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Chapter 1

Introduction

The Goldbach Conjecture is one of the most fascinating unsolved problems in
number theory. It was (famously) first posed by Christian Goldbach in his 1742
letter to Leonard Euler. His original question was whether all integers greater
than 5 are representable as a sum of three primes. The problem immediately
reduces to asking whether all even numbers greater than 2 are representable as
a sum of two primes.

Although it is still an open conjecture to show that all even numbers are
expressible as a sum of two primes, the case for odd numbers is easier. It
was shown in 1937 by I. M. Vinogradov that all sufficiently large odd integers
are expressible as a sum of three primes. Vinogradov proved the three-primes
theorem by analytical means, using a major arc/minor arc decomposition. The
major arcs are treated by estimating the sum

Y@, x) = Y x(n)A(n).
n<z

The proof of this estimate relies on a large portion of classical theory of
Dirichlet L-functions, and has as an immediate corollary the corresponding es-
timate for m(x, a, ¢), the number of primes less than z equivalent to a mod ¢ (a,
q relatively prime).

The minor arcs are treated by Vinogradov’s type I/type II sum decomposi-
tion. Such a decomposition provides bounds on the sum

Z A(n)e(na)

which are sensitive to «.. In this essay we work with the mébius function instead
of the Von Mangoldt function, and apply a significant amount of harmonic
analysis to achieve our results.

To prove the three-primes theorem, we work with the sum

rn) = Y Alk)A(k2)A(ks),

ki+ko+kz=n



which counts representations of n as a sum of three prime powers, with
a weight of log(p1)log(p2)log(ps) attached to each such representation. The
contribution to this sum deriving from proper prime powers is small compared
to the contribution from primes themselves (use partial summation). If there
are no such representations, r(n) = 0. For the proof, we bound r(n) away from
zero for odd n. We now state

Theorem 1.0.1 (Vinogradov). For any fized A > 0,

r(N) = %G(N)NQ +0 (bg]X(N)> ,

where

o0 =TT (1~ g ) I ( )

p|N ptN

If N is even, the above is not useful. Indeed, assume N is even. Then one
of the k; is a power of two. If we consider the number of representations of NV
as a sum of a power of 2 and two integers, this gives a trivial upper bound of
7(N) = O(N log*(N)). When N is even, &(N) = 0 in the above, and the bound
given by Vinogradov is considerably worse than the trivial one.

For N odd, we have

H(l—(p_ll)2> = .6602..., and 1;<1+(p_11)3> =2.301...,

p#2

and so 1.320... < G(N) < 2.301.... Hence, the N? term eventually domi-
nates the second term and hence gives a lower bound for r(N).

The remainder of the introductory chapter of this paper is devoted to the
proof of Vinogradov’s theorem modulo 3 key lemmas. The first should really
not be called a lemma, but a theorem, for it is the bound on ¥ (z, x), equivalent
to the prime number theorem for arithmetic progressions. For this estimate,
we follow a hybrid of Green’s notes [Grl] and Davenport’s classical book [Dav].
The second is a basic fact about Ramanujan sums. The proof of these two
facts forms chapter 2. The third lemma is an estimate of the exponential sum
> p(n)e(na) originally by Davenport, however we follow a proof of Green and
Tao [GT], with some harmonic analysis from Montgomery [Mo]. The proof of
this lemma makes up chapter 3. The precise statements of all of these can be
found in the remainder of this chapter.

1.1 Major and Minor Arcs

We now proceed with the proof of the main theorem. To begin, consider the
exponential sum,



Then

> A(ka)A(k2)A(ks)e((ky + ks + ks)a)

k1,k2,ks<N

= Z Z A(k1)A(k2)A(K3) | e(na)
n k1+kotks=n
k1,k2,k3<N

= Z r(n, N)e(na)
Note that r(n) = r(n, N) for n < N. Hence, we see that S(«)? is a Fourier
series, and thus the coefficients r(N) can be recovered

r(N) = S(a)*e(~Na)da. (1.1)
R/Z

Bounding this integrand from below with therefore give us a bound on r(n)
and Vinogradov’s theorem. The integrand of (1.1) turns out to be large when «
is near a rational number with small denominator, and small when far from one.
Hence, we proceed by a major arc / minor arc decomposition which is common
in such problems of additive number theory.

We divide R/Z into subintervals 9t (major arcs) and m (minor arcs). The
major arcs correspond to subintervals close to a rational number with small
denominator, and the minor arcs their complement in R/Z. We make these
notions precise as follows. Let P = log?(N), and Q = N/log*? (N), where B
will be chosen later in terms of A (see A from Vinogradov’s theorem, above).
For all ¢ < P, and all 1 < a < ¢ with (a,q) = 1, define

1
M(a,q) = {a € R/Z such that |a — 2‘ < a}
q

And then let 9t be the union of all the M (a, q). Let m be the complement
of M in R/Z.

Observation 1.1.1. m is non-empty.

Proof:
Any two of the M(a, q) are disjoint. Indeed, taking a/q # a’/q’, we see for
large enough N that

a a

a
Hence 9 is not all of R/Z.

1 1

> =,
Tq¢ ~ P2 Q

We now carry out a separate analysis for each of 991 and m.



1.2 Proof of Vinogradov’s Theorem

We start with an individual 91(a, ¢). Take the Gauss sum

0= X ame (™)),

meZ/ql 4
where x is any character to modulus g. We then have that
1

e > x)r(x) =0 if (n,q) > 1

X€Z/qL

because then x(n) = 0 for all n. If (n,q) = 1, then

dg L = s X% e (2)

X€Z/qL XGZ/qZ mEL/qL

:122 (q)

@”\

¢ XEZ/qZhEZ/qZ
1 nh _
= ) 2 e( ) 2 X
h€Z/qZ XEZ//q\Z

Il
o

(5)

where in the second line we have taken m = nh mod ¢q. With reference to
M(a, q), we now take o = a/q + 8. We then have

S(@) = Y Al Je(kB) + O(log?(N))
k<N
(k,q)=1
B ﬁZA(’“) > x(ka)T(X)e(kB) + O(log*(N))
q k<N XEZ//q\Z
= % Z 7(X)x(a) ZX(k)A(k)e(kﬁ)+O(10g2(N))_
! X€Z/qL k<N

Taking the inner sum of the above and applying summation by parts we get

S x(R)AR)e(kB) = e(NBYB(N, x) — 2mif / e(wB)p(u,x)du.  (12)

k<N

Where



P, x) =D x(n)A(n)

n<zx

as in the introduction. We analyze the trivial character xg separately. We now
need our first

Lemma 1.2.1. Let x # xo be any character to modulus q. If ¢ < logM(x) for
some positive constant M, then we have

[, x)| = O(ze~ CMIVIoE) (1.3)
for some positive constant C(M) which depends only on M.

