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Abstract

We report a six-dimensional CCSD(T)/aug-cc-pVTZ dipole moment surface for the electronic ground state of PH3 computed ab initio

on a large grid of 10080 molecular geometries. Parameterized, analytical functions are fitted through the ab initio data, and the resulting
dipole moment functions are used, together with a potential energy function determined by refining an existing ab initio surface in fittings
to experimental wavenumber data, for simulating absorption spectra of the first three polyads of PH3, i.e., (m2,m4), (m1,m3,2m2,2m4,m2 + m4),
and (m1 + m2, m3 + m2, m1 + m4, m3 + m4, 2m2 + m4, m2 + 2m4, 3m2,3m4). The resulting theoretical transition moments show excellent agreement
with experiment. A line-by-line comparison of the simulated intensities of the m2/m4 band system with 955 experimental intensity values
reported by Brown et al. [L.R. Brown, R.L. Sams, I. Kleiner, C. Cottaz, L. Sagui, J. Mol. Spectrosc. 215 (2002) 178–203] gives an average
absolute percentage deviation of 8.7% (and a root-mean-square deviation of 0.94 cm�1 for the transition wavenumbers). This is very
remarkable since the calculations rely entirely on ab initio dipole moment surfaces and do not involve any adjustment of these surfaces
to reproduce the experimental intensities. Finally, we predict the line strengths for transitions between so-called cluster levels (near-de-
generate levels formed at high rotational excitation) for J up to 60.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

We have recently reported variational calculations of the
energies and wavefunctions for highly excited rotational
states in the vibrational ground state of phosphine PH3

[1]. These calculations were based on a potential energy
surface for the electronic ground state of PH3 obtained
[2] by refining an existing ab initio surface [3] in a simulta-
neous fitting to ab initio data and experimentally derived
vibrational energy spacings. At high rotational excitation,
the energies form six-fold clusters [1] analogous to the
well-known four-fold clusters formed in highly excited
rotational states of several triatomic dihydrides H2X
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[4,5]. In the present work, we extend the work on PH3 by
computing transition moments of vibrational bands and
intensities of individual rotation–vibration transitions.
These new calculations are based on a potential energy sur-
face that is a further refinement of that reported in Ref. [2],
and on a dipole moment surface (DMS) for the electronic
ground state of PH3 that has been calculated ab initio at
the CCSD(T)/aug-cc-pVTZ level of theory.

The nuclear-motion calculations of the present work are
made by means of our recently developed variational mod-
el for the rotation and vibration of an XY3 molecule [6–9].
The model is based on the Hougen–Bunker–Johns
approach [5,10]. We have already applied it to simulate
the absorption spectra for selected vibrational bands of
NH3 in its ground electronic state [8,9], employing an ab

initio DMS calculated at the CCSD(T)/aug-cc-pVTZ level
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1 When the molecule is planar, the determinant jAj = 0 and A cannot be
inverted. In this case we set �lBond

3 ¼ 0 in Eq. (1) and express �l in terms of
e1 and e2 only, i.e., we determine �lBond

1 and �lBond
2 in terms of �l � e1 and

�l � e2.
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of theory [9]. The theoretical intensity values for NH3 [8,9]
were found to agree very well with the corresponding
experimental results. This has encouraged us to perform
analogous calculations for PH3 which we report here.
For a detailed description of our model to calculate rota-
tion–vibration energies and intensities for XY3 molecules,
the reader is referred to Refs. [7] and [8].

He et al. [11] have previously computed a partial dipole
moment surface for the electronic ground state of PH3 by
density functional theory (DFT); the level of theory was
B3LYP/6-311++G(3df,2pd) [12–14]. They considered the
dependence of the dipole moment on the internuclear dis-
tances in PH3 only, ignoring the bending motion. The partial
DMS was found to produce satisfactory vibrational transi-
tion moments for most of the stretching bands whose inten-
sities had been experimentally observed [11]. We validate our
newly calculated DMS by comparing the vibrational transi-
tion moments and intensities from the present work with the
available experimental data. We also compare our transition
moments with results of the DFT study by He et al. [11].

The paper is structured as follows: in Section 2 we
describe the ab initio calculation of the dipole moment sur-
face and the analytical representation of this surface. Sec-
tion 3 discusses, in a similar manner, the potential energy
surface of PH3 employed in the present work. In Section
4 we give some details of the intensity calculations whose
results are reported in the following sections. Section 5 pre-
sents the vibrational transition moment values computed
with the new ab initio DMS; these are compared to the
experimental and theoretical values available in the litera-
ture. In this section we also present theoretical simulations
of the absorption spectra for a number of bands and line
strength calculations for transitions between the cluster
states mentioned above. Section 6 offers conclusions.

2. The molecular dipole moment

The ab initio dipole moment values employed in the pres-
ent work were computed with the MOLPRO2002 [15,16]
package of ab initio programs; the calculations were done
at the CCSD(T)/aug-cc-pVTZ level of theory (i.e., coupled
cluster theory with all single and double substitutions [17]
and a perturbative treatment of connected triple excitations
[18,19] with the augmented correlation-consistent triple-zeta
basis [20,21]) in the frozen-core approximation. Throughout
the paper this level of theory will be referred to as ATZfc.
Dipole moments were computed using the central finite dif-
ference scheme with an added external dipole field of 0.005
a.u. Six calculations were made for each geometry. The con-
vergence thresholds were 10�10 for density and 10�10 a.u. for
energy in Hartree-Fock (HF) calculations, and 10�10 a.u. for
energy and 10�10 for coefficients in CCSD computations.

In the ab initio calculations we used a six-dimensional
grid consisting of 10080 unique geometries that form a reg-
ular grid in the range 1.25 Å 6 r1 6 r2 6 r3 6 1.60 Å and
70� 6 a1,a2,a3 6 110�. Here, ri is the instantaneous value
of the distance between P and Hi, where Hi is the proton
labeled i (= 1,2, or 3); ai denotes the bond angle \(HjPHk)
where (i, j,k) is a permutation of the numbers (1, 2,3).

We utilize the so-called Molecular-Bond (MB) represen-
tation [8,9,11,22] to describe the ri- and aj-dependence of
the electronically averaged dipole moment vector [5,8] �l
for PH3. In the MB representation it is given by

�l ¼ �lBond
1 e1 þ �lBond

2 e2 þ �lBond
3 e3 ð1Þ

where the three functions �lBond
i , i = 1,2,3, depend on the

vibrational coordinates, and ei is the unit vector along
the P–Hi bond,

ei ¼
ri � r4

jri � r4j
ð2Þ

with ri (i = 1,2,3) as the position vector of proton i and r4

as the position vector of the phosphorus nucleus. The rep-
resentation of �l in Eq. (1) is ‘body-fixed’ in the sense that it
relates the dipole moment vector directly to the instanta-
neous positions of the nuclei (i.e., to the vectors ri) [8].

Following Refs. [8,9], we express the three functions
�lBond

i , i = 1,2,3, as

�lBond
i ¼

X3

j¼1

ðA�1Þijð�l � ejÞ ð3Þ

where (A�1)ij is an element of the non-orthogonal 3 · 3 ma-
trix A�1 obtained as the inverse1 of

A ¼
1 cos a3 cos a2

cos a3 1 cos a1

cos a2 cos a1 1

0
B@

1
CA: ð4Þ

For symmetry reasons, all three projections can be ex-
pressed in terms of a single function �l0ðr1; r2; r3; a1; a2; a3Þ
[8]:

�l � e1 ¼ �l0ðr1; r2; r3; a1; a2; a3Þ ¼ �l0ðr1; r3; r2; a1; a3; a2Þ; ð5Þ
�l � e2 ¼ �l0ðr2; r3; r1; a2; a3; a1Þ ¼ �l0ðr2; r1; r3; a2; a1; a3Þ; ð6Þ
�l � e3 ¼ �l0ðr3; r1; r2; a3; a1; a2Þ ¼ �l0ðr3; r2; r1; a3; a2; a1Þ; ð7Þ
and this function is chosen as an expansion

�l0 ¼ lð0Þ0 þ
X

k

lð0Þk nk þ
X

k;l

lð0Þkl nknl þ
X
k;l;m

lð0Þklmnknlnm

þ
X

k;l;m;n

lð0Þklmnnknlnmnn þ . . . ð8Þ

in the variables

nk ¼ ðrk � reÞ expð�b2ðrk � reÞ2Þ; k ¼ 1; 2; 3; ð9Þ
nl ¼ cosðal�3Þ � cosðaeÞ; l ¼ 4; 5; 6; ð10Þ
where re and ae are the equilibrium values of the bond
lengths and bond angles, respectively. We include the fac-
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tor exp (�b2(rk � re)
2) in Eq. (8) in order to keep the expan-

sion from diverging at large rk [9,22].
The expansion coefficients lð0Þk;l;m;... in Eq. (8) are pairwise

equal. We have

lð0Þk0 ;l0;m0;... ¼ lð0Þk;l;m;... ð11Þ

when the indices k 0, l 0, m 0,. . . are obtained from k, l, m,. . .
by replacing all indices 2 by 3, all indices 3 by 2, all indices
5 by 6, and all indices 6 by 5.

