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We investigate the importance of quantum-mechanical effects for equilibrium thermodynamics and the structure
of weakly interacting systems. Two inclusion complexes with soft guest–host interaction potentials (endohedral
3He buckminsterfullerene, 3He@C60, and H2 molecule inside (H2O)20 cage) are examined by solving the
Schrödinger equation for the nuclear motion of the guest. We demonstrate that quantum corrections are highly
sensitive to the shape of the interaction potential. Anharmonic potential energy surfaces, exhibiting multiple,
degenerate minima, magnify quantum contributions. Commonly used harmonic corrections are therefore
unreliable for soft interaction potentials. We also show that quantum corrections to equilibrium constants and
thermally averaged structural parameters may become significant at temperatures close to ambient. In the
recently discovered hydrogen clathrate hydrate, quantum effects likely result in a B45 K decrease of the
decomposition temperature at atmospheric pressure.

The importance of the quantization of nuclear motion for
structure and properties is widely recognized in low-temperature
and solid-state physics.1,2 In physical chemistry, quantum effects
are commonly implicated in dynamical processes, such as
hydrogen transfer,3 particularly in biological systems.4 Dynamic
behavior of some simple molecular systems under extreme
conditions has also been demonstrated to be intrinsically quan-
tum-mechanical.5,6 In the calculations of thermodynamic prop-
erties of small rigid molecules, quantization of nuclear motion is
usually taken into account in the harmonic approximation.7 The
more challenging and interesting case of molecular motion in
soft anharmonic potentials is commonly treated with classical
molecular dynamics simulations.8 Large amplitudes of motion
and small well depths, typical of soft potentials, make harmonic
quantum corrections wildly inaccurate in such systems. Partly as
a result, quantum contributions to equilibrium properties in
such systems are tacitly assumed to be negligible.

An accurate description of molecular motion in soft poten-
tials is particularly important for biological systems, where
relatively small changes in equilibrium constants may lead to
serious physiological consequences.8 Another, technologically
important, example is provided by hydrogen storage materials,
where weak guest–host interactions are essential for ensuring
the reversibility of the hydrogen adsorption process. The latter
case is easily accessible for theoretical simulations, due to the
simplicity of the interaction potentials.9,10 In the recently
discovered11 hydrogen clathrates, the guest–host interaction
potential is spherically symmetric to a good approximation.9 In
this case both classical and quantum equations of motion can
be solved without introducing any additional approximations.
This provides a simple, yet chemically meaningful test of
quantum-mechanical effects for equilibrium thermodynamics
and the structure of weakly interacting systems. In this work
we compare quantum and classical statistics for two systems,
where accurate ab initio interaction potentials are known.

Methods

We choose two model interaction potentials. Case A is
the endohedral 3He buckminsterfullerene, 3He@C60.

12,13 The

MP2//TZP guest–host interaction in 3He@C60 is given by
(kcal mol�1):10

vA(r) ¼ 0.6706r6 þ 0.5367r4 þ 1.370r2 � 1.999 (1)

where r is the displacement from the cage center in ångström
(Å). Potential vA has a single soft minimum at the center of the
cage. Case B is an H2 molecule, inside the dodecahedral
(H2O)20 cage (so called D-512 cage14,15) of the type II hydrogen
clathrate hydrate.11 The MP2//DZP interaction potential in
this case is given by:9

vB(r) ¼ 0.373r6 � 0.140r4 � 1.210r2 � 1.84 (2)

where H2 is assumed to be a structureless particle, and r is the
displacement of the centre of the mass of the molecule from the
cage centre, in Ångstroms.
This potential is bowler-hat-shaped, with the degenerate,

spherical shell minimum E1.08 Å from the center of the cage.
Potentials vA and vB are illustrated in Fig. 1. These two models
are also important in their own right. The type II H2/H2O
clathrate has the highest known extractable hydrogen/mass
ratio, for any substance stable at the near-ambient conditions.11