As noted above, this “lemma’” is essentially equivalent to the prime number
theorem for arithmetic progressions (and correspondingly makes up a significant
portion of this paper).

Combining the lemma with formula (1.2) we get

S x(k)AR)e(kB) = O((1 + |BIN) Ne=eV1esN),
E<N

Now we estimate the contribution from the trivial character xy. Recall that
() is defined

Y(z) = An)

as in the prime number theorem. Because xo(n) = 1 for (n,q) = 1 and
xo(n) =0 for (n,q) > 1, ¥(z, xo) resembles ¢ (z), precisely,

[¥(z,x0) = (@) < D A(n) = O(log(q) log(x)).

(n,q)>1

Recall that the prime number theorem gives

() =z + Ofze™VIED),

the proof of which is simpler and follows the same form as our lemma 1.1.
Hence, setting ¥ (u, xo) = |u]| + R(u), we have

R(u) = O(ue=cV1ee(), (1.4)

Similar to the origin of (1.2), we set

TB)= Y e(kp),

1<k<N

and apply summation by parts to get



N
T(3) = e(N ) ~2if [ elus)lu] du

Combine this with (1.2) and then apply (1.4) in the second line below to get

N
S XoWAR)e(kB) = T(8) +e(NB)R(N) — 2mif / e(uB) R(u) du

k<N

= T(B) +O((1 + |BIN)Ne—cVIoelV)),

Therefore, the sum on the left for the trivial character only differs from the sums
of the other characters by the term T'(3). We have hence reduced our sum to

S(a) = —— (T(Xo)(T(ﬂ) +O((1+ |BIN)Ne=VIeN)) 1 3 " 7(x)x(a) - O((1 + ﬁIN)NeCVk’g(N))) :

¢(q) X#X0
(1.5)
Two quick facts about Gauss sums will reduce this expression further.
Observation 1.2.2. 7(xo) = u(q)
Proof:
I m
T(xo0) = Z Xo(m)e <q>
m=1
(5)
R
m<gq a
(m,q)=1
! m'd
- Sua X ()
d=1 1<m’<gq/d q
= )
Where we have set m’d = m. O.

Nl

Observation 1.2.3. |7(x)| < ¢

Proof:
Recall that if y is primitive,

hence



> P X F s (M)

neL/q h1€Z/qZ ho€Z/qZ neL/qL a

Therefore

dQIr P =q > Ix(W)*=qo(q).

hEZ/qZ
Hence
1
IT0)| = ¢2
if x is primitive. In the case of x imprimitive, one can show that 7(x) < qz,
however, we omit this proof for sake of brevity. 0.

These two facts applied to (1.5) yield

(@) = 5DT(5) + 0((1 + [8|¥)gE Neme VPR,
Now one applies the fact that our « lies in the major arc 9M(a,q). Using
g < P, and |B] < 1/Q one obtains,

S(a) = MT(ﬂ) + O(Ne—cx/log(N))7
¢(q)
thereby making significant improvement to the error term. We now cube
and take the fourier series to find the contribution of M(a,q) to the integral
(1.1) we originally set out to study;

o)e(~Na) do = ulg) (7 e e(— 2,—¢’/log(N)
/{m(a’q)S() ( N )d _¢(Q)3 ( q )/_UQT(ﬁ) ( Nﬁ)dﬁ-f—O(N )

Summing over all major arcs, we have

#(q)? q -1/Q

a=1
(a,q)=1

1 a / "
/mS(a)Be(—Na)da: Z M(q) Z e <N> /1 Q T(6)36(—Nﬁ)dﬁ+O(N2eic w/log(N)).

(1.6)
The inside sum

o= 5 (2

a=1 q
(a,q)=1

is known as Ramanujan’s sum. To evaluate the first factor in (1.6), we
employ our second



Lemma 1.2.4. Let c4(n) be the Ramanujan sum defined above.

1. The sum cq(n) is multiplicative.

2. If p® is the highest power of p dividing n, cq(n) is given on prime powers
by

(") ff<a
epn) =4 =" iff=—a+1
0 if6>a+1
The proof of which is actually rather short. Nonetheless, we confine it to

Chapter 2. Now observe that all of the functions in sum on the first factor of
(1.6) are multiplicative, and thus we may evaluate by euler product,

— (q) _ o)
Z¢>(q)3cq(N) B H<1 (p—1)3>

S ([{BNNY O
— B(N).

From the trivial estimate |c,(n)| < ¢(g), we find that

> Hhe) =0 | X s | = 0llog )
q>P q>P

Hence

3 M9 ) = S(N) + Oflog B+ (V). (1.7)

Now we evaluate the factor in (1.6) involving the integral. We have

1-1/Q

1/Q 1
/ T(B)3e(~NB) df = /0 T(B)e(~NB) df + O ( /1

-1/Q

IT(6)3dﬂ> :

/Q

We observe that T'(3) is the sum of a geometric series by definition, and
hence it is evaluated

e((N+1)B) —e(B) . 1
T(B) = =O(min | N, /—— ),
e(B) -1 15| ry/z
where || - ||,z is the distance of - to the nearest integer. We thus have



/_11//2 T(B)’e(~Np) dp = / (—NpB) dB+0(Q*) = /(]1T(ﬂ)3e(—Nﬁ)dﬁ+O (bgi\;m)

By analogous construction to the beginning of section 1.1, the integral on
the right of this equation is equal to the number of ways of representing IV as a
sum of three arbitrary integers, N = ky + k2 + k3, hence

1

/O T(B)%e(~NB)dp = %(N —1)(N-2) = 5N2 + O(N).
Therefore,
/I/Q T(BYe(—-NB)df = N2+ 0 (N2> (1.8)
-1/Q 2 log"®(N)/ - '
Combining (1.6),(1.7) and (1.8), we get that
1 ) N?
/m S(a)e(~Na) da = S&(N)N? + 0 (k)gB_l(N)> . (1.9)

Vinogradov’s theorem follows if we can show that the minor arcs contribute
a smaller amount. We now proceed to their treatment. Take

/mS(a)‘ge(—Na) do

< max|S / 1S (a)?| dex

IN

max|S / |S(a)?| dev.

