
��������� 	 
 ���� ����� ����������������������� ����� �������� !"��#
���$ %���&�'���(�

)+*,).-0/



Oscillatory Systems
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where l is the length of
the fluid column
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where A is the cross-sectional area of the tube
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phase.mcd
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Displacement, velocity and acceleration 
in simple harmonic motion

a sin ω t. φ( ).

t

Displacement

a ω. cos ω t. φ( ).

t

Velocity

1

1

a ω
2. sin ω t. φ( ).

100 t

Acceleration

Displacement lags behind velocity by π/2 radians, and 
lags behind acceleration by π radians. 

The phase constant φ has been taken to be zero.

phase2.mcd1W2B47698;:�T U`*�m9=(a :�ASQLDR25G7H ? O925Nwc�:EDgf�:�:�HbQ�8RGIDFQLDF2BH94kjI:�C�DRG78�QIH9l ? 25M�N9A5:(O\QI8;M(G7H+25C
M�GIDF2BG7H *
��������� � 
 q��� v�������������������~������������������������

T U�-V�



Adding phasors
Two phasors, initially φφ out of phase, and after
rotating through θθ = ωωt

θ

θ

θ

P L U S
t ime=0,  θ=0

Later  t ime,  phase change = θφ

φ

Resultant - unit initial amplitudes

R2 2 1 cos φφ( )( ) (cosine formula)

Phase
φφ
2

Phasor1.mcd
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Addition of Phasors

A

φφψψ
a

a
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Addition of N 50=  vectors with relative phase φ 0=  deg
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Addition of N 50=  vectors with relative phase φ 1=  deg
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Addition of N 50=  vectors with relative phase φ 2=  deg
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Addition of N 50=  vectors with relative phase φ 10=  deg
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Addition of N 500=  vectors with relative phase φ 10=  deg
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Beats
t 9.9 9.8, 9.9..

sin t π.( )

sin 1.3 t. π.( ) 2

sin t π.( ) sin 1.3 t. π.( ) 6

2 cos 0.15 t. π.( ). 6

2 cos 0.15 t. π.( ). 6

2 sin 1.15 t. π.( ). cos 0.15 t. π.( ). 9

t
10 5 0 5 10

2
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12

sin t π.( ) sin 1.3 t. π.( )

1 cos 0.3 t. π.( )

t
10 5 0 5 10

0

0.5

1

1.5

2

Two equal-amplitude sinusoids combine to give a resultant which is a 
product of a carrier and an envelope. The frequencies of these  are the 
half-sum and half-difference of the original frequencies. 
  The beat frequency, the frequency at which the amplitude varies, is the 
difference between the original frequencies.
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Beats
t 9.9 9.8, 9.9..

sin t π.( )

sin 1.3 t. π.( ) 2

sin t π.( ) sin 1.3 t. π.( ) 6

2 cos 0.15 t. π.( ). 6

2 cos 0.15 t. π.( ). 6

2 sin 1.15 t. π.( ). cos 0.15 t. π.( ). 9
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Two equal-amplitude sinusoids combine to give a resultant which is a 
product of a carrier and an envelope. The frequencies of these  are the 
half-sum and half-difference of the original frequencies. 
  The beat frequency, the frequency at which the amplitude varies, is the 
difference between the original frequencies.
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Addition of Phasors - 
Unequal Amplitudes

b

a

R

φφψψ θθ

ψ−φ
ψ−φ

b

R2 a2 b2 2 a.. b.. cos ππ ψψ φφ( )( )..

tan θθ( )
a sin φφ( ).. b sin ψψ( )..

a cos φφ( ).. b cos ψψ( )..

132547698;:�T ]+*</7/7='> l+l92BDR25G7H�GIK�DgfhG(N9O9Q ? G78 ? GLKWl92<�¥:�8R:�H�D�QIM�N9AB2BDF6+l9: ?�*

T U�-^�



���������o§ #r�¨��� © �[ª�� yz«�u����'����� 
 ¬�������� ® %���w�P �#
�������

A General Wave Disturbance
c 2

1 0 1 2 3 4 5
0
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f x c 0.( )

f x c 1.( )
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Fourier Series
Consider the Fourier Series for a square wave sq x L,( ) 1( )

ceil
2 x.