We have determined the values of the expansion parame-
ters in Eq. (8), which we take to fourth order, in a least-squar-
es fitting to the 3 · 10080 ab initio dipole moment projections
�l � ej, j = 1,2,3, calculated ab initio for PH3 at the ATZfc
level of theory. We could usefully vary 108 parameters in
Table 1
ATZfc dipole moment parameters (in D unless otherwise indicated) for the el

Parameter Value Parameter

ae/deg 93.4 lð0Þ235

re/Å 1.412 lð0Þ245

b/Å�1 1.0 lð0Þ246

lð0Þ0 0.332842(12) lð0Þ255

lð0Þ1 �1.05850(23) lð0Þ256

lð0Þ3 0.13290(12) lð0Þ266

lð0Þ4 0.172867(97) lð0Þ334

lð0Þ5 �0.214998(63) lð0Þ344

lð0Þ11 �0.5037(28) lð0Þ444

lð0Þ13 �0.0469(21) lð0Þ445

lð0Þ14 �0.1353(15) lð0Þ456

lð0Þ16 �0.12622 (100) lð0Þ466

lð0Þ23 �0.0501(32) lð0Þ555

lð0Þ33 0.0743(13) lð0Þ556

lð0Þ34 �0.17328(87) lð0Þ1111

lð0Þ35 �0.0750(11) lð0Þ1112

lð0Þ36 �0.0146(10) lð0Þ1115

lð0Þ44 �0.09264(46) lð0Þ1122

lð0Þ46 �0.30957(35) lð0Þ1123

lð0Þ55 �0.05508(29) lð0Þ1124

lð0Þ56 0.05623(53) lð0Þ1126

lð0Þ111 �0.6994(94) lð0Þ1136

lð0Þ112 �0.2531(81) lð0Þ1144

lð0Þ114 �0.2545(65) lð0Þ1146

lð0Þ115 0.4240(38) lð0Þ1155

lð0Þ123 �0.186(14) lð0Þ1156

lð0Þ124 0.1943(58) lð0Þ1222

lð0Þ133 0.3810(80) lð0Þ1225

lð0Þ135 0.3448(55) lð0Þ1233

lð0Þ136 �0.2884(60) lð0Þ1234

lð0Þ144 0.2970(26) lð0Þ1244

lð0Þ146 0.2909(24) lð0Þ1245

lð0Þ155 0.7612(16) lð0Þ1246

lð0Þ156 0.4363(26) lð0Þ1256

lð0Þ225 0.1819(31) lð0Þ1335

lð0Þ226 �0.6207(26) lð0Þ1355

lð0Þ234 0.0211(62) lð0Þ1444

a Quantities in parentheses are standard errors in units of the last digit give
the final fitting, which had a root-mean-square (rms) devia-
tion of 0.0008 D. This value can be compared to the typical
finite-differences error from the ab initio calculations, which
was estimated to be less than 0.0001 D. Table 1 lists the opti-
mized parameter values. Parameters, whose absolute values
were determined to be less than their standard errors in initial
fittings, were constrained to zero in the final fitting and omit-
ted from the table. Furthermore, we give in the tables only
one member of each parameter pair related by Eq. (11).
We did not observe any improvement of the rms deviation
from varying the parameter b. Therefore it was set to
1.0 Å�1 and excluded from the fitting.

From the MB representation of the ATZfc dipole
moment surface, we calculate the equilibrium dipole
ectronic ground state of PH3 in the Molecular-Bond representation

Value Parameter Value

0.1819(31)a lð0Þ45 �0.2268(80)

�0.6207(26) lð0Þ1456 �1.908(16)

0.0211(62) lð0Þ1466 �0.3248(63)

�0.0146(36) lð0Þ1566 �0.4927(70)

0.3204(24) lð0Þ1666 �0.4533(45)

�0.0825(21) lð0Þ2224 �0.206(29)

�0.2060(16) lð0Þ2233 0.54(10)

�0.1301(13) lð0Þ2244 0.0316(97)

�0.3432(15) lð0Þ2245 �0.210(16)

0.0174(35) lð0Þ2246 �0.031(17)

0.0331(15) lð0Þ2255 0.0101(87)

0.08585(63) lð0Þ2256 �0.047(14)

0.43471(56) lð0Þ2333 �0.393(64)

�0.05019(93) lð0Þ2334 �0.096(31)

0.01933(56) lð0Þ2335 �0.245(32)

0.54256(42) lð0Þ2336 0.177(31)

0.15815(47) lð0Þ2345 0.416(14)

�1.026(76) lð0Þ2444 �0.0971(52)

0.177(55) lð0Þ2445 �0.2402(66)

0.226(31) lð0Þ2455 0.1208(62)

0.764(59) lð0Þ2456 0.7092(81)

�0.26(12) lð0Þ2466 0.4546(64)

0.284(35) lð0Þ3335 �0.218(27)

�0.381(48) lð0Þ3445 0.1684(61)

�0.134(41) lð0Þ3555 0.0822(46)

0.078(20) lð0Þ3556 0.3208(52)

0.106(19) lð0Þ3566 0.0815(62)

�0.252(12) lð0Þ3666 �0.0126(54)

0.680(27) lð0Þ4444 �0.1502(28)

�0.173(66) lð0Þ4445 �0.0648(20)

0.473(33) lð0Þ4456 �0.2966(34)

0.157(74) lð0Þ4466 �0.0240(18)

�0.203(55) lð0Þ4555 �0.1158(19)

�0.178(16) lð0Þ4556 �0.8468(23)

0.183(19) lð0Þ5566 0.0383(25)

0.285(27) lð0Þ5666 0.0041(19)

�0.310(22) lð0Þ6666 0.2348(18)

n.



Table 2
Refined potential energy parameters (in cm�1 unless otherwise indicated)
for the electronic ground state of PH3

Parameter Value Parameter Value

ae/deg 93.4 f ð1Þ114 �23232.82

re/Å 1.412 f ð0Þ123 644.41

a/Å�1 1.6 f ð1Þ123 10658.23

f ð1Þ0 299683.99 f ð0Þ124 750.93

f ð2Þ0 �641528.02 f ð1Þ124 4762.50

f ð3Þ0 1677731.55 f ð0Þ144 �3060.05

f ð1Þ1 �12903.35 f ð1Þ144 �9779.15

f ð2Þ1 �550.34 f ð0Þ155 �9300.23

f ð3Þ1 �140108.18 f ð1Þ155 �9477.98

f ð0Þ11 33536.65 f ð0Þ455 �7285.22

f ð1Þ11 �6271.80 f ð1Þ455 �79402.63

f ð2Þ11 �57180.28 f ð0Þ1111 250.33

f ð0Þ12 �70.24 f ð0Þ1112 1245.72

f ð1Þ12 7170.42 f ð0Þ1114 3079.08

f ð2Þ12 15098.06 f ð0Þ1122 264.23

f ð0Þ14 �1546.40 f ð0Þ1123 �2504.24

f ð1Þ14 �21598.78 f ð0Þ1124 �4136.06

f ð2Þ14 �73693.30 f ð0Þ1125 5440.88

f ð0Þ44 18412.02 f ð0Þ1144 9759.51

f ð1Þ44 42480.94 f ð0Þ1155 �5281.46

f ð2Þ44 �79403.93 f ð0Þ1244 �6595.69

f ð0Þ111 �806.09 f ð0Þ1255 4089.41

f ð1Þ111 �321.59 f ð0Þ1444 4948.94

f ð0Þ112 �505.03 f ð0Þ1455 5736.63

f ð1Þ112 766.56 f ð0Þ4444 3252.62

f ð0Þ114 �52.26
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moment as le = 0.57736 D at the experimental equilibrium
geometry of r1 = r2 = r3 = re = 1.412 Å and a1 = a2 =
a3 = ae = 93.4� [23,24]. The experimental value [25] for le

is 0.57397(20) D.

3. The potential energy surface

The potential energy surface (PES) for the electronic
ground state of PH3 that we employ in the present work
is based on an ab initio potential energy surface calculated
at the CCSD(T)/aug-cc-pVTZ level of theory by Wang
et al. [3]. As described below, we have refined the analytical
representation of this surface in an empirical fitting to
experimentally derived vibrational term values. The fitting
was carried out by means of our variational method for
calculating the rotation–vibration energies of an XY3 mol-
ecule directly from the potential energy function; this
method is described in Refs. [6,7], to which the reader is
referred for details.