The endohedral fullerenes are important magnetic probes, with
an incompletely understood formation mechanism.16

For both complexes the relevant equilibrium is described by
the chemical reaction:

G þ C ¼ G@C (3)

where G is the guest (H2 or He), C is the host cage (ice cage of
the clathrate or the fullerene molecule), and G@C stands for
guest encapsulated by the host. At moderate gas pressures P,
the equilibrium is fully characterized by the constant K
(in atm�1):

K ¼ N½G@C�
N½G�P ð4Þ

where N[G@C] and N[C] are number densities of the filled and
empty host cages, respectively, and P is the partial pressure of
the free guest particles. Assuming spherically symmetrical
environment, the equilibrium structure of the system is fully
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described by the radial distribution function R(r). Both K and
R(r) are readily accessible from experiment.

In classical statistics the equilibrium constant is given by:17,18

KC ¼ l3ZC

kT
ð5Þ

where k is Boltzmann constant, T is absolute temperature, l ¼
h(2pmkT)�1/2 is the ‘‘thermal wave length’’, m is mass of the
guest molecule, and h is the Planck constant. Eqn. (5) neglects
relaxation of the spherically symmetric host cage. In this
approximation, classical partition function ZC is given by:

ZC ¼ 4p

l3

Zrmax

0

exp � v rð Þ
kT

� �
r2dr ð6Þ

where rmax is cage radius, and v(r) is the guest–host interaction
potential. The rigid cage approximation is justified by the
separation between frequencies of the guest and host vibra-
tional modes. For a less binding potential such as found for
exohedral fullerenes, the host vibrations must be taken into
account to obtain qualitatively correct results.6

Classical radial distribution function for the guest center of
mass is given by:

RC rð Þ ¼ 4pV�1
C r2exp � v rð Þ

kT

� �
ð7Þ

where the effective volume VC ¼ ZCl
3. For systems with lower

symmetry, standard classical molecular dynamics techniques8

can be used to calculate KC and RC.
In the case of quantum statistics, one particle radial dis-

tribution function is given by:

Rq rð Þ ¼ Z�1
q r2

X
i

wiexp � ei
kT

� �ZZ
siny ci ~rð Þj j2 dydf ð8Þ

where ci is one of the eigenfunctions (see below), correspond-
ing to the wi-degenerate energy level ei. The same energy levels

determine the canonical partition function Zq, given by:18

Zq ¼
X
i

wiexp � ei
kT

� �
ð9Þ

The equilibrium constant Kq can be calculated analogous to
eqn. (5). Similar to the classical case Vq ¼ l3Zq is the quantum
analog of the effective accessible volume VC. Eigenfunctions
and eigenvalues of guest motion are obtained by solving the
one particle Schrödinger equation for the motion of the center
of mass:

� �h2

2m
r2 þv ~rð Þ

� �
ci ~rð Þ ¼ eici ~rð Þ ð10Þ

For spherically symmetric potential v(r), this is a standard
textbook problem in quantum mechanics. The eigenfunctions
of eqn. (10) can be indexed by three quantum numbers k, l,
and m:

cklm ~rð Þ ¼ Ylm

~r

r

� �
ukl rð Þ
r

ð11Þ

where Ylm are spherical harmonics and m runs from �l to l.
Eigenfunctions with the same primary and orbital quantum
numbers k and l are (2l þ 1)-fold degenerate and share the
radial part. The radial functions ukl(r) are solutions of the one-
dimensional differential equation:19

�h2

2m

d2

dr2
þ ekl � v ~rð Þ � �h2l l þ 1ð Þ

2mr2

� �
ukl rð Þ ¼ 0 ð12Þ

Eqn. (12) is solved subject to the boundary (ukl(0) ¼ 0;
ukl(rmax) ¼ 0) and normalization

Zrmax

0

ukl rð Þj j2dr ¼ 1

0
@

1
A

conditions on the radial wavefunction.
For the potentials vA and vB used presently, eqn. (12) has to

be solved numerically. We integrate it using Numerov’s
method,20,21 on a grid of 1000 equally spaced points distributed
between 0 and rmax. The eigenvalues are converged to at least
10 significant digits.