L

ser n x, L,( )

0

n

p

4

ππ 2 p. 1( ).
sin

x 2 p. 1( ). 2. ππ.

L
.

= x 0 .01, 1.99..
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ser 0 x, 1,( )
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xClose-up: x 1.0001 1.0005, 1.1..

1 1.02 1.04 1.06 1.08 1.10

0.5

1

1.5

sq x 1,( )

ser 30 x, 1,( )

ser 100 x, 1,( )

x

The Gibbs phenomenon is the concentration of the 'overshoot' of
the sudden rise into a region close to the edge of the step.
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Sinusoidal Waves

A single-frequency wave may be written as

f x t,( ) A cos k x. ω t.( ).

where 

ω
2 π.

νk
2 π.

λ

0 1 2 3 4 5
1

0

1

f 0 t,( )

t
λ

0 1 2 3 4 5
1

0

1

f x 0,( )

x
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Refractive index
Absorption
Limiting value = 1

Typical variation of refractive index

Frequency

n

         Infrared     Visible         Ultraviolet          X-ray
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Two Superposed Waves

y ωω 1 ωω 2, k 1, k 2, x, t, a cos ωω 1 t. k 1 x.. a cos ωω 2 t. k 2 x..

Take the angular frequencies to be 10 ππ.  and 11.5 ππ. ,  
wavevectors to be 10 ππ.  and 12 ππ.

0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

2

1

1

2

time t=0

0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

2

1

1

2

time t=0.15

The carrier has edged slightly ahead of the envelope.
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Surface waves on Water

v p k( )
g

k

k γ.

ρ

v g k( )
1

2

g ρ. 3 k
2. γ.

k ρ.
g ρ. k

2 γ.

k ρ.
.

.

g 9.81 m. s
2. γ 0.075 N. m

1. ρ 1000 kg. m
3.

λ 0.001 m. 0.002 m., .2 m...
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Masses on a string under tension

Masses m spaced a apart on  a string under tension T
are displaced sideways.  The displacement of mass r is 
yr, for which the equation of motion is

m
2t

y r
d

d

2
. T

a
(y

r+1
 - 2 y

r
 + y

r-1
) 

y r-1
y r y r+1

y r-y r+1

θr

T

T

m at r
m at (r+1)m at (r-1)

a

1
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Waves on a beaded string
y r t, k,( ) A cos k r. a. ω t.( ).

k
2 π.

10 a.
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 for String under Tension

An element of length ds (approximately 
equal to dx) is acted upon by the 
tension T at an angle θ at x and θ+dθ at 
x+dx.

Displacement
y

T

T

x x+dx

Str ing element
 length ds

θ

θ+dθ

1

ÇWÈ�($)9Ë;ÌPÍ ã+Î!Iâ+Ð Ç\Ø7ËRÒ�Ì�å�Ø7ÙJÓIÙJÌ�Ô5Ì*
(Ì�Ù�×�ØIÚ�Ó}åV×FËRÌE×FÒ0Ý9Ì�Û�å;×RËRÈBÙ+( Î

Í ã á Ï �



, ��í¢õ'ü�ò"� - ï¶ø ô�ó��.��ì�ö / ì�ö�ì�õ�� ÿ10 �3õ��32 �Standing wave patterns
The four lowest modes with fixed ends
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The four lowest modes with force-free ends
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, ��í¢õ'ü�ò"� - ï¶ø ô�ó��.��ì�ö / ì�ö�ì�õ�� ÿ10 �3õ��32 �Standing wave patterns
The four lowest modes with fixed ends
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The four lowest modes with force-free ends
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Elastic Wave on a Rod

F F

F

F

x dx

x+ ξξ dx+d ξξ

F
F'
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Inside the Earth. The surface of the Earth is a thin crust about 6 km/4 mi thick under the sea and 40 km/25 mi thick under the continents. Under the crust lies the mantle about 2900 km/1800 mi thick and with a temperature of 1500-3000ºC/2700-5400ºF. The inCopyright © 1995 Helicon Publishing Ltd and Respective Copyright Holders
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x dx

x+ ξξ dx+d ξξ

P P'

The osci l la t ing p is ton sends waves of  compression and
rarefact ion along the tube.