The integral evaluates as

/01|S(a)2|da =3 A ZAkg/ ~ ky)a)da

ki<N ko<N
= 3 AK)? = O(N log(N)).
k<N

We must now bound S(«) itself on m. We have

1 log*®(N
oo s L logm (V)
al @Q N
for all ¢ < P if & € m. Hence
. a| _ log*”(N)
 nf a- o> = (1.10)

‘We now evoke our third

10



Lemma 1.2.5. Leta € R, and C > 0. If for sufficiently large N, and any fixed
k we have

10g28(c+4)(N)
inf d >kp— )
reacronihicrn ) |lde|g/z > ¥
then
1 _
v D nm)e(na) = O(log™ "+ (W)
1<n<N

which essentially says that o € m causes p(n) to be asymptotically orthogo-
nal to e(na). A statement about the mobius function is easily transformed into
a statement about the von Mangoldt function. We have

A(n) = log(du (5 ) -
d|n
Taking u(x) = 0 if © ¢ Z, we may write
An) = Y tog(@)p (%)
d<n

Hence

S(@)= > An)ena) = Y > log(é)u (%) e(na)

n<N n<N §<n

= Z log(0) w(im)e(mia).

6<N m<

|z

Our minor arc condition (1.10) implies
log™” (N)
N

Taking B = 9(C + 4) satisfies the conditions of the lemma. We then may
evaluate

inf « >
o lgal|r/z

N/
S(a 3 log(6)— L0
D

1 N

< —— E —

~ log? () S<N 0

11



Combining this estimate with the above, we then have

Se(_Nedda—oO [ N
/mS(a) e(—Na)d O(logEG(N)> (1.11)

Upon taking B = 9(A4 + 6) and combining (1.9) and (1.11) we have proved
Vinogradov’s theorem. 0.

In the next chapter we treat lemmas (1.2.1) and (1.2.4), which are used to
bound the major arcs above. The proof of lemma (1.2.1) makes up the bulk
of the chapter. We mainly follow Davenport for chapter 2. In chapter 3 we
prove lemma (1.2.5) used to bound the minor arcs. The treatment here is more
contemporary, following a paper of Green and Tao on the quadratic uniformity
of the mobius function.

12



Chapter 2

Major Arcs

2.1 Explicit Formula

For the bulk of this chapter we work to derive good bounds on the sum

b, x) =Y x(n)A(n).

n<z

For each modulus ¢ there are a collection of ¢(gq) such sums, and the prime
number theorem in arithmetic progressions quickly follows from knowing good
bounds on these. In the Dirichlet convolution algebra we have A = logxpu.
Because Dirichlet characters x are completely multiplicative, we also have

x(n)A(n) = (x(d) log(d)) - (X (%) H (%))

d|n

hence YA = xlog#yu. Convolution in the Dirichlet algebra becomes multipli-
cation of the corresponding Dirichlet series,

o X(MAn) [ x(@)log(i) | [ X))

L'(s,x)
L(s,x)’

valid for Re(s) > 1. From the above, we see the connection between our
sum 1 (z,x) and Dirichlet L-functions. To obtain a partial sum from such a
series, we work with the L-functions and employ a variant of Perron’s formula
and obtain the formula

W(a,x) ==Y d(p) = Y dla—2m)+ 0,

Ip|<T m=0

<xlog(x);0g2(qT)) (2.1)

13



Where the first sum is over all nontrivial zeros of L(s,x), ¢ is a smooth
cutoff function, and ¢ is its Mellin transform, which we define and discuss later.
Note Dirichlet L-functions have slightly different forms for “odd” and “even”
characters. The difference is realized in the above formula via our definition of

Jo ify(-1) =1
)1 ifx(—1) = —1.

Where in the first case the character is called “even” and the second it is
called “odd”. Equation (2.1) is called the explicit formula for the Dirichlet
L-function. It is particularly important because it directly shows the duality
between prime numbers (i.e. the sum ¥ (z,x)) and non-trivial zeros of the L-
function (i.e. the first sum on the right side of (2.1)). This connection is a
guiding principle of analytic number theory.

From this point forward, we derive a bound on ¥ (z,x) by bounding each
term in the explicit formula. In the remainder of this section we show how the
explicit formula is derived and set up an approximate formula where we restrict
to non-trivial zeros with imaginary part less than 7. In the next two sections
(2.2) and (2.3), we study N(T, x) (that is, the number of zeros of L(s, x) in the
critical strip with imaginary part less than T'), and zero-free regions of L(s, x).
These allow us the bound the first term in the above, and are essentially the
most we can say about the location of the all-important critical zeros. In section
(2.3) we encounter the complication of Siegel zeros - which may or may not exist
- and spend the following section (2.4) bounding their contribution as best we
can via Siegel’s theorem. Finally, in section (2.5) we evaluate all of our Mellin
transforms, and obtain our final estimate for ¢(x, x). The brief proof of lemma
(1.2.4) on Ramanujan Sums makes up section (2.6).

2.1.1 The Mellin Transform

We want to analyze the sum v¥(z,x). However, to apply analytic techniques,
it is often more appropriate to reduce to a smoothed function. Therefore, we
take the function ¢(n) to be any C* function on R, compactly supported on a
subset of (1,00). Instead of ¥(z, x) we work with

bo(x,X) = Y x(n)A(n)¢(n).
We prove the explicit formula for 14(z, x), and then reduce to (2.1) later.