In order to ensure a correct description of the PES for a
large region of coordinate space, we represent the PES by a
Morse-type parameterized expansion (PES type A in Ref.
[7])

V ðn1; n2; n3; n4a; n4b; sin �qÞ
¼ V e þ V 0ðsin �qÞ þ

X
j

F jðsin �qÞnj þ
X
j6k

F jkðsin �qÞnjnk

þ
X

j6k6l

F jklðsin �qÞnjnknl þ
X

j6k6l6m

F jklmðsin �qÞnjnknlnm

ð12Þ
in terms of the stretching variables

nk ¼ yk ¼ 1� exp½�aðrk � reÞ�; k ¼ 1; 2; 3; ð13Þ

where a is a Morse parameter, the symmetrized bending
variables

n4a ¼ S4a ¼ 1ffiffi
6
p ð2a1 � a2 � a3Þ; ð14Þ

n4b ¼ S4b ¼ 1ffiffi
2
p ða2 � a3Þ ð15Þ

and the variable

sin �q ¼ 2ffiffi
3
p sin½ða1 þ a2 þ a3Þ=6� ð16Þ

for the ‘umbrella’ motion. The pure inversion potential
energy function in Eq. (12) is taken to be

V 0ðsin �qÞ ¼
X4

s¼1

f ðsÞ0 ðsin qe � sin �qÞs; ð17Þ

and the functions F jk...ðsin �qÞ are defined as

F jk...ðsin �qÞ ¼
XN

s¼0

f ðsÞjk...ðsin qe � sin �qÞs; ð18Þ

where sinqe is the equilibrium value of sin �q and the quanti-
ties f ðsÞ0 and f ðsÞjk... in Eqs. (17) and (18) are expansion coeffi-
cients. The summation limits in Eq. (18) are N = 3 for
F jðsin �qÞ, N = 2 for F jkðsin �qÞ, N = 1 for F jklðsin �qÞ, N = 0
for F jklmðsin �qÞ. In total there are 48 symmetrically unique
potential parameters f ðsÞjk....

In the numerical integration of the inversion Schröding-
er equation a grid of 1000 points is used. The size of the
vibrational basis set is controlled by the parameter Pmax

defined so that

P ¼ 2ðv1 þ v3Þ þ v2 þ v4 6 P max; ð19Þ
where the vibrational quantum numbers v1,v3 are associat-
ed with the stretching basis functions, v2 describes the
inversion excitation, and v4 describes the excitation of the
small-amplitude bending mode. For the fittings reported
here, we use Pmax = 10.

Initial values for the potential parameters f ðsÞjk... entering
into Eqs. (17) and (18) are obtained by analytical transfor-
mation of the ab initio potential energy function given by
Wang et al. [3]. The Morse parameter a is fixed to the value
1.6 Å�1 and the structural parameters re and ae are con-
strained to their experimentally determined equilibrium
values [23,24]. The parameters f ðsÞjk... are then optimized in
a fitting to 17 experimentally derived vibrational term val-
ues for 31PH3; these term values are all below 5000 cm�1

(where the energy zero is taken as the energy of the vibra-
tional ground state). In order to prevent the refined PES
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from attaining an unrealistic shape at geometries much dis-
placed from the equilibrium geometry, we restrained the
refined PES to the initial ab initio surface by using also
the ab initio data from Wang et al. [3] as input for the fit-
ting in the manner described in Ref. [2]. For the 17 exper-
imentally derived vibrational term values, we achieved the
rms deviation of 1.5 cm�1. For further details of the fitting
method, the reader is referred to Ref. [2], where we present-
ed an initial fitting to vibrational term values of PH3.
Owing to improvements in the theoretical model of the
present work, relative to that used in Ref. [2], the PES
obtained in the present work is more accurate than that
reported in Ref. [2]. The most notable improvement is
the use of higher-order expansions to represent some terms
in the nuclear kinetic energy operator; details are given in
Ref. [7]. The optimized potential energy parameter values
are compiled in Table 2, while the corresponding, calculat-
ed term values are listed in Tables 3 and 4 and compared
with the available experimental values. The total rms devi-
ation between theory and experiment for the 28 term values
given in Tables 3 and 4 is 1.5 cm�1. The refined surface will
be referred to as the ATZfc(R) surface.
Table 3
Band centers ~mfi (in cm�1) and vibrational transition moments lfi (in D2) for P

Band ~mfi lfi

Obs.a Calc. O

Rot.e 0.
m2 992.13 992.50 0.
2m2 1972.55 1972.82 0.
2m0

4 2226.83g 2227.86 0.
m1 2321.12g 2322.04 0.
3m2 2940.77 2940.84
m2 þ 2m0

4 3214.20 3214.37
m2 + m1 3305.80 3307.72
3m3

4 3350.28
(m4 + m3)0 3463.74
4m2 3896.02 3895.96
2m2 þ 2m0

4 4187.93
2m2 + m1 4282.40 4280.71
m2 þ 3m3

4 4333.80
(m2 + m4 + m3)0 4443.36
4m0

4 4435.93
2m0

4 þ m1 4515.98
ð2m2

4 þ m3Þ0 4557.13
2m1 4566.26 4563.28
2m3 4644.66 4644.90
2m2 + 2m1 6503.10 6498.88
3m1 6714.60 6708.91
m1 + 2m3 6881.53 6876.84
3m3

3 6971.16 6876.84
2m1 + m3 + m4 7775.50 7775.78
m1 + 2m3 + m4 7961.90 7967.69

a See Ref. [3] for original references unless otherwise indicated.
b Reference for the observed lfi value given under the heading ‘Obs.’
c Calculated from the dipole moment surface of Ref. [11] (MB representatio
d Calculated from the dipole moment surface reported in the present work.
e Rotational spectrum.
f Experimental uncertainties are given in parentheses (in units of the last dig
g Ref. [28].
h Tentative estimate from Ref. [28].
We change the vibrational basis set limit Pmax [Eq. (19)]
according to the maximum J value required: for purely
vibrational transitions (J = 0) we use Pmax = 12; when
simulating rotation–vibration absorption spectra (J < 20)
we use Pmax = 8; and to compute the line strengths of
transitions involving highly excited cluster states
(J 6 60), Pmax is set to 6. In order to ensure a reasonable
accuracy of the vibrational energies in all these simula-
tions, we optimize the PES at a ‘compromise’ Pmax-value
of 10. In this way we make the fitted parameter values
absorb, as much as possible, the deficiencies resulting from
the basis set truncation in the least-squares fitting. Thus,
the ATZfc(R) parameters are ‘effective.’ Only when they
are used in conjunction with our model for the rotation–
vibration motion can we be certain to obtain deviations
from experiment around 1.5 cm�1 for the energies listed
in Tables 3 and 4. On the other hand, the effect of the
basis set truncation is found to be less than 2.0 cm�1 in
the worst case, and so we believe that the ATZfc(R)
PES will also provide reasonable accuracy when used with
other methods for calculating the rotation–vibration ener-
gies and intensities.
H3: parallel band transitions originating in the vibrational ground state

bs. Ref.b Calc.c Calc.d

57395(30)f [25] 0.5832
08251(5) [27] 0.0846
00299(5) [28] 0.0027
0176(2) [28] 0.0055
0690h [28] 0.0803 0.0732

0.0027
0.0022
0.0028
0.0010
0.0052
0.0002
0.0005
0.0009
0.0002
0.0007

<0.0001
0.0007
0.0003

0.0034 0.0045
0.0011 0.0012

0.0001
0.0001 0.0003
0.0004 0.0002
0.0001 0.0001

<0.0001
<0.0001

n).

it quoted) where available.



Table 4
Band centers ~mfi (in cm�1) and vibrational transition moments lfi (in D2) for PH3: perpendicular band transitions originating in the vibrational ground
state

Band ~mfi lfi

Obs.a Calc. Obs. Ref.b Calc.c Calc.d

m4 1118.31 1117.87 0.08626(5)e [27] 0.0865
m2 + m4 2108.15f 2107.17 0.01102(6) [28] 0.0093
2m2

4 2234.93f 2234.57 0.0176(2) [28] 0.0015
m3 2326.87f 2329.18 0.130g [28] 0.1437 0.1389
2m2 + m4 3083.97 0.0013
m2 þ 2m2

4 3220.90 0.0010
m2 + m3 3311.61 0.0011
3m1

4 3336.32 0.0015
m4 + m1 3423.90 3423.05 0.0102
(m4 + m3)1 3444.17 0.0023
3m2 + m4 4048.23 <0.0001
2m2 þ 2m2

4 4194.36 0.0001
2m2 + m3 4282.33 0.0013
m2 þ 3m1

4 4320.23 <0.0001
m2 + m4 + m1 4404.13 0.0014
m2 + m4 + m3 4424.83 0.0007
4m2

4 4443.02 0.0001
4m4

4 4464.38 0.0001
2m0

4 þ m3 4504.03 0.0004
2m2

4 þ m1 4535.92 0.0002
m1 + m3 4565.78 4561.85 0.0047 0.0066
2m3 4655.27 0.0047
2m2