Pressure wave in a gas
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Losses in a multilens system

Assume that 96% of the light energy is transmitted through 
each interface:
a lens involves two interfaces (front and back)
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Note that only the amplitudes are shown: before the 
rays are added together account must be taken of the 
change in phase with distance travelled through the 
media.
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Reflectivity of Bloomed Lens
For a wave passing from air through a coating into 
glass, the impedances Z are proportional to 1/n
n1 1 air

Magnesium fluoride
glass

n2 1.38
n3 1.52

Z1 Z3.

Z22
1.253= so the match is not ideal

writing  λ(λ(2/l) as f
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Now the range of wavelengths in the visible is about a 
factor of 2

1 1.2 1.4 1.6 1.8 2 2.2
0.012

0.021

0.03

R f( )

f

Compare R=0.04 for direct air/glass¥�¦�§$¨+²�³e´3µ�Ø'¶�Ì$Ø · ´eÐ'³C²�³*ßu³*½*¿N³*Î1ºL¹�âF³�²~ÀE²;¹�±b»�¼�»�¦&²NÓK§$¸g»Kà;à�¦�¼|¿;³�²PÀÕ»�½�³�½�¹A»R¿N³�Î#â	¦�¿;ÐJ»
æ ¨u»�²P¿N³*²PÙçâG»m¾$³Q¸g»mÏ$³*²	¹�À�±�»�§$¼'³�à;¦�¨+±�ß+¨+¹$²;¦�Î+³�¶"´eÐ'³Qº+»�²N»�±�³*¿;³�²�è�¦&àe©KézêÕë$ìz°8â	Ð+³�²�³
ê"¦&à	¿NÐ'³Á½�¹$»K¿N¦�¼+§�¿;Ð+¦&½Zí|¼+³*à;à3»�¼'Î�ì�¦�à�¿;Ð+³�âG»m¾$³*¸&³�¼'§�¿NÐs¶c´eÐ+³�ÀÕ»�½T¿N¹$²�¹�À ª ¦&¼XâG»m¾$³îÙ
¸�³�¼+§�¿;Ð#à;Ð+¹�â	¼�âF¹$¨+¸�Î#®]³	³�¼'¹$¨+§$Ð#¿N¹%à;º+»�¼�¿;Ð+³e¾8¦�à;¦�®+¸&³hà�º]³*½*¿;²;¨+±V°Aâ	¦�¿NÐ#²�³*ßu³*½*¿N¦w¾I¦�¿ïÏ
¹$º8¿N¦&±�¦&à�³�ÎS¦�¼i¿;Ð+³%§$²;³*³�¼s¶

E:\1B24\Lectures\figs07\lenslost.mcd/lens File version: 17/02/99 09:58

Losses in a multilens system

Assume that 99% of the light energy is transmitted through 
each interface:
a lens involves two interfaces (front and back)
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Wavefront curvature decreases 
with distance from a point source

Planes of constant phase perpendicular to k,
which is here directed radially outwards.
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A circular drum
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A Guided Wave System
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(kx,ky)

(kx,-ky)
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Ref lect ing p lane

Reflecting plane
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A Guided Wave System

n=1

---------->
propagation
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---------->
propagation
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Doppler Effect - moving source

Waves spread out behind,  compressed in front of, 
moving source
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Field in the xy plane from a dipole along the z axis
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Fermat's Principle - Reflection
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I'
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eye

mirror

The rays from the object O are reflected by the mirror.  
The mirror forms a virtual image at I', and the eye forms 
a real image at I.
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Fermat's Principle - Refraction
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Mirage effects

COLD -  large refract ive index

HOT -  smal l  refract ive index

Ray passing from more to less optically dense region is 
refracted away from the normal.
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Ray passing from less to more optically dense region is 
refracted away from the normal.
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Young's Double Slits
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Young's Experiment - Alternative Sources

Lloyd's s ingle mirror

Fresnel 's  double mirror

Fresnel 's  b ipr ism
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Radiation from a Atomic Sources
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Diffraction Grating - Geometry
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Diffraction Grating
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Traces at  0.8,   1.0   and   1.2  times
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Traces at  0.8,   1.0   and   1.2  times
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Huygens's  Construction - Plane Wave
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Huygens's  Construction - Spherical Wave
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Huygens's  Construction - Reflection and 
Refraction