The proof of the explicit formula works extensively with Mellin transforms,
which for s € C we define

o= [ ot 2,

the Mellin transform of ¢. Because ¢ has compact support, q~5 is analytic.
The Mellin transform is analogous to the Fourier transform, except with respect

14



to the group R* with multiplication. We have that x°® is a character for this
group, and that dz/z is an invariant measure. In like fashion to Fourier, we
have the

Proposition 2.1.1 (Mellin Inversion Theorem). Let ¢ : R — R be any C*
function with compact support contained in (1,00). Then for o € R we have

1 O'-‘r’L'OO -
= — ~ds.
o) = [ s
Proof:

Follows from the Fourier inversion theorem and a change of variables.  [.

We know that in fourier analysis, smoothness of a function is manifested in
the decay of its fourier transform. Similar properties hold with Mellin trans-
forms. In fact, if ¢ were analytic, then (;NS would have exponential decay in vertical
strips (i.e. in the +ioco direction), see Titchmarsh [Tit]. However, analytic func-
tions which approximate the characteristic function of an interval do not exist.
We must instead use the following lemma which applies to C'°° functions and
gives a slightly weaker result.

Lemma 2.1.2 (Mellin Decay). Suppose that ¢ : R — R is a C™ function
supported in the interval [X,2X] for some X > 1. If 01 < oo are real numbers,
we have the estimate

|60 +it)| < Con(o1,02)[t] " X771 XI||DIg| 1
3=0
uniformly for o € [o1,09]. For fized m, Cy,(01,02) grows at most polynomi-
ally in |o1] + |o2|.

The lemma more or less states that (,Z~5 decays faster than any polynomial
in vertical strips, where the constants depend on the order of polynomial, the
support of ¢ and the size of its derivatives.

Proof:
Follows from the corresponding lemma about Fourier transforms. 0.

2.1.2 Perron’s Formula and application to A(n)

We now apply Mellin inversion and the regularity results above to derive a
smoothed version of Perron’s formula.

Proposition 2.1.3 (Perron’s Formula with smooth cutoff). If (b,,) is an arith-
metic sequence with Dirichlet series f(s) convergent for Re(s) > sg, and ¢ :
R — R is C* and compactly supported on some subset of (1,00), then

oo o+i00 B
St = 5 [ )i ds
n=1 g

27TZ —ico

15



for o> sg.

Proof:
‘We have

oo J+zoo
7; bn(b(n) % by /U . ds
1 o+ioco bn _
= il (; n5> o(s)ds

Where the interchange of the summation and integration is justified wherever
o> og. .

Applying the formula to ¢4(x, x) we have

o+1i00 / s B
S xtmamet) =~ [ "Gt i

—100

To get the explicit formula for ¥4(x, x) we evaluate the above by contour
integration.

Proposition 2.1.4 (Explicit Formula with smooth cutoff ¢). If ¢ is a C*
function compactly supported on a subset of (1,00), we have

Y é0) - Y a2

where a equals 0 or 1 depending on whether x is even or odd, and the first
sum is over all of the non-trivial zeros p of L(s,x) counted with multiplicity.

Proof:

We would like to prove the formula for ¢ compactly supported on some
subset of (1, 00). However, it suffices to consider ¢ supported on [z, 2] for z > 1
because any other ¢ supported on a different interval may be reconstructed via
a smooth partition of unity as a finite sum of intervals of this type. Therefore,
we will be able to use lemma (2.1.2).

To prove the proposition, we will use a standard contour integration tech-
nique, integrating around a closed square to the left of the line Re(s) = o and
then expanding the contour to —oo to pick up the residues of all the poles
of L'(s,x) - #(s)/L(s, x). Because L'(s,x) and ¢ have no poles, we are only
concerned with the zeros of L(s,y). All trivial poles have

L'(s,
Ress—a_s; L(( x))

and all poles p in the critical strip have residue equal to their multiplicity.

16



We now choose a contour C' = C7; U Cy U C3 U Cy, with

4 (o0 —iT, 00 + iT
Cy = J[og+iT,—R+iT]
C3 = [-R+iT,—R—iT)
Cy [-R—iT,00 — iT]

With R and T later tending to infinity. In picking such a contour, we take
care to pick R and T such that C5 avoids any of the trivial poles of L'/L (i.e.
choose R ¢ Z), and that Cy and Cy avoid any of the critical poles. If we define

1 L/(Sa X) 7

I = —— d
’ 2mi C; L(Sax) ¢(8) >

The reside theorem states

R/2
114’]24’[34*[4:72(25 Z a72m (22)

lp|<T m=0

If we let T — o0,

I — gy (x,x) = ZX

so to complete our proof, we must bound the integrals I3, I, and I3. Lemma
2.1.2 provides a bound for ¢. We have the following lemmas which bound L’/ L.

Lemma 2.1.5. If -1 <0 <2,

L'(o +1iT,X)

Ty T = Oles’(T))

Proof:

This proof depends on material from section (2.2.1), however our arguments
are not circular. Let p = S+ iy be a nontrivial zero of L(s,x). Observation
(2.2.3) gives that the number of zeros with |y — T < 1 is O(log(q(|T| + 2))).
There are then O(log(q(|T| +2))) zeros with imaginary parts within an interval
of length 2. Hence there must be a gap of length > clog(q(|T| + 2)) amongst
them. Therefore, by varying T' by a bounded amount, we have that

C
log(qT)

for all zeros. Formula (2.13) from section (2.2.1), states that for s with
—1 < Re(s) < 2 one has

|y =T >

17



1
= > — +O(log(a(lt| +2)))
L(s:x) p=ptiy > P
|[y—t]<1
From the above choice of T', we have that each term of the sum is O(log(qT)),
and from observation (2.2.3) that there are O(log(gt)) terms in the sum. Hence,
the lemma follows. 0.

