei ∼ q1 +λei for any λ > 0 and ei is the n-vector with zeroes in all places
except the ith.

In terms of the utility function, preferences are quasilinear iff u(q) = φ(υ(q))
where υ(q + λei) = υ(q) + λ for λ > 0.

5 Choice

An individual chooses q0 if q0 ∈ B and there is no other q1 ∈ B where q1 � q0.
If preferences are continuous and the budget constraint is linear then there
exists a utility function u(q) to represent preferences and the choice solves the
consumer problem

maxu(q) s.t. p′q ≤ y

.
The demands solving such a problem

• satisfy homogeneity

• satisfy WARP

• satisfy adding up if preferences are nonsatiated (otherwise there would
exist a preferred bundle within the budget set which was not chosen)

• are unique if preferences are convex

The solution is at a point where an indifference curve just touches the bound-
ary of the budget set. If utility is differentiable at that point then the MRS
between any two goods consumed in positive quantities equals the ratio of their
prices

∂u/∂qi
∂u/∂qj

=
pi

pj

.
This could be deduced from the first order conditions for solving the con-

sumer problem:
∂u

∂qi
= λpi i = 1, . . . , n

where λ is the Lagrange multiplier on the budget constraint.
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5.1 Income expansion paths 6 DUALITY

5.1 Income expansion paths

As y is increased the budget set expands but the slope of its boundary is un-
changed. The points of tangency trace out a path along which the MRS between
goods are constant and this characterises the income expansion path.

• For homothetic preferences such paths are rays through the origin and
ratios between chosen quantities are independent of y given p, as also
therefore are budget shares.

• For quasilinear preferences such paths are straight lines parallel to the ith
axis and quantities of all goods except the ith good are independent of
y given p, provided that the fixed quantities of these goods in question
remain affordable

6 Duality

6.1 Hicksian demands

Just as upper contour sets can be ordered by utility, budget sets can be ordered
(given p) by total budget y. Just as Marshallian demands maximise utility given
total budget y and prices p so the same quantities minimise the expenditure
necessary to each given utility u given prices p.

Consider the dual problem

minp′q s.t. u(q) ≥ u

to be contrasted with the primal problem above. The quantities solving this
problem can be written as functions of utility u and prices p and are called the
Hicksian or compensated demands, which we write as g(u,p).

First order conditions for this problem are clearly similar to those for solution
of the primal problem

pi = µ
∂u

∂qi
i = 1, . . . , n

where µ is the Lagrange multiplier on the utility constraint
The demands solving such a problem

• satisfy homogeneity in prices, g(u, λp) = g(u, p)

• satisfy WARP

• satisfy the utility constraint with equality if preferences are nonsatiated,
u(g(u, p)) = u

• are unique if preferences are convex
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6.2 Indirect utility function and expenditure function 6 DUALITY

6.2 Indirect utility function and expenditure function

We can define functions giving the values of the primal and dual problems. these
are known as the indirect utility function

v(y,p) = maxu(q) s.t. p′q ≤ y
and the expenditure function

e(u,p) = minp′q s.t. u(q) ≥ u.
These functions can be derived from the corresponding demands by evalu-

ating the objective functions at those demands ie

v(y,p) = u(f(y,p)) e(u,p) = p′g(u,p).

The duality between the two problems can be expressed by noting the equal-
ity of the quantities solving the two problems

f(e(u,p),p) = g(u,p) f(y,p) = g(v(y,p),p)

or noting that v(y,p) and e(u,p) are inverses of each other in their first argu-
ments

v(e(u,p),p) = u e(v(y,p),p) = y.

The expenditure function has the properties that

• it is homogeneous of degree one in prices p, e(u, λp) = λe(u,p). The
Hicksian demands are homogeneous of degree zero so the total cost of
purchasing them must be homogeneous of degree one

e(u, λp) = λp′g(u, λp) = λp′g(u,p) = λe(u,p)

• it is increasing in p and u.

• it is concave in prices

e(u, λp1 + (1− λ)p0 = λp1′g(u, λp1 + (1− λ)p0)

+(1− λ)p0′g(u, λp1 + (1− λ)p0)
≥ λe(u,p1) + (1− λ)e(u,p0)

since p1′g(u, λp1 + (1− λ)p0) ≥ e(u,p1) and p0′g(u, λp1 + (1− λ)p0) ≥
e(u,p0)

These are all of the properties that an expenditure function must have.
The properties of the indirect utility function follow immediately from those

of the expenditure function given the inverse relationship between them

• it is homogeneous of degree zero in total budget y and prices p, v(λy, λp) =
v(y,p). This should be apparent also from the homogeneity properties of
Marshallian demands

• it is decreasing in p and increasing in y.

• it is quasiconvex in prices

v(y, λp1 + (1− λ)p0 ≤ max(v(y,p1), v(y,p0))

9 Ian Preston, 2006



6.3 Shephard’s lemma and Roy’s identity 6 DUALITY

6.3 Shephard’s lemma and Roy’s identity

Since e(u,p) = p′g(u,p)

∂e(u,p)
∂pi

= gi(u,p) + p′
∂g(u,p)
∂pi

= gi(u,p) + µ
∑

j

∂u

∂qj

∂gj(u,p)
∂pi

= gi(u,p)

using the first order condition and the fact that utility u is held constant. This
is Shephard’s Lemma Its importance is that it allows compensated demands to
be deduced simply from the expenditure function by differentiation.

Since v(e(u,p),p) = u

∂v(y,p)
∂pi

+
∂v(y,p)
∂y

∂e(u,p)
∂pi

= 0

⇒ −∂v(y,p)/∂pi

∂v(y,p)/∂y
= gi(v(y,p),p)

= fi(y,p)

using Shephard’s Lemma
This is Roy’s identity. Its importance is that it allows uncompensated de-

mands to be deduced simply from the indirect utility function, again solely by
differentiation

In many ways it is therefore easier to derive a demand system by beginning
with v(y,p) or e(u,p) than by solving the consumer problem directly given u(q)

6.4 The Slutsky equation

Since g(u, p) = f(e(u,p),p)

∂gi(u,p)
∂pj

=
∂fi(y,p)
∂pj

+
∂fi(y,p)

∂y

∂e(u,p)
∂pj

=
∂fi(y,p)
∂pj

+
∂fi(y,p)

∂y
fj(y,p)

The equation relating price derivatives of Hicks-compensated to Marshallian
demands has the same form as that relating Slutsky-compensated to Marshal-
lian demands. Hicks-compensated price derivatives are the same as Slutsky-
compensated price derivatives since the two notions of compensation coincide
at the margin.