Refracted

Incident
Ref lected
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Huygens's  Construction - Aperture
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Xkü'Y1)(6 Z\[ ý 23)54^]-_#6a`-)JüHâ
Diffraction - geometry for the Fresnel formula
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r'

r o

r o -r'
dS'

O

Each element of area dS' of the aperture acts as a 
source of spherical waves: the signal detected at
O is the sum (as dS' tends to zero, the integral) of
all these contributions.

b�ced��gfihj7zì3îgkl:nmpo�qjcersfut?v5wucKx?y�x?z{t�öTt(|ph�w`égfix��gd�é�tCy�t?}Mh~fiwA�gf�hCk9�9tCv<é�h~�Kh���h�y;wbê��s�
x?z{w`é�h�tC}sh�fiw`��f�h8v~xpy;w�f�cBû+��wuh9ò�w�x%w`égh�wuxCw�t?���gh~�Bê!tCwawAégh8x�û�ò�h�fi|CtCw�cKxpy�}MxpcKy;w��#k

�#ì3îaí;ï3î



Diffraction - Single Slit
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Traces at  0.8,   1.0   and   1.2  times
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Diffraction pattern - slit and circular aperture
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Abbe theory of imaging
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Diffraction Grating - finite slit width

F λλ f, b, θθ, N,( )
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ππ
λλ

. f. sin θθ( ).

N sin
ππ
λλ

f. sin θθ( )..

sin
ππ
λλ

b. sin θθ( ).

ππ
λλ

b. sin θθ( ).
.

2

Double slit: slit width half of slit spacing.  Note "missing 
order" where minimum of slit patterns coincides with 
maximum of grating pattern.
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N 10 Slit width = half slit spacing
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Diffraction - Fraunhofer and Fresnel Limits
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Interference - the oil film

hoil

water

air

The phase change in the reflection in air from the upper surface of the 
oil is π; the phase change on reflection at the oil-water interface is 0.
  Constructive interference takes place when the total phase difference 
between a ray reflected from the surface of the oil and a ray which has 
passed into the oil and been reflected from the water is an integer 
multiple of 2π. Given that the phase changes on reflection differ by π for 
the two rays, this requires the path length in oil to be an odd half-integer 
multiple of the wavelength in the oil.
The film is observed at near-normal incidence, so we may take the 
geometrical path length in the oil to be 2h.We therefore seek a 

wavelength λ in air which satisfies   2 h. p
1

2

λ
n oil

.     
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Interference - a film at non-normal 
incidence
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Top v iew
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Interference Fringes - Newton's Rings
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Newton's Rings --  geometrical results
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Interference Fringes - Wedge
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Source S

Mirror  D

Mirror C

Compensat ing
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B

Beam
spli t ter

A

Detector  E

Interference - Michelson's Inteferometer

  Mirrors C and D are silvered on their front faces, and the beam 
splitter A consists of a glass plate part-silvered on its rear surface.

Circular fringes will be observed at the detector if the reflection of  
D in the beam splitter is parallel to C.

The glass in the beam splitter will be dispersive, but it is traversed 
three times by  (SADAE) but only once by  (SACAE).  This results 
in a wave-length dependent optical path difference.  If the 
compensator plate is identical (apart from any silvering) to the beam 
splitter, and is aligned parallel to it, it will introduce an extra path 
length into the second path which is exactly equivalent to the two 
extra traverses of the beam splitter in the first path.
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Interference - Michelson's Inteferometer
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Michelson's Inteferometer - parallel mirrors

I θ d, λ,( ) cos 2 π.
d

λ
. cos θ( ). π

2

2

d = 100 λ  fringes of equal angle  θ

P
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Doublet Fringes in the Michelson Interferometer

I θ λ, d,( ) sin
2 π. d.

λ
cos θ( ).