Lemma 2.1.6. For s € C with Re(s) < —1 and excluding a circle around each
trivial zero of L, we have

X
T O(log(q|s]))-

Proof:

We need the functional equation for Dirichlet L-functions, which we will
assume without proof,

(i)%q2 (q)%s+%a 11
™

F(§s+*a)L(s, X) = (q

7)*%S+%(a+1) I 1
2 T

1
st (1)) L(1—s. ).
22

Employing some standard functional equation relations from complex anal-
ysis (proved by analyzing Hadamard products),

0 1 _o9g 1
I'(s)(1—s) = n(rs)’ L(s)[(s+ 5) = 21725737 (25)
we obtain
F(%S) 1. .1—g ™
——=—— =m 22" "*cos(=s)I'(s).
(-1 )

Applying this to the functional equation, we obtain an asymmetric form

(i)°q>
L(l—s,x) =
( ) 7(x)
Taking the logarithmic derivative,

Ql=spsgs3 Cos(g(s — a))[(s)L(5,%).

L'(1—s,x) _
Tl—sy) log(2)—log()-+log(g)— 5 sin(

™ ™ I(s) L'(s,X)

—(s—a))l —(s— :

5 (s—a))log (008(2 (s a)))+ T(s) + (5. %)
If we avoid the poles produced by the log(cos(-)), we see that this term is

bounded. Furthermore we have that the IV /T’ term is O(log(]s|)), and that the

L'/L term is bounded when Re(s) > 2 (see later lemma (2.1.7), we obtain the
estimate in the lemma. 0.
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With the bounds given in lemmas (2.1.2), (2.1.5) and (2.1.6) we can bound
Iy, Iy and Iy. We begin with I and I;. With reference to lemma (2.1.2)
(Mellin Decay), we will later choose ¢ to resemble the characteristic function
of an interval. Therefore, we will have ||¢||;1 = O(z), ||Do||rr = O(1) and
D261 = O(@).

For I3 we use lemma (2.1.2) (Mellin Decay) with m = 2, and lemma (2.1.6).
We have

1 —R+iT LI(S,X)

% —R—iT L(Sax)

T
= / O(log(q| = R+ it))) - Crlt| ">z~ ([¢[ 11 + z[| D[ L1 + 2*||D?|| 1) dt
-T

13|

IN

REOI

_ O¢(CR$_R+2 log(q)) /T log(qt) dt

2

= 04(Crz~T"2log(q)).

Lemma (2.1.2) (Mellin Decay) gives that Cg is at most a polynomial in R.
Because we have that x > 1, the integral over C3 goes to 0 as R — oo.

We now address I and I5. We use all three of our lemmas, but take m =1
in lemma (2.1.2) (Mellin Decay) instead.

1 oo+iT L,(S,X) _
=l < o TN g as
T J—R+iT (s5,%)
1 ["YL(o+iT,x)]| - ‘ 1 [%|L(c+14T,x)| -~ ,
= — = LELLESY B T)| do + — A T)|d
27r/,R Lo +iT.x) | 1?7 +iT) ”+27rL Lo +iT,y) | 1o Tl

-1 oo
- / 0108 (4T) / G171 e (el + 2l D) do

—1 2 oo
- [ o (D) [y,
T T .

-1 oo—1 T 2
~ Oftog(aR) | 1dlo+ D) do +0, (x og(r) o <qT>)
- o0=11o0(x) log?
— Optog(ar) [ Cr(=R DT a7 do + 0, (T B0 )

- 0, <1Og(‘1)0§%> /_lxa do+ 0, (w"o‘llog(:v) logQ(qT)>

T r T
log(g) log(z)z~ " C 270 log(x) log® (¢T)
= 0Oy < T R 4 Oy T .

Where again C'; is at most polynomial in R, and hence is controlled by xR,

Both of these terms are seen to go to 0 as T'— oo. Drawing together equation
(2.2) and these last two estimates, we have
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R/2

L] == 3" 6(p) = 3 d(a—2m) + 0y(Cra "+ log(q))

lpl<T m=0

+0, (log(q) log;x)x_RC};i) ey (w"”‘l log(,;) logQ(qT)> 7

where the first O term is as R — oo and the second two are as T — oo.
Letting R go to infinity gives

~ = - 27~ og(x) log?
|11|:—Z¢<p>—2¢<a—2m>+0¢( tog ”g(qT)). (2.3)

T
lpI<T m=0
Finally, we have that

Lemma 2.1.7. Ifog > 1, ¢ as above,

1
ol = 1l = 0o (7

Proof:

1 oo+1i00 L/(S, ) ~
I B e I

For o¢ > 1, we have that |L' (o + it)| < {'(0¢) = O(1). In the same range
we have the absolutely convergent Euler product

[log(L(s,x))| =

1
log 1;[ 1-x(pp~*
> llog(1 = x(p)p™)
= >

p

>

p n=1

IN

oo —s

3 (X(p)s )"

n

o0

1
P

IA

A
’BI
A =
|
—_
Il
)
=

So log(L(s, x)) remains bounded independent of ¢, hence 1/L(s, x) also remains
bounded as t — £oo. We know from lemma (2.1.2) (Mellin Decay) that ¢ has
polynomial decay in vertical strips, hence the result. 0.
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Combining lemma (2.1.7) with equation (2.3), we have

s ogp—1 2
ol ) = 14041/ 108(T) = = Y- 35)= 3 dla-2m)+0, (T ELE D))
lpI<T m=0
(2.4)
and letting T' — oo yields the proposition. 0.

Now that we have the explicit formula for a smooth cutoff function ¢ in
terms of its Mellin transform, we must bound its terms to achieve the lemma

[, x)| = O(ze”CMNVIe®)

which we originally set out to prove. We need some significant results about the
nontrivial zeros of L(s, x) before we pick ¢ and evaluate the entire expression
in section (2.5).

2.2 N(T,x)

In this section we establish an asymptotic estimate for the number of zeros
N(T, x) of L(s, x) with imaginary part [¢| < T in the critical strip. Throughout
we assume that y is not the trivial character unless otherwise noted. As one
might expect, we apply the argument principle from complex analysis. We pick
the contour R = R U Ry U Rz U Ry to be

R, = g T, Z—HT]
Ry = _g—i— 'T,—z—l—iT:
Ry = :—g—#iﬂ—;—iT}
Ry = :—g—iT,g—iT:.