Results and discussion

For the helium complex, eqn. (12) is solved for all energy levels
up to Emax ¼ 10 kcal mol�1. This gives 133 energy levels (2191
eigenfunctions), with angular momenta up to lmax ¼ 23. The
ground state is found at �1.53 kcal mol�1, 0.46 kcal mol�1

above the potential well bottom. This set of eigenvalues is
sufficient for calculating thermodynamic parameters up to T ¼
900 K (RT B 1.8 kcal mol�1), the entire temperature range of
stability for this species. For the potential vB (H2 in (H2O)20
cage), we find 193 energy levels (4009 eigenfunctions) below
10 kcal mol�1. The largest angular momentum is lmax ¼ 30.
The ground state is found at �2.51 kcal mol�1, 0.33 kcal mol�1

above the potential well bottom. The bowler hat shape of the
potential is reflected in the near-degeneracy of the lowest levels
for small angular momenta (l ¼ 1: �2.45; l ¼ 2: �2.35;
l ¼ 3: �2.21 kcal mol�1).
For the model A, the interaction potential exhibits a single,

non-degenerate minimum at the cage center. As a result, the
quantum mechanical and classical radial distribution functions
essentially coincide at temperatures above 150 K (Fig. 1).
Average structural parameters also show good agreement.
For example, at 150 K classical average radial position hriC
is 0.442 Å. The corresponding quantum average hriq is 0.457 Å.

Fig. 1 Interaction potential v(r), classical (RC) and quantum (Rq)
radial distribution functions at 150K. (a) 3He inside buckminsterfuller-
ene C60 cage. Classical (quantum) Rmax ¼ 0.428 (0.432) Å, with half-
width of 0.439 (0.455) Å. (b) H2 inside (H2O)20 model clathrate cage.
Classical (quantum) Rmax ¼ 1.126 (1.089) Å, with half-width of 0.352
(0.452) Å.
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Even this small difference disappears at 298 K (hriC ¼ 0.557 Å,
hriq ¼ 0.560 Å). The distribution half-widths (r1/2) agree to
0.02 Å at T 4 150 K. The classical and quantum radial
distributions become indistinguishable above room tempera-
ture. This result is not unexpected: the interaction potential vA
is approximately quadratic. In this case, the dynamics of the
quantum wavepacket, representing the guest molecule, is
formally classical,22 leading to similar quantum and classical
radial distributions. Clearly, classical mechanics is adequate
for the structural description of this system above 150 K.

For the more intricate potential B, quantum and classical
radial distributions are visibly different at 150 K (Fig. 1b). The
most probable quantum and classical positions of the H2

molecule differ byB3%, while the half-width changes by more
than 25% (0.45 Å vs. 0.35 Å). The latter effect should be
observable in experimental structure refinement. An even more
striking quantum contribution is found for the temperature
dependence of the average displacement of the H2 molecule
from the center of the cage. In the classical treatment, hri is
essentially constant in the temperature range of 50–300 K (see
Fig. 2). The corresponding quantum-mechanical quantity
increases by about 5% in the same temperature range.
Although the differences decrease at higher temperature,
quantum effects remain significant for the entire stability range
of this compound (T B 150–250 K).

The ratios of the calculated quantum and classical mechanics
equilibrium constants for the models A and B are shown on
Fig. 3. For the 3He incorporation reaction, believed to occur at
temperatures Z 600 K, quantum corrections to the equili-
brium constant at the reaction temperature amount to less
than 3%. This is negligible, compared to other sources of error
in the theoretical treatment, and to the experimental
uncertainties. At room temperature, the difference increases
to about 7%, potentially significant for simulations aiming at
chemical accuracy. This example clearly conforms to the
conventional wisdom, that quantum-mechanical contributions
can be neglected for the equilibrium properties in weakly
interacting systems.