The Slutsky matrix can therefore be defined using either notion of compen-
sation and Hicksian demands therefore also satisfy negativity at the margin.
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6.5 Slutsky symmetry

From Shephard’s Lemma

∂gi(u,p)
∂pj

=
∂2e(u,p)
∂pipj

=
∂gj(u,p)
∂pi

The Slutsky matrix of compensated price derivatives is not only negative
definite but also symmetric.

Note the implication that notions of complementarity and substitutability
are consistent between demand equations if using compensated demands. This
is not true of uncompensated demands because income effects are not symmetric
and it is therefore preferable to base definitions of complements and substitutes
on compensated demands.

6.6 Integrability

The properties of adding up, homogeneity, negativity and symmetry are not only
necessary but sufficient for consumer optimisation. If Marshallian demands sat-
isfy these restrictions then there is a utility function u(q) which they maximise
subject to the budget constraint. We say in such a case that demands are inte-
grable. The implied Hicksian demands define the expenditure function through
a soluble set of differential equations by Shephard’s Lemma

We know a system of demands is integrable if any of the following hold

• They were derived as solutions to the dual or primal problem given a well
specified direct utility function

• They were derived by Shephard’s Lemma from a cost function satisfying
the appropriate requirements or they were derived by Roy’s identity from
an indirect utility function satisfying the appropriate requirements

• They satisfy adding up, homogeneity, symmetry and negativity

6.7 Homotheticity

We know that homothetic preferences lead to constant budget shares given
prices. Therefore f(y,p) = yα(p) for some α(p) and, if we were to take the
homogeneous representation of utility, which necessarily exists, then doubling
y doubles demands and would double utility. Thus, more generally, v(y,p) =
φ(y/a(p)) for some a(p) and some increasing φ(·) and e(u,p) = φ−1(u)a(p).
The function a(p) should be interpreted as a price index which is independent
of utility u.
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6.8 Summary

Utility maximisation problem Cost minimisation problem
maxu(q) s.t. p′q ≤ y ←→ minp′q s.t. u(q) ≥ u

↓ ↓
Uncompensated demands Compensated demands

q = f(y,p) ←→ q = g(u,p)
l l

Indirect utility function Expenditure function
v(y,p) ←→ e(u,p)

7 Grouping and Separability

The need to simplify often requires that we consider grouping goods and analysing
their demand in isolation from the rest of the consumer problem. This could be
justified either by assumptions about price movements or by assumptions about
preferences. Suppose that we partition the consumption bundle q into groups
qI , qJ , qK, . . . and so on.

7.1 Price movements

7.1.1 Hicks aggregation

Suppose prices for goods within one group move together in the sense that
pI = θp0

I for some fixed vector of relativities p0
I . This sort of assumption might

be justified by features of the technology producing these goods or by arbitrage
possibilities. Then we can think of θ as a sort of scalar group price. The expen-
diture function takes the form e(u,p) = e(u, θp0

I ,pJ , . . . ) = e∗(u, θ,pJ , . . . )
for some function e∗(·). Note that ∂e∗/∂θ = p0

I
′
∂e/∂pI = p0

I
′qI . Hence Shep-

hard’s lemma holds if we regard θ as the price of a composite commodity formed
by adding up the within-group quantities weighted by the fixed relative prices
p0
I . This sort of grouping is called Hicks aggregation or Hicksian separability.

7.2 Preference structure

7.2.1 Weak separability

We say that the group I is a weakly separable group in preferences if preferences
over qI are independent of the quantities in other groups. Precisely, weak
separability requires that

(q0
I ,qJ , . . . ) % (q1

I ,qJ , . . . )

only if
(q0

I ,qJ
′, . . . ) % (q1

I ,qJ
′, . . . )

for all qJ ′, . . . If there exists a utility function then weak separability implies
it has the form

u = υ(φI(qI),qJ ,qK, . . . )
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for some within-group utility function φI(·). Note that this implies the MRS
between goods in group I are independent of quantities of goods outside the
group:

dqIi

dqIj

∣∣∣∣
u

=
∂φI/∂qIj

∂φI/∂qIi
.

If we consider the problem of choosing qI conditional on quantities of other
goods

max
qI

υ(φI(qI),qJ ,qK, . . . ) s.t. y ≥ pI′qI + pJ ′qJ + pK′qK + . . .

we see that the solution reduces to solving

max
qI

φI(qI) s.t. pI′qI ≤ y − pJ ′qJ − pK′qK − . . . ≡ yI .

The only information needed to solve the problem is the amount left to spend
on the group yI and prices within the group pI . Within group demands can
therefore be written qI = fI(yI ,pI) so lower stage demands depend only on
total within group spending and within group prices. This sort of preference
structure justifies common empirical simplifications such as

• analysing spending on one period’s demands as a function of that period’s
budget and prices ignoring patterns of spending in other periods

• analysing spending on commodity demands as a function of total com-
modity spending and prices ignoring decisions on allocation of time

• analysing spending on nondurable goods as a function of nondurable spend-
ing and prices ignoring patterns of spending on durable goods

We can substitute the within group demands into the within group utility
to get a within group indirect utility function

vI(yI ,pI) = φI(fI(yI ,pI))

and invert it to get a well-defined within group expenditure function

eI(uI ,pI) = min
qI

pI′qI s.t. φ(qI) ≥ uI .

Standard duality results such as Roy’s identity and Shephard’s lemma apply to
these within group functions.