Rather than work with L(s, x) itself, it is more appropriate to work with the
variant

€60 = ()7 PG+ Ja)L(sx) (25)

because of the simplified functional equation

a

.
[N

q
()

§1—5,X) = =5, %)

B
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Recall that 7(x) is the Gauss sum. Recall the lemma of chapter 1 gives
IT(x)| = q2 for primitive y, hence the multiplying factor in the above equation
has absolute value 1. In the definition of £(s, x), the poles of I" cancel with the
trivial zeros of L(s, x), hence, the only possible zeros are those in the critical
strip. We have

_ L ), 1
C2mi Jp E(s,x) T 2w

Because of the symmetry in the functional equation for £(s, x),

N(T,x)

(Imlog(&(s, X)) g - (2.6)

Imlog(&(o + it, x)) = Imlog(E(1 — o — it, X)) + ¢,

we have that the left hand side and right hand side of R have the same
contribution to (2.6). We evaluate each term of £(s, x) over the half-contour
H=[1/2—iT,3/2—iT| U [3/2 —iT,3/2 +iT| U [3/2 +iT,1/2 + iT]. We have

ls+la
(Imlog (9) e ) — Tlog (2)
s Vs

for the first term. Note our notation for evaluation along H. For the next
term of (s, x), we evoke Stirling’s formula for the gamma function

H

Lemma 2.2.1 (Stirling’s Approximation). If Re(s) > 0,
log(T'(s)) = slog(s) — s + O(log(s)).

Proof:
See Whittaker and Watson, Chapter 12 [WW]. 0.

This gives us

1 1 T
ImlogT' ( =s+-a)] =Tlog| =) —T+ O(log(T)).
2° 2% 2

It remains then to evaluate Imlog(L(s, x)) along H. For this, we will need
some basic results about L(s, x).

2.2.1 Hadamard Product for &(s, x)

We know from undergraduate complex analysis that entire functions are deter-
mined (up to ef (Z)) by their zeros. This notion is made precise via the Hadamard
product representation of a function. Recall that the order of growth pg of an
entire function g is defined to be the infimum over all p such that

l9(2)] < AP

Then we have
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Lemma 2.2.2 (Hadamard Product). Suppose that f is an entire function and
has growth order py. Let k bet the integer so that k < pg < k+ 1. If a1, as,...
denote the (non-zero) zeros of f, then

_ P(z),m E i

o= e ()

where P is a polynomial of degree < k, m is the order of the zero of f at z =0,
and Ex(z) are the canonical factors, defined

Ey(z) = (1 — 2)et=" /224K

Proof:
See Stein, Complex Analysis, 2003 [St1]. 0.

We can apply this to (s, x) because it has no poles or other singularities,
and is hence an entire function. First, we compute its growth order, so we need
estimates on each part of factor of £(s,x). By summation by parts, we have
that

L(s,x) = 8/100 fs(fz dx, where S(z) = Z x(n),

n<x

valid for Re(s) > 0. If x is not the trivial character, we have |S(x)| < ¢, and

|L(s,x)| <2q|s| for Re(s)>1/2.

Combining the above and estimates on T' from Stirling’s formula (lemma
(2.2.1)), we have

1 1
€500l < 205 R |ID(5s + Sa)
< gaRe(e)+35Cls|log]s|

when Re(s) > 1/2. The functional equation gives an identical bound when
instead Re(s) < 1/2. Therefore we have that the order of growth of £(s, x) is 1.
We have then by lemma (2.2.2) that

E(s,x) =] (1 - Z) e, (2.7)

where A and B depend on x. We now use this and (2.5) to compute a
formula for L’ /L. Taking the logarithmic derivatives of (2.5) and (2.7), we have

L'(s,x) 1 q 1T"(3s+1a) ( 1 1)
— Clogd 2T 2PTEY L gy +o). @28
L(s, x) 2 %7 2T(ls+1a) % zp: s—p P 28)

23



2.2.2 Several Estimates for L'/L

We take the negative real part of (2.8), and apply Stirling’s approximation again
(2.2.1), we have

(s, x)Y _ 1, g 1, (T'(gs+30))\ _ L
—Re (L(S,X) ) ) log T + 2Re <I‘(§s + %a) ) Re(B(x)) — Re (zp: (S —p *

< c(log(g) +log(t +2)) — Re(B(x)) — Re <Z< ! +1>>,

~\s—p p

where the approximation of I' is valid in the region t > 2 and 1 < ¢ < 2.
We can further simplify this if we analyze the constant B(x). We have from
logarithmic differentiation of (2.7) and the functional equation,

_€0x0 _ _€0.%)
P00 T Teiw

- X5 )

Because B(X) = B(x), we have that

2Re(B(x)) = ) _ <Re <11p> + Re (;)) .

p

By the functional equation again, we may write

Re(B(x)) = —% 3 (; + i) = —Y Re (;) . (2.9)

We use (2.9) to remove B(x) from our estimate of L'/L above, obtaining

~Re (LL((E ;:;) < c(log(q) + log(t + 2)) — ZR6< ! ) (2.10)

s—p

This form will be quite useful in the next section when we find zero-free
regions of L(s, x) for real x. It is also useful for the remainder of the present
section. By the proof of lemma (2.1.7), we know that |L'/L| is bounded for
Re(s) > 1, thus we have that

1
;Re (s — p) < c(log(q) + log(t +2)).

Taking p = f + iy and s = 2 + i1 say, we compute

24
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1
Re = > ,
(8—p> (2-0)2=(T—7)? " 4+ (T —~)?
and hence find that

1
——F— = =O0(lo t|+2))). 2.11
X = ~ Oloslall +2) (211)
The above formula (2.11) has two important consequences.