4 þ m3 4535.92 0.0002
m2 þ 2m2

3 5540.00 5535.38 0.0016
m4 + 2m1 5645.40 5634.14 0.0018
3m1

3 6714.60 6708.95 0.0004 0.0004
2m1 + m3 6883.73 6882.83 0.0001 0.0002
m1 þ 2m2

3 6890.86 6892.64 0.0003 0.0002
m2 þ 3m1

3 7679.10 7675.37 0.0003
m4 + 3m1 7775.50 7774.52 0.0001
m4 + 2m1 + m3 7961.90 7959.08 0.0001

a See Ref. [3] for original references unless otherwise indicated.
b Reference for the observed lfi value given under the heading ‘Obs.’
c Calculated from the dipole moment surface of Ref. [11] (MB representation).
d Calculated from the dipole moment surface reported in the present work.
e Experimental uncertainties are given in parentheses (in units of the last digit quoted) where available.
f Ref. [28].
g Tentative estimate from Ref. [28].
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4. Intensity calculations

We aim at calculating intensities of electric dipole tran-
sitions within the ground electronic state of PH3. We
neglect hyperfine structure (i.e., the effect of the nuclear
spins on the molecular energies). In this approximation,
the line strength of an individual rotation–vibration transi-
tion (from an initial state i with rotation–vibration wave-
function j UðiÞrv i to a final state f with rotation–vibration
wavefunction j Uðf Þrv i) within an isolated electronic state of
an XY3 pyramidal molecule is given by Eq. (21) of Ref.
[8]. This expression is used in the intensity calculations
reported in the present work. The rotation–vibration wave-
functions j UðiÞrv i and j Uðf Þrv i are obtained, together with the
associated rotation–vibration energies, in variational calcu-
lations with the theoretical model for describing the rota-
tion and vibration of an XY3 molecule [6,7] that we have
already discussed in the preceding sections. The extension
of the model to the computation of intensities is discussed
in Refs. [8,9]. When simulating absorption spectra, we cal-
culate for each rotation–vibration line the integral of the
absorption cofficient �ð~mÞ (which depends on the absorption
wavenumber ~m) over the line; this quantity is proportional
to the line strength and given by Eq. (6) of Ref. [8].

In addition to calculating the line strengths of individual
rotation–vibration transitions, we also compute vibrational
transition moments defined as

lfi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
a¼x;y;z

jhUðf Þvib j �la j UðiÞvibij
2

s
; ð20Þ

where j UðwÞvib i, w = i or f, are vibrational wavefunctions
describing states with J = 0. In the absence of strong Cori-
olis-type resonances, these transition moments determine
the intensities of entire vibrational bands (see, for example,
Ref. [26]). The matrix elements required in Eq. (20) are gen-



Fig. 1. Variationally computed, reduced rovibrational term values
Ev;Jk � Emax

v¼0;Jk (see text), plotted against the angular momentum quantum
number J for the 1st, 2nd, and 3rd polyads of PH3.
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erated by techniques described in Ref. [7] for matrix ele-
ments of the potential energy function.

5. Applications

5.1. Transition moments

We have calculated the vibrational transition moments
[Eq. (20)] for selected vibrational bands of PH3. The calcu-
lation is based on the refined ATZfc(R) PES and the ab ini-

tio DMS described in Section 2. The variational
calculations to determine the rotation–vibration energies
and wavefunctions are made as described in Section 3 with
Pmax = 12 [Eq. (19)]. The results are included in Tables 3
and 4.

By comparing our theoretical values for the vibrational
transition moments for PH3 to experimental values and
theoretical values from the literature [11] we can assess
the quality of the ATZfc dipole moment surface. We make
this comparison in Tables 3 and 4. It is seen that the ATZfc
DMS provides a reasonable description of the intensities of
bands involving excitation of both stretching and bending
modes. This is especially valuable for the simulations of
spectra with transitions to highly excited vibrational states,
for which strong interactions prevail. The relative deviation
between experiment and theory is 1.6% for the ‘permanent
dipole moment’ (the expectation value of the dipole
moment in the vibrational ground state). For transition
moments of the fundamental bands m1, m2, m3, and m4, the
deviations are 6.1%, 2.5%, 6.9%, and 0.3%, respectively.
The agreement is seen to be better for the two bending
bands m2 and m4. Our relative deviation for the stretching
bands m1 and m3 is in accordance with the experimental
accuracy, which was estimated to be larger than 10% [28].

5.2. Simulations of spectra

We report simulations of PH3 absorption bands in three
wavenumber regions: a region at 9 lm with transitions
from the vibrational ground state to the state ‘dyad’
(m2,m4); a region at 5 lm with transitions to the ‘pentad’
(2m2,m2 + m4,2m4,m1,m3); and a region at 3 lm with transi-
tions to the manifold of states (3m2,2m2 + m4,m2 + 2m4,m1 +
m2,m3 + m2,3m4,m1 + m4,m3 + m4). The simulated bands con-
tain rovibrational transitions between states with J < 20
and with the vibrational ground state as lower vibrational
state. The term values of the upper states involved in the
transitions are plotted in Fig. 1 as reduced energies
Ev;Jk � Emax

v¼0;Jk against the angular momentum quantum
number J. Here v is a short-hand notation for
(v1,v2,v3,v4), v = 0 stands for the ground vibrational state,
and Emax

v¼0;Jk is the maximum energy for the J multiplet in
question in the vibrational ground state. Variationally
computed eigenfunctions (and eigenvalues) are labeled by
the quantum numbers {v,J,k}, obtained from the basis
function with the largest contribution to the wavefunction
for the state in question.
The term values in Fig. 1 exhibit a distinct polyad struc-
ture. In these polyads, there is often significant interaction
between the individual rovibrational states, and this makes
our {v,J,k} labeling ambiguous in many cases. Since the
corresponding experimental assignment is ambiguous in a
similar manner, the correlation between the theoretical
and the experimental spectra is not always straightforward.

The simulated spectra are drawn as stick diagrams in
Figs. 2–4. The height of the stick representing a line is
the integrated absorption coefficient computed from Eq.
(6) of Ref. [8]. The line strengths are computed with the
spin statistical weight factors gns = 8,8,8, respectively, for
the A1, A2, and E symmetry levels. The simulations are
made with the ATZfc(R) potential energy surface and the
ATZfc dipole moment surface. As mentioned above, in
order to reduce the sizes of the matrices to be diagonalized
and thus make the calculations feasible, the vibrational
basis set has Pmax = 8 [Eq. (19)]. Even with this reduction
the computed rovibrational wavefunctions consist of thou-
sands of expansion terms. These wavefunctions are then
used to calculate the matrix elements required in Eq.
(20). In order to facilitate this process we apply a pre-
screening procedure to truncate the wavefunction expan-
sions: all terms with contribution less than a given thresh-
old are cut off and excluded from the integration. We found



Fig. 2. Comparison of simulated and observed [27] spectra near 9 lm: the m2, m4, and 2m2 ‹ m2 absorption bands of PH3.

Fig. 3. Simulated spectra near 5 lm: the m1, m3, 2m0
4, 2m2

4, m2 + m4, and 2m2 absorption bands of PH3.
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Fig. 4. Simulated spectra near 3 lm: the m1 + m4, m3 + m4, m1 + m2, m3 + m2, m2 þ 2m0
4, m2 þ 2m2

4, 2m2 + m4, 3m2, 3m1
4, and 3m3

4 absorption bands of PH3.
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that the threshold of 10�8 represents an appropriate com-
promise between the accuracy and the computation time.

We compare the theoretical intensities for PH3 with
experimental data from the recent spectroscopic study of
the fundamental transitions to the m2/m4 dyad by Brown
et al. [27]. In addition, Brown et al. [27] observed 64 tran-
sitions in the 2m2 ‹ m2 hot band, and so we also simulate
this hot band. Our simulations are done with T = 300 K
as the experimental spectra for the m2/m4 and the 2m2 ‹ m2

bands [27] have been recorded at room temperature. In
computing the integrated absorption coefficient, we use
the partition function value Q = 4943.75; this value is
obtained at T = 300 K from the variationally calculated
term values with J < 20, v1 6 2, v2 6 6, v3 6 2, and
v4 6 4. We discard transitions for which the calculated val-
ue of the integrated absorption coefficient (Eq. (6) of Ref.
[8]) is less than 10�8 cm mol�1.

In Fig. 2 we show simulations of the m2, m4, and 2m2 ‹ m2

absorption bands of PH3. The bands are artificially separat-
ed according to the assignment of the upper state. Each sim-
ulated band is compared to an ‘experimentally derived’ stick
spectrum drawn with experimental values for transition
wavenumbers and intensities [27]; these transitions are also
artificially separated according to the ‘experimental’ assign-
ment of the upper state. The experimentally derived spectra
show only the transitions assigned in Ref. [27] and this
explains why the experimental spectra generally contain less
lines than the simulated ones. In the simulated and the exper-
imentally derived stick spectra, the intensities are given as
integrated absorption coefficients (Eq. (6) of Ref. [8]) in
cmmol�1. The experimental values, originally [27] given in
cm�2 atm�1, were converted to cmmol�1 at T = 300 K. Note
that the same absolute intensity scale is used for the two
members of each theoretical/experimental spectrum pair.
For the m2/m4 and 2m2 ‹ m2 bands in Fig. 2, there is remark-
able agreement between the simulated and experimentally
derived stick spectra. These results are in keeping with the
close agreement between experiment and theory for the cor-
responding transition moment values in Tables 3 and 4. The
calculated value of 0.1152 D for the 2m2 ‹ m2 transition
moment also agrees well with its experimental counterpart
of 0.1177(4) D from Ref. [27].