Weak separability justifies treating the lower stage of the individual’s con-
sumer choices separately from decisions about how much budget to allocate to
the group. However the upper stage decision about how much to allocate to
the group cannot in general be made without simultaneously considering the
lower stage decision. If lower stage preferences are homothetic then we can
write vI(yI ,pI) = yI/aI(pI) for some lower stage price index aI(pI) and the
top stage decision can then be written

max
uI ,qJ ,...

υ(uI ,qJ , . . . ) s.t. y ≥ aI(pI)uI + pJ ′qJ + pK′qK + . . .
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8 DEMAND WITH ENDOWMENTS

and solved without considering the lower stage decision.
If all groups are weakly separable then we say simply that preferences are

weakly separable
u = υ(φI(qI), φJ (qJ ), φK(qK), . . . )

and if preferences within all groups are homothetic then we have homothetic
weak separability and complete two stage budgeting with a top stage:

max
uI ,uJ ,...

υ(uI , uJ , . . . ) s.t. y ≥ aI(pI)uI + aJ (pJ )uJ + . . .

7.2.2 Strong separability

Now suppose that preferences can be written in an additive form

u = φI(qI) + φJ (qJ ) + φK(qK) + . . .

Then not only is the MRS within any group independent of quantities in other
groups but the marginal utilities of quantities within the group are independent
of quantities in other groups: ∂u/∂qIi = ∂φI/∂qIi. Hence the MRS between
goods in any two groups (being the ratio of these marginal utilities) is indepen-
dent of quantities in any other group. In other words, groups can be arbitrarily
combined to give further separable groups - for example,

(q0
I ,q

0
J ,qK, . . . ) % (q1

I ,q
1
J ,qK, . . . )

only if
(q0

I ,q
0
J ,qK

′, . . . ) % (q1
I ,q

1
J ,q

′
K, . . . )

for all qK′, . . . Gorman proved that the possibility of writing utility in this
additive form is the only preference structure which allows this. It is known as
strong separability, additive separability or additivity.

8 Demand with Endowments

Until now we have assumed consumers’ budgets are in the form of endowed nom-
inal income and that their values do not therefore change as prices change. If
consumers have endowments of goods then this is no longer true. The exchange-
able values of these endowments change with prices. Suppose the endowment is
ω. The budget constraint becomes y+p′ω ≥ p′q or equivalently y ≥ p′z where
z = q− ω denotes the net demands.

Quantities consumed will be q = f(y + p′ω,p). Differentiating and using
the Slutsky equation

∂qi
∂pj

∣∣∣∣
y,ω

=
∂fi

∂pj
+
∂fi

∂y
ωj

=
∂gi

∂pj
− ∂fi

∂y
[qj − ωj ]
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10 INTERTEMPORAL CHOICE

The income effect now depends upon whether the individual is a net buyer
or seller. If the individual is a net seller then the uncompensated demand curve
need not slope down for a normal good - in fact income and substitution effects
will be opposing.

9 Labour supply

Labour supply choice is a key example of demand with endowments. We treat
this as a two good choice problem where the consumer has an endowment of
one of the goods, time.

Combining all commodities into a single good c with a price p can be justified
by invoking either

• Hicks aggregation under the assumption that all consumers under consid-
eration face the same commodity prices or

• homothetic weak separability of goods from leisure.

The consumer has an endowment T of time of which l is consumed (some-
times referred to as leisure) and h = T − l is sold to the market at a price of
w. The consumer possibly also has an endowment of unearned income y so the
budget constraint is y + wT ≥ wl + pc. The value of total available resources
y + wT is sometimes called full income.

Uncompensated demand for time is l = f(y + wT,w, p) and compensated
demand is l = g(u,w, p). The Slutsky equation has the form

∂l

∂w

∣∣∣∣
y

=
∂f

∂w
+
∂f

∂y
T

=
∂g

∂w
+
∂f

∂y
(T − l)

Note that the two terms have opposite sign if time is a normal good since the
consumer must be a net seller of time, T − l ≥ 0. The corresponding Slutsky
equation for labour supply takes the form

∂h

∂w

∣∣∣∣
y

=
∂h

∂w

∣∣∣∣
u

+
∂h

∂y

∣∣∣∣
w

h.

10 Intertemporal choice

The intertemporal nature of consumer choice can be dealt with by treating the
vectors of commodities consumed in different time periods, t = 0, 1, , . . . , T , as
different goods, qt. An intertemporal budget constraint then requires that the
discounted present value of the lifetime spending stream equals the discounted
present value of the lifetime income stream, yt, t = 0, 1, , . . . , T :

T∑
t

p′tqt/(1 + r)t ≤
T∑
t

yt/(1 + r)t = Y
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11 UNCERTAINTY

where r is the market discount rate.
It is very natural in such a context to assume some sort of separability of

preferences across periods since goods in different periods are not consumed at
the same time. Any such assumption restricts the role of memory and anticipa-
tion in determining preferences, ruling out habits in consumption, for example.
Preferences are often assumed strongly intertemporally separable

u =
T∑
t

φt(qt)

for some concave functions φt(·). Thus the MRS between goods consumed in
any two periods is independent of the quantities consumed in any third period.

If, furthermore, within period preferences are homothetic then the problem
of allocating spending across periods can be written

max
T∑
t

ψt(ct) s.t.
T∑
t

ctat(pt/(1 + r)t) ≤
T∑
t

yt/(1 + r)t

for some concave functions ψt(·) and time-specific price indices at(·). The in-
tertemporal choice problem now has the form of a problem of demand with
endowments where the goods are total consumptions in each period and en-
dowments are incomes in each period. Effects of interest rate changes therefore
depend upon whether the consumer is a net seller or net buyer of these goods
or, in other words, whether they are a saver or a borrower.

Frequently ψt(ct) = υ(ct)/(1 + δ)t for some concave function υ(·). The
parameter δ > 0 is a subjective discount rate reflecting downweighting of future
utility relative to the present and therefore capturing impatience. Assuming
prices pt are constant, for simplicity, then first order conditions for intertemporal
choice require

υ′(ct)
υ′(cs)

=
(

1 + δ

1 + r

)|t−s|

.