Observation 2.2.3. The number of zeros with T —1 <~y <T +1 is
O(log(q([t] +2)))-

Observation 2.2.4. The sum

1
p_;w (= O(log(q([t] +2))).
YE(T—1,T+1)

We now restrict to s with —1 < Re(s) < 2. Using the partial fraction
expansion (2.8) at both s and 2 + it, and subtracting the two yields

L,(S7X) _ 1 B 1
L0 O(l)JrXp:(S—p 2+z‘t—p>' (2.12)

In the spirit of the above two observations, we split this into the regions
where the zeros p have either |y —¢| > 1 or |y — t| < 1. For the first of these
two cases we have

1 1 ‘ 2—0 3
- = . < 5 = O(log(q(|t|+2)))
> | — ) vo S > Tom
s sraal T 2 Teaera ol 2 i
[y—t|>1 [v—t|>1 [y—t|>1

by observation (2.2.4). Observe that for terms with |y —¢| < 1, we have |2 +
it — p| > 1, thus we have reduced our estimate (2.12)

V(5.0 L
Otlstalle + 2+ 3 (- 5)
[y—t]<1

1
OQlog(a([t| +2)) + Y —+ > 1
p=P+iy p=0B+iy
[y—t|<1 [y—t|<1
1
= O(log(q(It| +2)) + Y P (2.13)
p=PB+iy p
[y—t[<1

IN

25



where the last line follows from observation (2.2.3).

By this point the reader may have lost track of what we were originally
trying to prove. Referring back to the beginning of the section, we were looking
for an appropriate bound on Imlog(L(s, x)) in the application of the argument
principle for finding N (T, x). We now have such an appropriate approximation
in (2.13). Thus,

(Tmlog(L(s, X))y = 0(1)—/;;T Im @S;ﬁ) ds—/;: tm (IL((SS;))) o

where the O(1) comes from the integral along [2 — T, 2 +T]. Then

(Imlog(L(s, x))) jy = O(log(q([t|+2)+ > </;+iTIm <Sip) ds+/;:TTIm (;p) ds) .

p=PB+iy T

[y—t|<1
By application of the argument principle again to this simpler function, we have
that both integrals are bounded by 7. By observation (2.2.3), the number of
terms in the sum is O(log(g¢(|t| +2))), and hence we finally have

(Imlog(L(s, x))) i = O(log(q([t] +2)))- (2.14)

Hence the contribution to N (T, x) from L(s, x) is small compared to that of
q)s/2re/2 and I'. Drawing these results together and recalling that H is only

hglf of the full contour R, we have that

qT

N(T,x) = glog (27r> — % + O(log(¢T)). (2.15)

2.3 Zero-Free Regions for L(s, x)

The result of the above section is one important estimate which allows us to
bound the side of q;(p) in the explicit formula. However, we also need a bound
on how close zeros may be to the line Re(s) = 1 to estimate ¢(p). In this section,
the distinction between real and complex characters becomes significant, and we
will see that the possibility of a zero on the real line close to s = 1 (a Siegel
zero) cannot be ruled out, despite being able to otherwise establish a zero-free
region for L(s, x) of width O(1/log(t)) elsewhere. Throughout we assume that

X is not the trivial character unless otherwise noted.

2.3.1 Regions for Complex y
We begin with the trivial but useful inequality

26



0 < 2(1+cos(h))?
3 + 4 cos(6) + cos(20).

Next, if s = 0 + it and ¢ > 1, compute from the Dirichlet series

_ L/(S7X) — - A(TL) n e*itlog(n)
re(T0N) > A Retyo) )

We have that for (n,q) = 1, the modulus |y(n)e~"°8(")| = 1, hence

X(n)efit log(n) _ 6i0

for some 6, and ‘
Re(x(n)e~ 18 = cos(6).

Squaring or multiplying by e~*? the first of these two likewise yields
Re(x%(n)e~21e(M)) — cos(26)

and
Re(xo) = cos(0) = 1.

Hence, by our trivial trigonometric inequality above,

L L ) L 2it, x2
-3 (07X0)_4Re( (U+Ztax)>_Re< (U+ Zt;X)

L(a, x0) L(o +1it, x) L(o + 2it, x2)

We have x? = o if and only if  is a real character. This creates difficulties
for us later and leads to the possibility of a Siegel zero. First, suppose that y is
complex and primitive. The first term in (2.16) resembles the zeta function,

) >0.  (2.16)

_Loxo) g xom) o) 1
L(O’,XO) ; no S C(O_) o—1 +O(1)

close to, but on the right of 0 = 1. For the next two terms in (2.16), we appeal
to the estimate (2.10) of the previous section, which states

_Re (LL/((;’;D < c(log(q(t +2)) — Y Re ( ! ) . (2.17)

s—p

The terms in the sum are

1 _
Re( ): g %207
s—p) Tl

therefore are able to omit some or all of the terms in the sum and the estimate
will remain valid. Even though we assumed that y was primitive above, x? may
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not be, although this does not affect the argument as we will show with a quick
estimate. If 1 induces x2, then

L(s,x*) = L(s,x1) [ [(1 = xa()p™), (2.18)

and hence

log(p)p~°
S Z 1 _ pfcr
plg

< ) log(p) < log(q).

rlg

This is within the bound in (2.17), so we need not concern ourselves with
the possibility of x? being imprimitive. Given our above remarks about the
positivity of the terms in (2.17), for x? we choose to omit the entire sum, hence

e (L’(a + 2it, x2)

L(o + 2it, x2) ) = O(log(q(t +2))).

Lastly, we bound the middle term. Given some zero p = (3 + iy, we take
t =~. In the sum in (2.17) we keep only the term corresponding to this zero,

L'(o +1it, 1
—Re <L((a:zztt,)>:))> < — + clog(q(t + 2)).