2

Two waves differing in frequency by 5%
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Doublet Fringes in the Michelson Interferometer
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Fabry-Perot Interferometer - Airy function
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Interference - Fabry-Perot Inteferometer
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Reflection  -  Concave Mirror
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Reflection  -  Concave Mirror

Focal plane and focal length
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Imaging  --  Convex Surface
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Images  -  Concave Mirror
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Concave Make-up/Shaving Mirror
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Imaging  --  Spherical aberration
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What counts as a small angle?
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Refraction at a convex spherical surface
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Refraction at a concave spherical surface
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Refraction - principal rays
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C
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òRó.ôKõ,ö Á.÷ ø ÄÅôKôKÆ,õ,ö¨ù�úhõ�ó.ÇKÈºóiûÊÉºüaû�ý`ùjö¨úhõ�ó.Ç þhþRefraction -- the thin lens

O R 2 R 1 O'O"
C 1 C 2

l
t

l"

l'

n=1
n

Lens3.mcd 1 23/03/99   22:51

Ü�Ý�Þ�°Fß6à�Ë/§%ÿ�á@½Ì%©�ã�ä[å�à�ßJà êgß6ç�« é6Ý�ì�æ�ì�ê¯®�Ý�Þ�å%é[¿%è�ç'é5å�Ý�æ�®�à�æ�¬ áLenses - Principal Rays

Incident ray, parallel to optical axis, emerges from the lens 
so as to pass directly or by projection through the second 
focal point

F 2
F 2

Incident ray passes directly or by projection through the 
first focal point, emerges from the lens parallel to optical 
axis 

F 1
F 1
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Lenses - Principal Rays

Incident ray, parallel to optical axis, emerges from the lens 
so as to pass directly or by projection through the second 
focal point

F 2
F 2

Incident ray passes directly or by projection through the 
first focal point, emerges from the lens parallel to optical 
axis 

F 1
F 1
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without deviation or lateral displacement (in 
the thin lens limit)
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Aberrations

Whi te

Red rays

Violet  rays
Violet  focus

Red focus

Linear
chromat ic
aberrat ion
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Achromatic Doublet

Large refract ive index,
moderate d is tor t ion

Moderate ref ract ive
index,  large dispers ion

Red and v io let

rays C o m m o n
focus

Wh i te
l ight
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Lenses - Chromatic and Spherical
Aberrations

Whi te

Red rays

Violet  rays
Violet  focus

Red focus

Linear
chromat ic
aberrat ion
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Image formation by a Convex Lens 

With Cartesian sign convention,
f = 100 mm,  u = -150 mm,
                      v = 300 mm,
                      M = -2
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Image formation by a Concave Lens 

With Cartesian sign convention,
f = -100 mm,  u = -150 mm,
                      v = -60 mm,
                      M = 0.4
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Image formation by a Concave Lens
with a virtual object 

With Cartesian sign convention,
f = -50 mm,  u = +80 mm,
                      v = -133 mm,
                      M = -1.66
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The Magnifying Glass 
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Thick Lens System - 
Principal Planes and Principal Points

A 1 K 1 Q 1 Q 2 K 1 A 2

F 1 F 2V 2
V 1 H 1 H 2

G 1 G 2
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Two-Lens Systems - 
General  Treatment 
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Imaging by a Two-Lens System 

h 1

u 1 v2

f1 f2
v1 u 2

O 1

I1= O 2

I2

1

2

3

4

d

Lines 1 and 2 are used to construct the image 
I1 of O1 in lens 1;  lines 3 and 4 are used to 
construct the image I2 of I1, treated as the 
object of lens 2.

v1 = 300 mm
u2 = - 150 mm
v2 = 150mm
M = 2

Example: f1 = 100 mm
               f2 = 75 mm
               u1 = - 150 mm
                 d = 450 mm
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Two-Lens Systems - 
Compound Microscope 

h

d

h'

fO

fE fE

fO
L

α2

With the final image at infinity, angular 
magnification is
  - α2/(h/standard near point)

= - (h'/fE)/(h/250 mm)
= - (L/fO)(250mm/fE)

Note that many manufacturers standardize the 
distance from the second focus of the objective 
to the first focus of the eyepiece at L=160 mm.
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Two-Lens Systems - 
Astronomical Telescopes 

h

d

h"

fO fE

Linear magnification = fE/fO

d

fO fE

α1
α2

Angular magnification = fO/fE
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Two-Lens Systems - 
Astronomical Telescopes 
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Linear magnification = fE/fO
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Angular magnification = fO/fE
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Galilean Telescopes 
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Angular magnification = fO/fE
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Two-Lens Systems - 
Galilean Telescopes 
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fE fE

Linear magnification = fE/fO
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Angular magnification = fO/fE
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