Fig. 5. The molecule-fixed axis systems xyz and x1y1z1 of PH3.
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In order to get a more quantitative measure of the accu-
racy of our intensity simulations, we have performed a line-
by-line comparison between theoretical and experimental
spectra. Brown et al. [27] have assigned a total of 979 lines
in the experimental m2/m4 spectrum. For the detailed line-
by-line comparison we had to establish a one-to-one corre-
spondence between the experimental and theoretical
assignments. For 955 of the 979 lines, the quantum num-
bers assigned by Brown et al. [27] were identical to those
assigned by our program from the basis functions with
the largest contributions to the wavefunctions of the states
involved in the transition. The remaining 24 lines could not
be unambiguously related to the theoretical transitions and
were excluded from the line-by-line analysis. This involved
10 relatively strong lines (with intensities between 1300 and
7000 cmmol�1), and 14 rather weak lines (with intensities
<500 cmmol�1). Apart from these lines, there were also a
number of cases in which one experimental transition cor-
responded to two theoretical ones; these transitions involve
A1/A2 level pairs that are effectively degenerate at low J. In
such cases we included both theoretical intensity values in
our analysis. In this way we ended up with 955 experimen-
tal transitions corresponding to 1138 theoretical intensity
values, for which we obtain an average absolute percentage
deviation between theoretical and experimental intensity
values, defined as

D% ¼ 100� 1

N lin

XN lin

i¼1

j I ðiÞobs � I ðiÞcalc j
I ðiÞobs

¼ 8:7%; ð21Þ

where Nlin = 1138 is the number of transitions compared,
and I ðiÞobs and I ðiÞcalc are the observed and calculated intensities,
respectively, of transition i. The transition wavenumbers
have a root-mean-square deviation of 0.94 cm�1 for the
1138 transitions. The theoretical results are computed with
a purely ab initio dipole moment function; no fitting of di-
pole moment parameters to experimental intensities has
been made. Brown et al. [27] have carried out such a fitting
to the observed m2 and m4 intensities and obtained intensity
deviations of 1.5% and 2.1%, respectively. The ‘pure’ ab ini-
tio deviation of 8.7% that we achieve here is of course larg-
er than the ‘optimized’ values, but not enormously so.

In Figs. 3 and 4 we show simulations of the absorption
bands from the second and third polyads of PH3, which
make up the 5 lm and 3 lm regions, respectively. The
bands m1/m3 are much more intense than the other members
of these systems; this agrees with the transition moments
from Tables 3 and 4.

Because of the ambiguity of the assignment at high J

mentioned above, some of the bands shown in Figs. 3
and 4 might contain transitions that do not belong to them.
For example, three unusually strong branches appearing in
the 2m2

4 band (Fig. 3) probably borrow intensity from the
m1/m3 bands. Indeed, according to the vibrational transition
moments from Tables 3 and 4, the intensities from the 2m0

4

and 2m2
4 transitions must be on the order of 200 cmmol�1

and 50 cmmol�1, respectively.
The weakest bands that we consider correspond to
vibrational transition moments on the order of magnitude
of 0.001 D, to avoid uncertainties related to numerical
issues (fitting accuracy, etc.).

5.3. Transitions between cluster states at high J

As mentioned in Section 1, we have recently shown [1]
that in the vibrational ground state of PH3, the highly
excited rotational states form clusters. There are two types
of energy clusters found theoretically in the vibrational
ground state of PH3: two-fold and six-fold clusters. The
two-fold clusters are formed by the two energy levels char-
acterized by the largest value of Kc = jkcj = J [5,26], where
kc is the projection, in units of ⁄, of the total angular
momentum onto the z axis, which coincides with the C3

axis [26] for a PH3 molecule in its equilibrium configuration
(see Fig. 5). These levels have the lowest energies in each J

multiplet, and the two-fold clusters are the ‘usual’ kc = ±J

clusters found for an oblate symmetric top at high J. More
unusually, the highest four rotational term values in each J

multiplet form a six-fold cluster whose wavefunction com-
ponents span the six-dimensional representation

A1 � A2 � 2E ð22Þ
of the molecular symmetry group C3v(M) [5,26]. The states
at highest and lowest energy in each cluster span the
A1 ¯ A2 representation, whereby the state at highest energy
has A1(A2) symmetry for J even(odd), while each of the two
‘inner’ energy levels belongs to the E symmetry representa-
tion so that these two energy levels are doubly degenerate.

The rotational level clustering for the ground vibrational
state of PH3 is illustrated in Fig. 6, where we plot the dif-
ference Ev¼0;Jk � Emax

v¼0;Jk as a function of J; Emax
v¼0;Jk is here

the maximum energy for the J multiplet in question. The
energies are calculated from the ATZfc(R) potential energy
surface as described in Section 4; the basis set used has
Pmax = 6 [Eq. (19)].

As J increases, the first six-fold cluster in the vibrational
ground state of PH3 forms at the top of the J manifold at
J � 35 (see Ref. [1]); we also sometimes refer to this cluster
as the ‘top’ one. The levels in the first cluster are shown as



Fig. 6. Reduced rotational term values ðEv¼0;Jk � Emax
v¼0;JkÞ in the vibrational

ground state of PH3. The levels belonging to the first, second, and third
six-fold clusters are indicated by squares, circles, and triangles,
respectively.

A B

C

Fig. 7. A schematic diagram defining the (A) intra-cluster DJ = 0
transitions; (B) inter-cluster DJ = 0 transitions; (C) inter-cluster DJ = 1
transitions.
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squares in the term value diagram of Fig. 6. As J increases,
more clusters form below the first one. We call these the
second, third, . . . clusters, counted in order of descending
energy. Table 5 gives the term values of the states in the
first, second, and third clusters for selected J values. In
all six-fold clusters, the six cluster states span the represen-
tation of C3v(M) given in Eq. (22).

A detailed analysis of the cluster states has been given in
Ref. [1]. In the present work, we report calculations of the
line strength values for transitions connecting different
cluster states. At equilibrium, PH3 is an oblate rigid rotor
[5] so that in rigid-rotor notation, the four highest energy
levels at a given J value (i.e., the four energy levels making
up the first cluster) have Kc = 0,1,2,3, respectively, when
the energies are considered in descending order; the four
levels making up the second cluster have Kc = 3,4,5,6,
respectively, and so on for the following clusters. We use
the standard notation Kc = jkcj, where the signed quantum
number kc (�J 6 kc 6 J) is defined in Ref. [5]. For PH3,
rotation–vibration transitions obey the general selection
rules [5,26]

A1 $ A2 and E$ E: ð23Þ
Table 5
Vibrational ground state term values (in cm�1) of PH3 for the first three clust

Cluster J = 10 J = 20 J = 30 J =

1 487.2787 1844.3921 4029.7576 698
486.7691 1843.9288 4029.3693 698
485.2388 1842.5376 4028.2417 698
482.6845 1840.3092 4027.0279 698

2 482.6811 1840.1135 4024.9472 697
479.0930 1836.9455 4022.9145 697
474.4578 1832.7326 4019.3289 697
468.7625 1827.5572 4014.9076 697

3 468.7625 1827.5562 4014.7715 697
461.9886 1821.4024 4009.4842 696
454.1146 1814.2508 4003.2602 696
445.1151 1806.0799 3996.1546 695
It can be shown [5] that as a consequence of this, in the
vibrational ground state of PH3 only rotational transitions
with Dkc = 3t, where t is an integer, have non-vanishing
intensity.