If δ = r then ct = cs given concavity of υ(·) so concavity can be seen as capturing
the desire to smooth the consumption stream. If r > δ then chosen consumption
will follow a rising path with a steepness determined by the degree of concavity
in υ(·).

11 Uncertainty

Choice under uncertainty can be fitted into the standard consumer framework
by treating commodities consumed in different possible states of the world,
s = 0, 1, 2, . . . , S, as different goods, qs. In fact, for most of what is said below
about preferences we can interpret qs more generally as a description of any
pertinent feature of s, not simply quantities of commodities consumed, and we
refer to q = (q0,q1, . . . ) as the vector of outcomes.
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11.1 Expected utility 11 UNCERTAINTY

The budget constraint linking what can be consumed in different states of
the world is typically determined by means for transferring wealth between
uncertain states of the world such as insurance, gambling, risky investment and
so on. The relative prices on consumption in different states of the world are
then set by the premia in insurance contracts, betting odds and so on.

11.1 Expected utility

What is distinctive about the case of uncertainty is the probabilistic framework.
The probabilities of states occurring, πs, s = 0, 1, 2, . . . , S, enter not the budget
constraint but preferences. To bring these in we define preferences over combi-
nations of vectors of outcomes and probabilities known as lotteries, gambles or
prospects. A simple lottery L = (q;π) is a list of outcomes q and associated
probabilities π.

This is a context in which separability assumptions are often regarded as
extremely persuasive. Consider the choice between two lotteries

L0 = (q0
0,q

0
1,q2,q3, . . . ;π) and L1 = (q1

0,q
1
1,q2,q3, . . . ;π)

. What happens in states of the world other than s = 0, 1 are the same in
both cases and since these states of the world will not have occurred if either of
the first two states transpire then it is felt that they should not matter to the
choice. In other words if L0 % L1 then this should be so whatever the outcomes
q2,q3, . . . . This is referred to as the sure thing principle (because it says choice
should ignore outcomes in states of the world where the outcome is a “sure
thing”) and it is plainly recognisable as a strong separability assumption. If it
is true then, given π, preferences have an additive utility representation

u(L) =
∑

s

υs(qs, π).

The sure thing principle implies the MRS between outcomes in two different
states of the world should be independent of outcomes in any third state of the
world. What is being ruled out is any influence on preferences between any two
states from what merely might happen in a third state as might be felt to be
the case if choice were influenced by considerations, say, of potential for regret.
The assumption is incompatible with behaviour in certain well known examples
such as the Allais paradox.

We can put further structure on preferences by thinking about the way that
probabilities enter preferences. It is usual to assume firstly that the preference
relation is continuous in the probabilities. Secondly we can make assumptions
about preferences over combinations of lotteries known as compound lotteries.
Let π◦L0+(1−π)◦L1 denote the lottery which gives a chance π of entering lot-
tery L0 and a chance (1−π) of entering lottery L1. The betweenness assumption
then says that that if L0 % L1 then L0 % π ◦L0 + (1− π) ◦L1 % L1 so that any
compound lottery mixing the two lies between them in the consumer’s prefer-
ence ordering. This already implies linearity of indifference curves in probability
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11.2 Risk aversion 11 UNCERTAINTY

space since if L0 ∼ L1 then

u(L0) = u(L1) = πu(L0) + (1− π)u(L1) = u(π ◦ L0 + (1− π) ◦ L1).

If we combine this assumption with the sure thing principle1 then we get
the strong independence axiom: L0 % L1 if and only if π ◦ L0 + (1− π) ◦ L2 %
π ◦ L1 + (1 − π) ◦ L2 for any third lottery L2. Given strong independence,
preferences are both additive across states and linear in probabilities - in fact
they take the expected utility form

u(L) =
∑

s

πsυs(qs).

Such a utility function u(L) is called a (von Neumann-Morgenstern) expected
utility function

If we add the assumption that the description of the state of the world
is irrelevant to the utility gained from the outcome, in the sense that, say,
(q0,q1,q2, . . . ;π0, π1, π2, . . . ) ∼ (q1,q0,q2, . . . ;π1, π0, π2, . . . ) then we can drop
the distinction between within period utility functions and write simply

u(L) =
∑

s

πsυ(qs).

11.2 Risk aversion

Suppose the outcomes are monetary amounts, ys, so that

u(L) =
∑

s

πsυ(ys).

It is through the properties of υ(·), the state specific utility function sometimes
called the Bernoulli utility function, that properties such as aversion to risk are
captured. We say that someone is risk averse if they would always prefer to
take the expected monetary value of a gamble with certainty to participating in
the gamble. Thus a person is risk averse if Eυ(ys) ≤ υ(Eys) for any monetary
lottery. Taking a case with two outcomes

πυ(y0) + (1− π)υ(y1) ≤ υ(πy0 + (1− π)y1)

for 0 ≤ π ≤ 1. Since this is a statement of concavity of the Bernoulli utility
function υ(·) we identify risk aversion with concavity.

Concavity is not a property preserved under arbitrary increasing transfor-
mations of υ(·) and representations of preferences under uncertainty are not
preserved by increasing transformations of the Bernoulli utility function. If
two alternative expected utility functions represent the same preferences then

1If L0 % L1 then π ◦ L0 + (1 − π) ◦ L0 ∼ L0 % π ◦ L1 + (1 − π) ◦ L0 and the sure thing
principle allows us to replace the second occurrence of L0 in these compound lotteries with
any lottery L2.
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11.3 An example: Insurance 11 UNCERTAINTY

it must be that the Bernoulli utility functions are affine transformations of each
other.