The second model case is more interesting. Type II hydrogen
clathrate has been characterized at temperatures below ambi-
ent (150–250 K). Lower guest mass can be expected to magnify
the quantum effects as well. Indeed, for H2@(H2O)20 quantum
effects account for a B12% decrease in the equilibrium con-
stant at 250 K, and even a B31% change at 150 K. Assuming
that the guest gas loss is responsible for the collapse of the
clathrate structure,15 the quantum contribution corresponds to
a B45 K lowering in the clathrate decomposition tempe-
rature—significant for any quantitative study of this system.

Although it would have been difficult to measure the decom-
position temperature of a ‘‘classical’’ clathrate, similar differ-
ences may be expected for heavier hydrogen isotopes. Indeed,

we calculate quantum-mechanical equilibrium constants of
3.16, 3.44, and 3.60 atm�1 for incorporation of respectively
H2, HD, and D2 at 150 K. This may translate into a B13 K
increase in the decomposition temperature of HD compared to
H2 complex, and B20 K for D2 compared to H2. Thus,
formation of clathrate hydrate can provide an efficient
fractionation pathway for hydrogen isotopes at sub-zero
temperatures and may have significant implications for the
models of planetary formation and evolution. Because the
structure of type II hydrogen clathrate hydrate contains multi-
ply-occupied cages of different sizes rather than just the singly
occupied (H2O)20 cage, these values should be treated as
qualitative indications only.
Qualitatively, the relationship between quantum and classi-

cal treatments can be revealed by invoking the harmonic
oscillator model. In this approximation, classical and quantum
partition functions are related by:23

Zq ¼ ZC

Y
i

biexp �bi=2ð Þ
1� exp �bið Þ

� �
� ZC

Y
i

1� b2i
24

� �
ð13Þ

where bi ¼ hni/kT, ni being harmonic vibrational frequencies of
the system. For small vibrational frequencies (bi { 1) quantum
corrections to the partition function appear only in the second
order of bi. This explains the good qualitative performance of
classical simulations at higher temperatures. From eqn. (13),
all systems with chemically important motions in the same
frequencies range as our model systems (200–400 cm�1) may
be expected to exhibit quantum corrections of the same order
of magnitude. Because the actual correction factors are sensi-
tive to the shape of particular potential energy surface
(compare cases A and B above), quantitative simulations of
structure and thermodynamics in such systems would need to
consider quantum corrections explicitly. As quantum correc-
tions become more important for anharmonic surfaces, har-
monic factors of the eqn. (13) may be insufficient for
satisfactory numerical agreement with experiment.

Conclusions

In summary, we demonstrate that quantum effects on mole-
cular motions in weakly interacting systems may become
significant at temperatures close to ambient. Strongly
anharmonic potentials lead to an increase in quantum correc-
tions. At least in some cases, quantum mechanical terms may
contribute tens of percents to calculated equilibrium constants,
and to thermally averaged structural parameters. Simulations
aiming at achieving chemical accuracy for processes involving
soft modes in the 200–400 cm�1 range should not blindly
neglect quantum effects. Because soft potentials are commonly

Fig. 2 Temperature dependence of the classical and quantum average
radial displacements hrH2

i for H2@(H2O)20.

Fig. 3 Ratio of classical and quantum equilibrium constants for the
model reactions A (H2 þ (H2O)20 ¼ H2@(H2O)20) and B (3He þ C60 ¼
3He@C60), as a function of the inverse temperature.
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encountered in liquid and biomolecular simulations, the
importance of quantum-mechanical effects in these systems
may need to be reassessed.

We illustrate the influence of the quantum-mechanical effects
using the example of the isotope effects in type II hydrogen
clathrate hydrate. In this system quantum effects are respon-
sible for a B14% increase in the calculated equilibrium con-
stants for H2 incorporation, which may translate to a B20 K
increase in the decomposition temperature of the clathrate at
the atmospheric pressure for the fully deuterated compound.
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