Fig. 7 illustrates the ‘cluster’ transitions that we consider
in the present work. In Fig. 7(A) we show the so-called
intra-cluster transitions, i.e., the DJ = 0 transitions within
a given cluster. Two kinds of these satisfy Eq. (23): an
A1 M A2 transition connects the lowest level of the cluster
with the highest one, and an E M E transition connects
the two ‘inner’ levels. In the first cluster, the A1 M A2 tran-
sition corresponds to kc = 0 ‹ ± 3, and the E M E transi-
tion corresponds to kc = ±1 ‹ « 2 where the signs are
correlated. Consequently, both of these transitions are
Dkc = ±3 transitions.
ers

40 J = 50 J = 59 J = 60

9.6079 10673.5757 14565.7292 15030.1538
9.4834 10673.5724 14565.7292 15030.1538
9.2122 10673.5660 14565.7292 15030.1538
9.0631 10673.5628 14565.7291 15030.1538

8.6103 10646.6220 14522.0281 14984.4766
7.8169 10646.5218 14522.0263 14984.4755
5.6890 10646.3141 14522.0227 14984.4733
3.6101 10646.2061 14522.0209 14984.4723

0.1422 10626.6905 14483.7848 14944.2363
7.1125 10625.9281 14483.7409 14944.2081
2.0323 10624.0118 14483.6521 14944.1513
6.2033 10622.6354 14483.6072 14944.1227



82 S.N. Yurchenko et al. / Journal of Molecular Spectroscopy 239 (2006) 71–87
Fig. 7(B) defines the DJ = 0 inter-cluster absorption
transitions starting in the second cluster and ending in
the first cluster. There are two A1 M A2 transitions of this
type. One starts in the top state of the second cluster and
ends in the bottom state of the first cluster. Both of these
states have Kc = 3 in rigid-rotor notation, and so the corre-
sponding transition has Dkc = 0. The other A1 M A2 tran-
sition connects the bottom state of the second cluster
with the top state of the first cluster; it obviously has
Dkc = ±6. There are four E M E transitions between the
two adjacent clusters. In the first cluster, the two E states
have Kc = 1 and 2, respectively, while the corresponding
E states for the second cluster have Kc = 4 and 5, respec-
tively. Thus, of the four E M E inter-cluster transitions
two correspond to kc = ±1 ‹ ±4 and kc = ±2 ‹ ±5,
respectively, and have Dkc = ±3. The other two correspond
to kc = ±1 ‹ «5 and kc = ±2 ‹ «4, respectively, and
have Dkc = ±6.

Finally, in Fig. 7(C) we show the DJ = 1 transitions con-
necting the first cluster at J � 1 with that at J. In each of
the two clusters, the energy levels have Kc = 0,1,2,3,
respectively, and the dominant inter-cluster transitions
have Dkc = 0; we have four such transitions with
kc = 0 ‹ 0, ±1 ‹ ±1, ±2 ‹ ±2, and ±3 ‹ ±3, respective-
ly. The kc = 0 ‹ 0 and ±3 ‹ ±3 transitions are A1 M A2

(the A1/A2 symmetry label of the top and bottom cluster
state alternates with the parity of J), and the two other
transitions are E M E. In principle, there are two further
E M E transitions with kc = ±1 ‹ «2 and
kc = ±2 ‹ «1, respectively (i.e., with Dkc = ±3), analo-
gous to the E M E transitions in Fig. 7(A). However we
neglect these in Fig. 7(C) since they are very weak in com-
parison with the Dkc = 0 transitions (see, for example,
Refs. [5,26]).

In the present work, we compute the transition wave-
numbers and line strengths of the transitions defined in
Fig. 7 numerically by variational methods. The line
strengths are calculated from Eq. (21) of Ref. [8]. In order
to understand the numerical results, however, it is useful to
consider also the customary approach to molecular rota-
tion–vibration theory (see Ref. [29] or the review articles
[30,31]). To calculate spectra in the customary approach,
we solve the rotation–vibration Schrödinger equation by
diagonalizing the matrix representation of the rotation–vi-
bration Hamiltonian Ĥ rv set up in a harmonic-oscillator/
rigid-rotor basis. The diagonalization is carried out by
means of successive contact transformations [29–31]. The
contact transformation method is based on perturbation
theory, it leads to a Hamiltonian that can be directly relat-
ed to the models used for interpreting experimental spectra.

The line strengths of rotational and rotation–vibration
transitions depend on the dipole moment components �lA,
A = X,Y,Z, along the space-fixed (or laboratory-fixed)
axes XYZ [5,29]. To obtain rovibrational line strengths in
the contact-transformation scheme, we first express the
space-fixed dipole moment components �lA in terms of the
components (lx,ly,lz) along the molecule-fixed axes xyz.
This axis system is chosen such that it follows the rotation-
al motion of the molecule; for details see, for example,
Refs. [5,29,31]. We have

�lA ¼
X

a¼x;y;z

kaA�la; ð24Þ

where the kaA are direction cosines (see, for example, [5])
effecting the transformation between the xyz and XYZ axis
systems. The quantity �la depends on the nuclear coordi-
nates. It can be expressed as a Taylor expansion in the nor-
mal coordinates of the molecule.

We now introduce the effective dipole moment operator

~lA ¼ eiŜ
X

a¼x;y;z

kaA�la

 !
e�iŜ; ð25Þ

which is obtained from the ‘untransformed’ dipole moment
operator by the same contact transformation that was ap-
plied to the rotation–vibration Hamiltonian Ĥ rv in order to
obtain an effective rotational Hamiltonian, the so-called
Watsonian ~H rv [29]. Here, Ŝ is a Hermitian operator that
effects the contact transformation on Ĥ rv. The resulting
effective operator ~lA, and its matrix elements between har-
monic-oscillator/rigid-rotor basis functions (which deter-
mine the rovibrational line strengths), have a very
complex form, especially at high order of the expansion.
The values of the constant expansion coefficients in ~lA

can be obtained by fitting to experimentally determined
line strengths, just as the parameter values in the Watso-
nian ~H rv are determined in fittings to experimentally de-
rived energy differences.

For C3v molecules, intensity expressions have been
obtained in the customary approach by Tarrago et al.
[32]. We will use these expressions to explain qualitatively
the main features of the cluster transitions in Fig. 7.

In Fig. 8 we plot against J the transition wavenumbers
and line strengths, respectively, of the DJ = 0 intra-cluster
transitions defined in Fig. 7(A) for the first, second, and
third clusters formed in the vibrational ground state of
PH3. As the clusters form for high J, the wavenumbers of
all the intra-cluster transitions tend to zero [Fig. 8(a)]. As
discussed above, these transitions all have Dkc = ±3, and
so they have zero intensity in the absence of rotation–vibra-
tion interaction [5,26] but steal intensity from the funda-
mental vibrational transitions by a mechanism analogous
to that discussed for Hþ3 in Section 14.1.14 of Ref. [5].
The intensity stealing is induced by rotation–vibration
interaction between the vibrational ground state and excit-
ed vibrational states; the same interaction gives rise to cen-
trifugal distortion effects. According to Ref. [32], the line
strengths Sif for the Dkc = ±3 transitions are given by

Sif ¼ gnsd
2
03

2J þ 1

JðJ þ 1Þ ðJ � KcÞðJ 	 Kc þ 1ÞðJ � Kc � 1Þ

� ðJ 	 Kc þ 2ÞðJ � Kc � 2ÞðJ 	 Kc þ 3Þ; ð26Þ

where the dipole moment parameter d03 is an adjustable
parameter. For Kc fixed, this expression increases with J



a
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Fig. 8. (a) Transition wavenumbers and (b) line strengths Sif plotted
against J for the intra-cluster transitions in the vibrational ground state of
PH3 defined in Fig. 7(A). The progressions are labeled by their respective
values of k0c  k00c .

a

b

Fig. 9. (a) Transition wavenumbers and (b) line strengths Sif plotted
against J for the inter-cluster transitions in the vibrational ground state of
PH3 defined in Fig. 7(B). The progressions are labeled by their respective
values of k0c  k00c . The dotted curve in (b) represents the function
23.7 D2 · (2J + 1)/[J(J + 1)]; this is expression obtained in the customary
theory for the line strengths of the kc = ±3 ‹ ±3 transitions (see text).
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and yields Sif 
 J5 asymptotically for high J. This varia-
tion explains the moderate-J part (with J < 40) of
Fig. 8(b). However, at J > 40, the line strengths exhibit
an almost linear dependence on J, both for the
A1 M A2 and the E M E transitions. This effect reflects
a qualitative change in the molecular motion, and indi-
cates that for these highly excited states, corrections to
Eq. (26) are necessary. A corresponding extension of
the customary approximation will be discussed in detail
below, where we take into account the dynamic effects
explicitly by introducing a body-fixed xyz coordinate sys-
tem suitable at very high J.

Fig. 9 shows the J-dependence of (a) the wavenumbers
and (b) the line strengths for the DJ = 0 inter-cluster
absorption transitions defined in Fig. 7(B). One progres-
sion comprises the transitions starting in the top state of
the second cluster and ending in the bottom state of the
first cluster. As discussed above, these transitions have
Dkc = 0; they have non-vanishing intensity also in the
absence of rotation–vibration interaction. However, in
the absence of rotation–vibration interaction they occur
at zero wavenumber since the two states with kc = ±3 are
degenerate for a rigid PH3 molecule. At low J, rotation–vi-
bration interaction is weak and the A1 M A2 transitions
with Dkc = 0 have appreciable intensity but a vanishingly
low wavenumber as shown by the squares in the display
(a) of Fig. 9. According to Ref. [32], the Dkc = 0, DJ = 0
line strengths are given by

Sif ¼ gnsd
2
0

2J þ 1

JðJ þ 1ÞK
2
c ð27Þ
(see also Eq. (12.31), in conjunction with Table 12.1, of
Ref. [26]). In Eq. (27) d0 is a dipole moment parameter.
This Sif decreases with J and varies asymptotically as
2K2

c=J for large J. The Kc = 3 ‹ 3 line strengths, shown
by the squares in the display (b) of Fig. 9, indeed vary in
this manner for low J. In Fig. 9(b) we show the function
23.7 D2 · (2J + 1)/[J(J + 1)] as a dotted line. The factor
gnsd

2
0K2

c ¼ 23:7 D2 is computed using d0 = lfi = 0.57395 D
(the experimental value of the ground state vibrational
transition moment [25], see Table 3) and gns = 8. The other
progression of A1 M A2 transitions analyzed in the display
(b) of Fig. 9 has kc = 0 ‹ ±6 and therefore Dkc = ±6
(shown by the circles); these transitions connect the bottom
state of the second cluster with the top state of the first
cluster. They gain intensity by rotation–vibration interac-
tion and have zero intensity in the absence of this interac-
tion. If we apply the contact transformation formalism [32]
to these kc = 0 ‹ ±6 transitions, we obtain Sif 
 J11, which
is in keeping with the variation exhibited by the circle tran-
sitions for J < 40 in Fig. 9(a). As the first and second clus-
ters form for J > 45, the two progressions of A1 M A2

transitions attain comparable wavenumbers and intensities,
so that in Fig. 9(a), all the curves coalesce in this J region.