We can evaluate the degree of someone’s risk aversion by asking how much
they would be prepared to pay to avoid a gamble. The certainty equivalent to a
monetary gamble, M , is the amount which if received with certainty would give
the same expected utility as the actual gamble: υ(M) = Eυ(y). The difference
between the expected monetary value of the gamble and the certainty equivalent
is what the individual would pay to avoid the gamble and is known as the risk
premium, m = Ey −M . Taking Taylor expansions:

υ(Ey −m) ' υ(Ey)−mυ′(Ey)

Eυ(y) ' υ(Ey) + E(y − Ey)υ′(Ey) +
1
2
E(y − Ey)2υ′′(Ey)

= υ(Ey) +
1
2
V ar(y)υ′′(Ey)

⇒ m ' −1
2
υ′′(Ey)
υ′(Ey)

V ar(y)

The ratio R(y) = −υ′′(y)/υ′(y) is known as the Arrow-Pratt coefficient of ab-
solute risk aversion. These ideas for comparing risk aversion come together in
three equivalent definitions of what it might mean for one individual to be more
risk averse than another:

• the more risk averse individual has a Bernoulli utility function which is
an increasing concave transformation of that of the other

• the more risk averse individual has a higher risk premium for any gamble

• the more risk averse individual has a higher coefficient of absolute risk
aversion at all y

Multiplying R(y) by y gives the coefficient of relative risk aversion, r(y).
Just as m ' 1

2R(Ey)V ar(y), m/Ey ' 1
2r(Ey)V ar(y)/(Ey)

2.

11.3 An example: Insurance

Suppose someone has initial wealth A but would lose all of it in an event oc-
curring with probability π. They can purchase insurance K for a premium of
γK where γ is the rate at which the insurance premium is charged. The indi-
vidual’s levels of wealth in good and bad states are therefore y0 = A− γK and
y1 = K−γK. The budget constraint linking them is (1−γ)y0 + γy1 = A(1−γ).
The relative price of wealth in the two states y0 and y1 is set by the rate of pre-
mium γ and the structure of the choice problem is like a demand problem where
the individual has an endowment A of y0 of which they are a net seller.

The consumer problem is

max
K

[(1− π)υ(A− γK) + πυ(K(1− γ))]
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12 PRODUCTION

and the first order condition for an interior solution is

−(1− π)γυ′(A− γK) + (1− γ)πυ′(K(1− γ)) = 0.

If π = γ then insurance is actuarially fair in the sense that the expected mone-
tary return from taking out an insurance contract is zero and, given concavity
υ′′(·) < 0, the solution to the first order condition implies full insurance, A = K.
All points on the budget constraint imply the same expected wealth and the
risk averse individual will choose the unique point at which risk is eliminated.

If γ > π then insurance is less than actuarially fair but a risk averse consumer
may still be willing to pay to reduce some but not all of the risk they would face
in the uninsured state. Taking a Taylor expansion of the first order condition
around K = A

0 ' [(1− π)γ − π(1− γ)]υ′(A(1− γ))
−[γ2(1− π) + (1− γ)2π]υ′′(A(1− γ))[K −A]

⇒ A−K ' [(1− π)γ − π(1− γ)]
[γ2(1− π) + (1− γ)2π] R(A(1− γ))

so that the degree of underinsurance depends on the departure from actuarial
fairness (1 − π)γ − π(1 − γ) and the coefficient of absolute risk aversion at
full insurance R(A(1− γ)) (and the degree of underinsurance relative to initial
wealth 1 − K/A depends upon the departure from actuarial fairness and the
coefficient of relative risk aversion). A more risk averse individual will therefore
underinsure less heavily.

12 Production

12.1 Technology

Let a firm’s activities be described by a production plan, production vector or
net output vector, y, in which negative quantities correspond to goods consumed
(inputs) and positive quantities to goods produced (outputs). The technological
constraints facing the firm are captured in the production set, Y , which includes
all technologically feasible production plans.

The production set Y is usually assumed closed and nonempty. In particular,
assuming Y to contain at least y = 0 means that shutdown is feasible. On
the other hand, assuming Y to contain no y � 0 rules out the possibility of
producing positive output without consuming any inputs. Monotonicity or free
disposal requires that it is always possible to reduce the net output of any good
so if y ∈ Y then so also is any y′ � y.

The transformation function F (y) is an equivalent means of describing pro-
duction possibilities, defined to take nonpositive values F (y) ≤ 0 if and only
if the production plan is feasible, y ∈ Y . Moving along the boundary of Y ,
known as the transformation frontier, keeping F (y) = 0, the rate at which any

20 Ian Preston, 2006



12.1 Technology 12 PRODUCTION

one net output can be transformed into another is known as the marginal rate
of transformation,

MRTij = dyi/dyj |F (y)=0 = −∂F/∂yj

∂F/∂yj
.

Where there is a single output q produced with several inputs z we define a
production function, f(z) = max q s.t. (q,−z) ∈ Y , giving the maximum output
feasible with any combination of inputs. The production set can be defined by a
transformation function F (y) = q−f(z). For any given output level q the input
requirement set, V (q) = {z|(q,−z) ∈ Y }, gives all input bundles capable of
producing q. The set of input combinations producing exactly the same output
forms the boundary to this set, known as an isoquant, and its slope is known as
the marginal rate of technical substitution

MRTSij = dzi/dzj |f(z)=q = −∂f/∂zj

∂f/∂zj
.

(Note the similarity of the input requirement set to the weakly preferred set in
consumer theory and of an isoquant to an indifference curve).

Returns to scale are concerned with the feasibility of scaling up and down
production plans.

• If any feasible production plan can always be scaled down then we say
that there are nonincreasing returns to scale, y ∈ Y implies αy ∈ Y for
0 ≤ α ≤ 1. If there is only one output and one input then this is equivalent
to concavity of the production function.

• If any feasible production plan can always be scaled up then we say that
there are nondecreasing returns to scale, y ∈ Y implies αy ∈ Y for α ≥
1. If there is only one output and one input then this is equivalent to
convexity of the production function.

• If production shows both nonincreasing and nondecreasing returns to scale
then we say that there are constant returns to scale (CRS), y ∈ Y implies
αy ∈ Y for α ≥ 0. Mathematically, this says that the production set is a
cone. If there is only one output then this is equivalent to homogeneity of
degree one of the production function, f(αz) = αf(z) and if there is also
only one input then production is linear.

Convexity of the input requirement set V (q) means that convex combinations
of input vectors z and z′ which produce the same output q will also produce
at least q. In terms of the slope of isoquants, convexity implies a decreasing
MRTS.