In Fig. 9, we also present the computed wavenumber
and line-strength data for the E M E transitions defined
in Fig. 7(B). The customary approach yields Sif 
 J5 for
Dkc = ±3 transitions and Sif 
 J11 for Dkc = ±6 transi-
tions. This explains, at least to some extent, the intensity
variation for J < 35 in Fig. 9(a), shown by the solid,
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dashed, and dot-dash lines. At higher J values, the
Dkc = ±6 transitions keep gaining intensity with increasing
J in accordance with the J11-variation, whereas the
Dkc = ±3 transitions lose intensity. The customary
approach obviously does not explain the intensities of the
Dkc = ±3 transitions at very high J. As the first and second
clusters form for J > 45, the two progressions of E M E

transitions with Dkc = ±6 merge, their wavenumbers and
intensities become more or less identical, and identical to
those of the corresponding A1 M A2 transitions in
Fig. 9(a). The two progressions of E M E transitions with
Dkc = ±3 follow the other progressions in wavenumber,
but their intensities die out.

Finally, Fig. 10 shows the wavenumbers and line
strengths of the DJ = 1, Dkc = 0 inter-cluster transitions
defined in Fig. 7(C). These transitions all have non-vanish-
ing intensity in the absence of rotation–vibration interac-
tion, and so they belong to the ‘normal’, allowed
rotational spectrum of PH3. This manifests itself in the fact
that these lines are much stronger than the perturbation-al-
lowed transitions considered in Fig. 9. In the absence of
rotation–vibration interaction, Eq. (12.31), in conjunction
with Table 12.1, of Ref. [26] give the line strengths of these
J ‹ J � 1 transitions as
a

b

Fig. 10. (a) Transition wavenumbers and (b) line strengths Sif plotted
against J for the inter-cluster transitions in the vibrational ground state of
PH3 defined in Fig. 7(C). The progressions are labeled by their respective
values of k0c  k00c . The dotted line in (b) represents the function Sif =
J · 2.6 D2, the expression obtained in the customary theory for the line
strengths of the inter-cluster transitions. The dot-dash line represents the
function Sif = J · 1.8 D2, the expression obtained in the approximate
theory that we develop for the high-J case (see text). In (b), the four
progressions of calculated line strengths essentially coincide.
Sif ¼ gnsd
2
0

J 2 � K2
c

J
: ð28Þ

For Kc = 0, this expression predicts the line strength to be
proportional to J, and this is borne out by the results in
Fig. 10(b) at moderate rotational excitation (J < 40). Using
the experimental value of the vibrational transition mo-
ment d0 in Eq. (28), we determine Sif = 2.6 D2 · J, which
is shown in Fig. 10 as a dotted line. At very high J values
the computed line strengths deviate from this straight line;
at J = 60 they only have about half the value estimated
from the linear dependence.

For all the ‘cluster’ transitions investigated here, we find
that at J > 35, say, it becomes difficult to explain the vari-
ationally computed intensities in terms of the customary
approach. This behavior is obviously caused by the six-fold
cluster formation which sets in at these J values as dis-
cussed in Ref. [1]. During the cluster formation, the molec-
ular rotation undergoes an important qualitative change in
that the rotation axis changes; we can describe this by a
change of the molecule-fixed axis system. In the classical
picture the axis of rotation, associated with the topmost
term values (with Kc = 0,1,2,3) in each J manifold, gradu-
ally changes its orientation as the rotational excitation
increases. At low J it lies in the plane perpendicular to
the C3 symmetry axis of the molecule, chosen as the mole-
cule-fixed z axis, while at J� 1 it tends to coincide with
one of the P–H bonds [1]. This process is illustrated in
Fig. 5, where the rotational axis is labeled A. We aim at
explaining the anomalous cluster intensities calculated var-
iationally for J > 35 in terms of an alternative model, in
which we change the molecule-fixed axis system so that
one of the axes coincides with the rotational axis A. This
new model involves four approximations:

(1) We consider PH3 at the so-called strict local mode
limit [33], which is based on the assumption that
mP� mH (mP and mH are the masses of the atoms
P and H, respectively), that all bonds are exactly per-
pendicular to each other, and that all inter-mode
interactions are negligible, including the vibration–vi-
bration and rotation–vibration interactions. In this
limit, the axis of stable rotation A coincides exactly
with one of the P–H molecular bonds, say P–Hi

(where the protons are labeled by i = 1,2,3) at
J� 1 [1]. It is then natural to choose the new mole-
cule-fixed axis system xiyizi (see Fig. 5) in such a
way that the zi axis lies along the P–Hi bond. The
other two axes xi and yi are then oriented along the
two other bonds (which are exactly perpendicular to
each other in the strict local mode limit) so that the
xiyizi axis system is right-handed.2 The axes of the
new xiyizi axis system coincide with the unit vectors
ei defined for the MB system in Eq. (2).
2 The origin of xiyizi is at the molecular center of mass which, under the
strict local mode conditions, coincides with the P nucleus.
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(2) The rotational wavefunctions corresponding to the
cluster states in the xiyizi axis system are taken to
be Wang-type rigid-rotor functions, and so the rota-
tion–vibration wavefunctions are given by
Wv;J ;Ki ;s ¼ jvi 1ffiffi
2
p jJKii þ ð�1ÞsjJ � Kii½ �; ð29Þ

where s = 0,1, Ki = jkij with ki as the projection of
the angular momentum onto the zi axis in units of
⁄, and jvæ is a purely vibrational function. In formu-
lating Eq. (29) we have assumed that there is no
vibration–rotation interaction so that Ki is a good
quantum number.
(3) In expressing the dipole moment function �l in the
new coordinate system xiyizi, we use the fact that
the unit vectors ei define the xiyizi axes, and we obtain
from Eq. (1)
�l ¼ lðLMÞ
0 ðe1 þ e2 þ e3Þ; ð30Þ

where the constant

lðLMÞ
0 ¼ �lBond

1 ðr1 ¼ r2 ¼ r3 ¼ re; a1 ¼ a2 ¼ a3 ¼ 90�Þ
ð31Þ

is defined by the strict local mode limit. For r1 = r2 = r3

and a1 = a2 = a3 we have �lBond
1 ¼ �lBond

2 ¼ �lBond
3 .
(4) The symmetrized cluster wavefunctions are linear
combinations of the wavefunctions in Eq. (29). How-
ever, in determining line strengths we neglect contri-
butions that involve wavefunctions from Eq. (29)
with different values of i.

The line strength obtained with these approximations is
given by Eq. (12.31) of Ref. [26]

Sif ¼ gðiÞð2J þ 1Þ v T 1
Dki
ð�lÞ

�� ��v� ��� ��2AðJ ; ki; J 0; k
0
iÞ ð32Þ

where

gðiÞ ¼
2gðiÞns for ðKi;K 0iÞ ¼ ð0; 1Þ or ð1; 0Þ
gðiÞns otherwise

(
; ð33Þ

with gðiÞns as the nuclear spin statistical weight. Selection
rules exist for the parameter s in Eq. (29); Eq. (32) gives
the line strengths of the transitions satisfying these selec-
tion rules. The irreducible tensor operators T 1