Convexity of the production set Y is a stronger assumption, implying not
only convexity of input requirement sets V (q) but also nonincreasing returns to
scale, neither of which implies the other. If there is a single output then this
sort of convexity is equivalent to concavity of the production function f(z). If
Y is convex and there are constant returns to scale then Y is a convex cone.
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12.2 Profit maximisation 12 PRODUCTION

12.2 Profit maximisation

Supposing goods prices are p, then firm profits are p′y and we assume the firm
chooses its production plan so as to earn the highest possible profits

max
y

p′y s.t. y ∈ Y.

We consider here only the case of competitive behaviour in which the firm
takes prices p to be fixed. Assuming a solution exists with finite y 6= 0 and
characterised by first order conditions

pi = λ∂F/∂yi, i = 1, 2, . . .

where λ is a Lagrange multiplier on the technology constraint and therefore

MRTij = −pi/pj .

The marginal rate of transformation between any two outputs, between any two
inputs or between any input and output is equal to their price ratio.

If there is a single output at price p produced with inputs priced at w then
the problem reduces to

max
z
pf(z)−w′z

for which first order conditions require p∂f/∂zi − wi = 0 so that each input is
used up to the point that the value of its marginal product ∂f/∂zi equals its
input price wi.

The value of the profit maximising net supplies y(p) gives the profit function

π(p) = p′y(p) = max
y

p′y s.t. y ∈ Y.

It has the properties that

• it is homogeneous of degree one: π(λp) = λπ(p)

• it is convex:

π(λp0 + (1− λ)p1) = λp0′y(λp0 + (1− λ)p1) + (1− λ)p1′y(λp0 + (1− λ)p1)

≤ λp0′y(p0) + (1− λ)p1′y(p1)
= λπ(p0) + (1− λ)π(p1)

Differentiating the identity π(p) = p′y(p):

∂π

∂pi
= yi(p) +

∑
j

pj
∂yj

∂pi

= yi(p) + λ
∑

j

∂F

∂yi

∂yj

∂pi
= yi(p)
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using the first order condition for profit maximisation and noting that F (y) is
held constant as p changes. This is Hotelling’s Lemma: the supply functions
are the derivatives of the profit function.

The properties of the net supply functions themselves follow from the prop-
erties of the profit function given Hotelling’s lemma. They are homogeneous of
degree zero: y(λp) = y(p). Since ∂yi/∂pj = ∂2π/∂pi∂pj , the matrix of price
derivatives of the supply functions, known as the supply substitution matrix is
necessarily symmetric and, given convexity of π(p), positive semidefinite. As a
particular implication of this, ∂yi/∂pi ≥ 0 so supply functions must slope up in
own prices - the law of supply. An increase in price of an output increases its
supply and an increase in an input price reduces its demand. (Note that this
result needs no qualification regarding compensation since there is no budget
constraint associated with the producer problem).

This last result could have been established by appeal to the Weak Axiom
of Profit Maximisation: if a producer chooses y0 at prices p0 then that output
choice must make greater profit at those prices than any output choice y1 made
under any other prices p1. Hence p0′y0 ≥ p0′y1 and p1′y1 ≥ p1′y0. By
subtraction ∆p′∆y ≥ 0 where ∆p = p1 − p0 and ∆y = y1 − y0.

Existence of a single valued solution to the consumer problem with finite y
is by no means trivial. Suppose there are nondecreasing returns to scale. Then
either

• there are no production plans earning positive profits, π(p) = 0 and if any
y 6= 0 earns zero profits so do infinitely many any other production plans
αy, α ≥ 1

• there is some production plan y earning positive profit but this can be
scaled up indefinitely earning higher profits without limit and π(p) = +∞.

The possibility of indefinitely increasing profits without limit will be avoided if
either

• at sufficiently high output levels there are decreasing returns to scale

• at sufficiently high output levels the assumption of price-taking behaviour
does not hold

• there are economic forces (such as free entry) which drive prices to the
point where positive profits can not be earned

12.3 Cost minimisation

For firms producing a single output, an implication of profit maximisation is
that the chosen output level is produced at least cost. That is to say, choice of
inputs z solves

min
z

w′z s.t. z ∈ V (q).

This is useful because it is true even where firms are not output price-takers
and even where decisions about scale of production may be difficult to model.
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First order conditions require λ∂f/∂zi = wi where λ is the Lagrange multi-
plier on the output constraint, and therefore imply equality between the marginal
rate of technical substitution and input price ratio, MRTSij = wi/wj . This is
a particular case of the MRT condition derived earlier. The cost minimising
input quantities are known as the conditional factor demands, z(q,w) and the
function giving minimum cost given q and z is known as the cost function,
c(q,w) = w′z(q,w).

The cost minimisation problem is formally identical to the consumer’s prob-
lem of minimising the expenditure required to reach a given utility (if in-
puts are identified with commodities consumed, output with utility and in-
put prices with commodity prices). Results derived for that case can therefore
be adapted to the current context. The cost function is nondecreasing in q,
increasing, homogeneous of degree one and concave in w. Furthermore, Shep-
hard’s lemma requires that its derivatives equal the conditional factor demands
∂c(q,w)/∂wi = zi(q,w). The conditional factor demands are therefore homo-
geneous of degree zero in w and obey symmetry and negativity conditions.

12.4 Cost functions

Having defined the cost function we can use it to rewrite the problem of output
choice as

max
q
pq − c(q,w).

The first order condition for this problem requires that price be equated to
marginal cost, p = ∂c/∂q.

In the case of constant returns to scale, the cost function and conditional
factor demands are proportional to q, c(q,w) = qκ(w). Marginal and average
cost are equal at all q to the unit cost function κ(w). For concave f(z) the
marginal cost is nondecreasing. Other technologies can give various shapes to
average and marginal cost curves. Simple calculus establishes the useful result
that the average cost curve is flat where average cost equals marginal cost since

d(c/q)
dq

=
1
q

(
dc
dq
− c

q

)
.

The lowest quantity q at which average cost reaches a minimum is known as the
minimum efficient scale.

13 Equilibrium

13.1 Exchange economies

Consider a population of N individuals with endowments of goods ωi, i =
1, . . . , N . An allocation of consumption bundles qi, i = 1, . . . , N is said to be
feasible if the aggregate endowments are sufficient to cover the total consumption
for each good,

∑
i q

i ≤
∑

i ω
i. The initial endowments trivially constitute a

feasible allocation.
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Assume that agents trade competitively at prices p - that is to say they re-
gard themselves as individually unable to affect the given prices. Gross demands
are f i(p′ωi,p) and net demands are therefore zi(p) = f i(p′ωi,p)− ωi. We say
that a Walrasian equilibrium, competitive equilibrium, general equilibrium, mar-
ket equilibrium or price-taking equilibrium exists at prices p if the gross demands
at those prices constitute a feasible allocation, z(p) =

∑
i z

i(p) ≤ 0.
For the case of two goods and two persons the Edgeworth box provides

an illuminating graphical representation of feasible allocations. An arbitrary
price vector will not lead to mutually compatible desired trades from arbitrary
endowments but by plotting offer curves we can identify competitive equilibria
with crossings of offer curves and see that such equilibria, if they exist, will
involve mutual tangencies between the two consumers’ indifference curves.

13.2 Walras’ Law

Because individual demands are homogeneous, z(p) = z(λp) and if any price
vector p constitutes a Walrasian equilibrium then so does any multiple λp, λ >
0. Finding an equilibrium therefore involves finding a vector of n − 1 relative
prices which ensures satisfaction of the n conditions, zj(p) ≤ 0, j = 1, . . . , n.

At first it might seem that this gives inadequate free prices to solve the re-
quired number of inequalities but this is not so because of Walras’ Law. Because
each individual is on their individual budget constraint the value of their excess
demand is zero, p′zi(p) = 0. But then the value of aggregate excess demand
must also be zero, p′z(p) =

∑
i p

′zi(p) = 0, which is Walras’ Law. Hence if
prices can be found to clear only n − 1 of the markets then the clearing of the
remaining market is guaranteed: zj(p) = 0, j = 1, . . . , n− 1 ⇒ zn(p) = 0.

Walras’ Law holds both in and out of equilibrium. However in equilibrium
it carries further consequences. Since all prices are nonnegative, pj ≥ 0, and all
aggregate net demands are nonpositive in equilibrium, zj(p) ≤ 0, the value of
excess demand must be nonnegative, pjzj(p) ≤ 0. Walras’ Law,

∑
j pjzj(p) = 0

cannot therefore be satisfied unless pj = 0 whenever zj(p) < 0, ie any good in
excess supply must be free. We would of course expect free goods to be in excess
demand not excess supply. If that is so then Walras’ Law implies that demand
must actually equal supply on all markets, zj(p) = 0, j = 1, . . . , n.

13.3 Existence

At least one Walrasian equilibrium exists if the aggregate net demand functions
z(p) are continuous. Since strict convexity of preferences guarantees uniqueness
and continuity of individual net demands it is therefore sufficient for existence
of an equilibrium in an exchange economy.

To prove this we typically make use of a fixed point theorem. For example,
Brouwer’s fixed point theorem states that every continuous mapping F (·) from
the unit simplex S = {x|

∑
j xj = 1} to itself has a fixed point, or in other words

there exists a ξ ∈ S such that ξ = F (ξ). Given this theorem we know that an

25 Ian Preston, 2006



13.4 Uniqueness 13 EQUILIBRIUM

equilibrium exists if we can find a particular mapping from the unit simplex to
itself which has a fixed point only if there exists a Walrasian equilibrium.

Given homogeneity we can always scale prices so that the price vector p lies
in the unit simplex (just divide by

∑
j pj) without affecting demands. We can

therefore concentrate attention on finding a p ∈ S which sustains a feasible set
of demands.

Define a vector function F : S → S as having elements

Fj(p) =
pj + max(0, zj)

1 +
∑

k max(0, zk)
.

This function, as required, provides a continuous mapping from the unit simplex
to itself, provided that aggregate net demands are continuous, since

∑
j Fj(p) =

1 if
∑

j pj = 1.
Now suppose we have a fixed point so that Fj(p) = pj .

pj =
pj + max(0, zj)

1 +
∑

k max(0, zk)

⇒ max(0, zj) = pj

∑
k

max(0, zk)

⇒ zj max(0, zj) = pjzj

∑
k

max(0, zk)

⇒
∑

j

zj max(0, zj) =
∑

j

pjzj

∑
k

max(0, zk)

But
∑

j pjzj = 0 by Walras’ Law so
∑

j zj max(0, zj) = 0. Every term in this
sum is nonnegative so all terms must be zero and therefore zj = 0, j = 1, . . . , n.
The price vector is therefore a Walrasian equilibrium and, by Brouwer’s fixed
point theorem such a point exists. This completes the proof.

13.4 Uniqueness

In general there is no guarantee that equilibrium is unique. It is plain that one
can, for instance, draw an Edgeworth box with multiply crossing offer curves.

If we want to establish uniqueness then it is necessary to make restrictions
on preferences. An example of such a restriction would be that all goods are
gross substitutes in the sense that ∂zi/∂pj > 0 whenever i 6= j. It is simple to
prove that there cannot be more than one equilibrium price vector in S given
such an assumption. Suppose that there were two such vectors p0 and p1 and
let λ denote the maximum ratio between prices in the two vectors maxj(p1

j/p
0
j ).

By homogeneity if p0 sustains an equilibrium then so does λp0. To get from
λp0 to p1 no price has to be raised and at least one has to be reduced. But then
excess demand for any good which has the same price in λp0 and p1 would be
reduced below 0 and p1 could not be an equilibrium.
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13.5 Dynamics

To develop a theory of how prices change out of equilibrium we need further
theory. If prices are not in equilibrium then desired trades are not feasible, some
consumers must be rationed and their demands for other goods will be affected.
Without a theory of how rationing is implemented and how consumer demands
respond it is difficult to reach any conclusion.