Dki
ð�lÞ (with

Dki ¼ k0i � ki ¼ 0;	1) in Eq. (32) are given by

T 1
	1ð�lÞ ¼ 1ffiffi

2
p ð��lxi � i�lyi

Þ ð34Þ

and

T 1
0ð�lÞ ¼ �lzi ; ð35Þ

where ð�lxi ; �lyi
; �lziÞ are the dipole moment components in

the xiyizi axis system, and the Hönl-London-factor
A(J,ki,J 0,k0i) is defined in Table 12.1 of Ref. [26]. Strictly
speaking, it makes no sense to define a spin statistical
weight factor gðiÞns for the un-symmetrized wavefunctions
from Eq. (29). However, these wavefunctions are all sym-
metrically equivalent, and as the six cluster states give rise
to 32 total internal states [5] allowed by Fermi-Dirac statis-
tics, it would seem reasonable to distribute these 32 spin
states evenly over the six rotation–vibration states so that
gðiÞns ¼ 32=6 ¼ 16=3 in Eq. (32). This value is also obtained
by formal application of the Landau-Lifshitz method for
determining spin statistical weight factors (see Chapter 8
of Ref. [5]). It follows from Eqs. (30), (34), and (35) that

v T 1
0ð�lÞ

�� ��v� ��� ��2 ¼ v T 1
	1ð�lÞ

�� ��v� ��� ��2 ¼ lðLMÞ
0

� �2

: ð36Þ

In the xiyizi coordinate system the cluster states are charac-
terized by Ki = jkij � J. When we insert the transition mo-
ment squares from Eq. (36) and the Hönl-London factors
from Table 12.1 of Ref. [26] in Eq. (32) at the limit J� 1
and Ki fi J, we derive the line strengths

ðAÞDJ ¼ 0;DKi ¼ 0 : Sif ¼ gðiÞns ðl
ðLMÞ
0 Þ2ð2J þ 1Þ;

ðBÞDJ ¼ 0;DKi ¼ 1 : Sif ¼ gðiÞns ðl
ðLMÞ
0 Þ2ð2J þ 1Þ=ðJ þ 1Þ;

ðCÞDJ ¼ 1;DKi ¼ 1 : Sif ¼ gðiÞns ðl
ðLMÞ
0 Þ2ð2J þ 1Þ;

ð37Þ
where the labels (A), (B), (C) refer to Fig. 7.

Thus, for the intra-cluster transitions in Fig. 7(A), we
obtain from Eq. (37) that the line strength varies linearly
with J at high J. In terms of the wavefunctions given by
Eq. (29), there are three symmetrically equivalent intra-
cluster transitions, each with a line strength given by
Expression (A) in Eq. (37). Fig. 7(A) shows, however, that
in reality there are only two symmetry-allowed intra-cluster
transitions with Kc = 0 ‹ 3 and 1 ‹ 2, respectively. We
combine the line strengths of the three ‘un-symmetrized
transitions’ and distribute the total line strength evenly
over the two symmetry-allowed ones. Each of these two
transitions then gets a line strength of
3gðiÞns ð2J þ 1ÞðlðLMÞ

0 Þ2=2. Since, in the strict local mode limit,
the vector e1 + e2 + e3 has a length of

ffiffiffi
3
p

, we can estimate
the constant lðLMÞ

0 � le=
ffiffiffi
3
p
� 0:33 D, where le = 0.57736

D is the equilibrium dipole moment. Thus Expression (A)
in Eq. (37) gives Sfi ¼ 3gðiÞns ð2J þ 1ÞðlðLMÞ

0 Þ2=2 � ð2J þ 1Þ�
0:9 D2 � J � 1:8 D2 for J� 1. The computed line
strengths in Fig. 8(b) exhibit a linear dependence on J at
high J, but the slopes of the lines are around 1 D2 and thus
significantly smaller than the predicted value of 1.8 D2. We
can take this as an indication that, as discussed also in Ref.
[1], for PH3 the local mode limit has not yet been reached at
J = 60.

For the inter-cluster transitions in Fig. 7(B), the line
strengths are predicted to reach a limiting value at high
J. In this case there are six ‘un-symmetrized transitions’
that satisfy the selection rules on s, and four symmetry-al-
lowed ones. Thus we obtain a limiting value of
3gðiÞns ðl

ðLMÞ
0 Þ2 � 1:8 D2. We determine from Fig. 9 that for

J = 60, the line strengths have values around 2 D2, which
is close to the limiting value that we estimate.

At low J, the line strengths of the DJ = 1 transitions in
Fig. 7(C) vary approximately as Sif = J · 2.6 D2 [Eq.
(28), dotted line in Fig. 10(b)]. Our approximate theory
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(again with six ‘un-symmetrized transitions’ and four sym-
metry-allowed ones) predicts that at high J, they should
also depend linearly on J, but with a smaller rate of
increase: Sif = J · 1.8 D2 [dash-dotted line in Fig. 10(b)].
There is some indication of this behavior in Fig. 10(b):
for J between 25 and 35, the calculated line strengths define
an nearly straight line parallel to the dash-dot line. For
higher J, however, the line strengths increase slower than
J · 1.8 D2 and eventually start decreasing; the difference
in centrifugal distortion effects when J is increased by one
is probably important here.

A significant part of the discrepancies between the
results of the approximate model and those of the varia-
tional calculation are caused by the fact that PH3 is not
at the strict local mode limit. In reality, the ratio mP/mH

is not sufficiently large to put the center of mass at the P
nucleus, and so as found in Ref. [1], at J = 60 (or even at
J = 80) the axis of rotation does not coincide completely
with a P–H bond. Test variational calculations with
mP = 500 u (so that we really have mP� mH), no coupling
between the vibrational modes in the potential energy func-
tion, and 90� bond angles give a significantly better agree-
ment with the results of the approximate model than that
obtained with the calculations reported here for the ‘real
existing’ PH3 molecule.

We conclude that for PH3, the cluster-formation (or
localization) effects appearing in the rotational energy level
spectrum cause very significant qualitative changes to the
cluster-transition line strength values at high J.

6. Summary and conclusion

We have computed ab initio, at the CCSD(T)/aug-cc-
pVTZ level of theory, the dipole moment for the electronic
ground state of PH3 at 10080 unique molecular geometries
covering a large volume of vibrational coordinate space. A
six-dimensional, Molecular-Bond representation of the
dipole moment surface has been obtained by fitting suitable
parameterized analytical functions through the ab initio

points; see Eqs. (1)–(10). We have used this analytical
DMS to calculate vibrational transition moments for
selected vibrational bands. The theoretical transition
moments were found to reproduce very satisfactorily the
available experimentally determined values. By means of
recently developed computational methods for calculating
rotation–vibration energies and intensities for isolated elec-
tronic states of XY3 pyramidal molecules [7,8], we have
simulated several rotation–vibration bands of PH3; the
wavenumbers and intensities determined for the individual
transitions in these bands are also in very satisfactory
agreement with experimental data. For example, for the
m2/m4 fundamental bands, whose upper states interact, we
reproduce, with our purely ab initio DMS, 955 observed
[27] intensity values with an average absolute percentage
deviation of 8.7% (and a root-mean-square deviation of
0.94 cm�1 for the transition wavenumbers). The deviation
of 8.7% is larger than the 1.5% and 2.1% obtained by
Brown et al. [27] in a least-squares fitting to the experimen-
tal intensity values for the m2 and m4 bands, respectively, but
we find the relatively small difference encouraging. It shows
that ab initio calculations are reaching a level of accuracy
where they can provide intensity data of sufficient quality
to compete with the very often exceedingly difficult exper-
imental intensity measurements (see also Ref. [34]).

Using our theoretical model for the rotation–vibration
motion of an XY3 molecule [6–9,35], which is based on
the Hougen–Bunker–Johns approach [5,10], we can calcu-
late the energies and wavefunctions of highly excited rota-
tional states [1] and the line strengths of the transitions that
involve these states. We have already shown [1] that in the
vibrational ground state of PH3, at high rotational excita-
tions the energy levels cluster to produce six-fold near-de-
generate states, and in the present work we have studied
the line strengths of the transitions between these states.
In particular, the so-called intra-cluster transitions
(Fig. 8) have wavenumbers that tend to zero as J increases.
That is, with increasing J these transitions move through
the THz, mm-wave, and microwave regions where spec-
troscopy with ultra-high resolution and ultra-high sensitiv-
ity is possible. Thus, one could imagine that the cluster
states could be characterized by such spectroscopic meth-
ods as it happened for the analogous cluster states in
H2Se [36]. The investigation of these states could help elu-
cidate the phenomenon of rotationally induced chirality
discussed for triatomic molecules by Bunker and Jensen
[37]. The problem is, however, that the energy clusters
are found at very high term values (see Table 5) so that a
relatively high temperature is needed to populate the initial
states of the intra-cluster transitions. Even then, the transi-
tions will be weak and require experiments at high PH3

pressure to be detected. The unfortunate fact that PH3 is
both poisonous and volatile may dampen the enthusiasm
for undertaking experimental investigations of the interest-
ing cluster phenomenon in this molecule.

After we had submitted the initial version of the present
work, Butler et al. [38] reported new measurements of
phosphine intensities in the 2.8–3.7 lm region. They did
not, however, use the experimental intensity values to
determine vibrational transition moments that we can com-
pare with our theoretical results. Instead they list, for a
number of bands, ‘sum intensities’ (i.e., sums of the inten-
sities of observed/assigned transitions in a given band)
which provide rough measures of the total band intensity.
Sum intensities obtained from our simulated spectra show
broad agreement with the new experimental values so that
this comparison provides further validation of our new
ab initio dipole moment surface for the electronic ground
state of PH3.
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