Walras is responsible for introducing the fictional notion of a tâtonnement
process. Suppose the market is overseen by an auctioneer who announces can-
didate prices, collects declarations of demand from agents, checks for disequilib-
rium, revises prices according to some rule and repeats the process until, if ever,
equilibrium is found. The ability of such a process to find equilibrium cannot be
guaranteed except under specific restrictions on preferences and on the nature
of the rule for updating prices but there certainly are assumptions which will
ensure movement towards equilibrium.

It is sensible to think that prices should rise where there is excess demand
so suppose dpj/dt = αjzj for some positive constants αj , j = 1, . . . , n. Suppose
that there exists an equilibrium p∗ and measure distance from equilibrium by
D(p) =

∑
j(pj − p∗j )2/2αi > 0. Then dD(p)/dt =

∑
j(pj − p∗j )zj = −

∑
j p

∗
jzj

(using Walras’ law). Hence disequilibrium falls continuously if
∑

j p
∗
jzj > 0.

This can be seen as an application of the Weak Axiom to aggregate demands in
comparisons involving equilibrium prices p∗. Unfortunately satisfaction of the
Weak Axiom by individuals does not generally guarantee that it holds in the
aggregate but it does do so for certain demands, for example any where goods
are gross substitutes.

13.6 Welfare

Simply looking at the representation of equilibrium in an Edgeworth box makes
plain that neither individual can be made better off without making the other
worse off. In other words equilibrium is Pareto optimal or Pareto efficient. This
is a general fact about Walrasian equilibria captured in the First Fundamental
theorem of Welfare Economics: Walrasian equilibria are Pareto efficient.

The proof is simple. Suppose a feasible allocation r is Pareto superior to
a Walrasian equilibrium q. In other words it makes someone better off and
noone worse off. Since q is chosen at equilibrium prices p, the allocations in r
cannot be affordable at p by anyone who is better off: pri > pqi if ri �i qi

and pri ≥ pqi if ri %i qi. But then p′
∑

i r
i > p′

∑
i q

i. But since r and q are
both affordable p′

∑
i r

i = p′
∑

i ω
i =

∑
i q

i which is a contradiction.
Is the reverse true? Suppose q is Pareto efficient and suppose an equilibrium

exists with initial endowments ω = q. Call that equilibrium r. Then ri %i qi

for all households since qi is in each household’s budget constraint. But q is
Pareto efficient so it must be that ri ∼i qi for all households. But in that case
q is itself an equilibrium. Hence any Pareto efficient allocation can be sustained
as a Walrasian equilibrium provided an equilibrium exists with that allocation
as the initial endowment point. We know that strict convexity of preferences
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is sufficient to guarantee that. This is the Second Fundamental Theorem of
Welfare Economics.

13.7 Production

Production can be introduced into the economy by allowing for the existence
of M firms each trying to maximise profits within its production set, maxp′yj

s.t. yj ∈ Y j . Inputs to production come from consumers’ net supply of en-
dowments (and particularly labour supply). Net outputs of firms supplement
consumers’ endowments as sources of resources for consumption. Firms are
owned by consumers and profits are returned to them according to some matrix
Θ = {θij} of profit shares reflecting ownership of firms. Budget constraints are
therefore

p′qi ≤ p′ωi +
∑

j

θijp′yj

with
∑

i θij = 1.
To analyse such an economy redefine aggregate excess demand as the excess

of aggregate consumption over endowments and production: z(p) =
∑

i(q
i −

ωi)−
∑

j yj . Walras’ Law still holds provided
∑

i θij = 1.
In place of the Edgeworth box we can base intuition on diagrams representing

the Robinson Crusoe economy where one individual trades with himself acting
as consumer on one side and producer on the other.

Existence of an equilibrium is guaranteed if aggregate net demands are con-
tinuous, which in such an economy is assured by strict convexity of preferences
and production possibilities.

The First Fundamental Theorem still holds: Walrasian equilibrium is still
Pareto efficient. The proof is only a little more complicated. Suppose a feasible
consumption allocation r and production plan x Pareto dominates Walrasian
equilibrium allocation q and production plan y. As argued above ri must be
unaffordable at equilibrium prices p by anyone better off under it given y:
p′ri > p′ωi +

∑
j θijyj if ri �i qi and p′ri ≥ p′ωi +

∑
j θijyj if ri %i qi. But

then p′
∑

i r
i > p′[

∑
i ω

i +
∑

j yj ] given
∑

i θij = 1. By feasibility,
∑

i r
i =∑

i ω
i +

∑
j xj , therefore p′

∑
j xj > p′

∑
j y

j and profits can not be being
maximised in the Walrasian equilibrium.

The Second Fundamental Theorem can also be appropriately extended.
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13.8 Optimality conditions

At a Pareto optimum, the utility of each individual is maximised given the
utilities of everyone else and given firms’ production sets. This involves solving:

maxu1(q1)
s.t. ui(qi) ≥ ui i = 2, . . . , N

F j(yj) ≤ 0 j = 1, . . . ,M∑
i

qi −
∑

j

yj −
∑

i

ωi ≤ 0

First order conditions require

µA∂uA/∂qA
i − λi = 0

µB∂uB/∂qB
i − λi = 0

µA∂uA/∂qA
j − λj = 0

µB∂uB/∂qB
j − λj = 0

κa∂F a/∂ya
i − λi = 0

κb∂F b/∂yb
i − λi = 0

κa∂F a/∂ya
j − λj = 0

κb∂F b/∂ya
j − λj = 0

for Lagrange multipliers λi, λj , i, j = 1, . . . , n, µA, µB , A,B = 1, . . . , N and
κa, κb, a, b = 1, . . . ,M .

Thus
∂uA/∂qA

i

∂uA/∂qA
j

=
∂uB/∂qB

i

∂uB/∂qB
j

=
∂F a/∂ya

i

∂F a/∂ya
j

=
∂F b/∂yb

i

∂F b/∂yb
j

.

Pareto optimality therefore requires that

• all consumers have the same MRSij

• all producers have the same MRTij

• these are equal: MRSij = MRTij

All of these conditions are ensured by the working of the common price
mechanism in Walrasian equilibrium.
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