Combining the estimates for all three terms of (2.16) we see that for the zero
p we picked above,

4 3
< ——+clo t+2)).
< o aalogla(t+2)
We have chosen ¢ but are still free to choose o, and now take o = 1 +
c3/(log(q(t + 2)) for an appropriately chosen c3. Applying this to the above
equation gives

C3 403 Cs
Ot et +2)) ~ 3(logla( +2))) +caca - log(q(t +2))

for appropriately chosen c;. We have this for any complex primitive charac-
ter. But if x is imprimitive, the only extra zeros arise from euler factors as in
(2.18), and accordingly have 8 = 0. Thus we have shown that

Observation 2.3.1. There exists a positive absolute constant cs such that, if
X 1s a complex character mod q, any zero 8+ iy of L(s, x) satisfies

C5

O e+ 2)

(2.19)
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2.3.2 Regions for Real x

Now we proceed to real characters, which, as is common in the theory of Dirichlet
L-functions, are much more difficult. Our estimates for L(o, xo) and L(o +1it, x)
from the previous section still hold. However, we now have that x2 = yg so
(2.17) is no longer valid. Because L(s,xo) differs from ((s) only by a number
of euler factors which divide g, we have again that

‘L’(s7><o) ¢'(s)

Tis,x0) ~ C(s) | =80

when Re(s) > 1. We have a similar formula to (2.17) for the zeta function (we
omit its proof, but it is along the same lines)

¢'(s) 1
—Re ( O ) < Rem + ¢5 log(t + 2)

Thus

L' (o + 2it, x?) 1
e (L(wm;ﬁ)) < Re <01+21t> + co(log(q(t +2)))-

Since this is about as good as we can hope for, we use it along with our
estimates of the other terms in (2.16) and obtain

4 3 1
P <3 + Re <U_ 1+2it> + c7(log(q(t +2)))

where we take t =y and o = 1+6/(log(¢q(t+2))) as in the case for complex
X-

However, we will now need an extra supposition to make our calculations
work, and we postulate in addition that v > 6/(log(q(t + 2))). We obtain

o—pf 59

0 4 — 567(5
peis (log(q(lv + 2))) (16 + 5075) ’

where our postulate was necessary to obtain the second term in the first equa-
tion. In order for the zero-free region we have just constructed to be inside
the critical strip, we must have that the second parentheses is a strictly posi-
tive quantity. We can obtain this if let § be sufficiently small compared to cz,
say less than ¢g (which depends of course on previous constants). Note that if
we had not assumed the extra postulate, we would not have had the 4 in this
equation, and the second parentheses would have been strictly negative, giving
a zero free region outside the critical strip, which is clearly useless. Therefore,
our results are subject to the condition v > §/log(q(|]v] + 2)), or the slightly
stronger condition v > §/log(q). We have thus proved

g <loslathl +2) (G + 35+ er)

and
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Observation 2.3.2. There exists a positive absolute constant cg such that, if
0 < < cg, and x a real nontrivial character mod q, then any zero p = 3+ iy
of L(s,x) for which

| ‘> L
7= Tog(q)

satisfies

5

P Slogla(hl 1 2)°

We have not addressed imprimitive characters, however they can be dealt
with by the same process as in the case of complex characters.

2.3.3 Siegel Zeros

It remains to address the region of the critical strip |Im(s)| < §/log(q), where
additional zeros may lie. We will show that all but one of these zeros are far
from s = 1, in the sense that it has § < 1 — ¢/log(q) for suitable positive e.
Then there exists at most one zero with 5 > 1 — €/log(q), hence it must be
real (because otherwise we would also have it’s conjugate). This possible zero
is called a Siegel zero.

We assume there are two zeros with |Im(p)| < 6/log(q), and show that they
must be away from s = 1. We assume that these zeros are complex and come in
a pair 0 + 7. If one assumes there are two real zeros, the proof is similar and
we omit it. Begin by returning to our favourite estimate (2.10) or (2.17),

L'(o,x) 1
— < cglog(q) — ,
L(o,x) @ Ep:a—p

valid for s = o0 > 1. Recall that the terms in the sum are positive, so that
we can drop arbitrarily many of them and retain a true statement. We drop
all terms in the sum except for the two zeros whose existence we have assumed
above. We now bound either side of this, obtaining

1 (o) _ Lo, x) 1 2(0 = P)
T o) S Ll <O o s G e
(2.20)
We now take o = 1+ 2¢/log(q), giving
1 1 €
5(0—5) > 5(0—1):@ > |l

Combining the last two equations and simplifying, we obtain

1 8
1 <culoglg) — 5o —54)
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from which it follows

_ 6 — 206116
5log(q)(1 + 2c11€)”

Hence if € is chosen sufficiently small, we have for a new ¢’ positive,

8<1

6l

P <1 ety

Therefore we have

Observation 2.3.3. There exists a positive absolute constant ci1o such that,
if 0 < € < c12, the only possible zero of L(s,x) for a real, nontrivial x, and
satisfying both

Il < ——, -
log(q) log(q)

is a single simple real zero. Such a zero is called a Siegel zero.

and [ >1

2.4 Siegel’s Theorem

We have only one more zero to locate. All other zeros were bounded appro-
priately far away from the line Re(s) = 1 in observations (2.3.1) and (2.3.2),
however, we still need to address the possible Siegel zero. An appropriate bound
of this zero away from s = 1 is given by Siegel’s theorem.

Proposition 2.4.1 (Siegel’s Theorem). For any e > 0, there exists a positive
number c(e) such that, if x is a real primitive character mod q, then

c(e)

P

L(1,x) >

The result about the location of Siegel zeros which we are interested in and
want to use follows from this as a corollary.

Corollary 2.4.2. For any e > 0, there exists a positive number ¢’ (€) such that,
if x is a real primitive nontrivial character mod q, then L(s,x) # 0 for

(e)

s>1-— —
q

We prove the corollary first, and then proceed to the proof of the original
theorem second.

Proof (Corollary):

Suppose we have a zero 3 which is close to s = 1 and hence contradicts our
corollary. We want to apply the mean value theorem, so we have
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L(1,x) = L(1,x) = L(B,x) = (1 = B) L (¢, x) (2.21)
for some ¢ € [3,1]. We have that

S

for large enough q. We now derive a bound for L’ in this slightly larger interval
by a standard main term and tail argument. We have

Vi) = - 3 ()

for ¢ > 0. We take o real and lying in the slightly larger region above. Split

the sum at n = ¢q. We first take the main term. We have that n < ¢ and
1—0 <1/log(q), hence

~—

< log(n

= log(q)

> log(n)(1 — o),
which implies
n=°% = e—alog(n) < el—log(n) _ E
— n‘
Hence, we have for the main term that

2. log(n)x(n
Z g(n)x(n)

nO’

<e Eq: Pe(n) _ 0(10g2(g)).

n=1

For the tail we have n > ¢ and apply partial summation,

= log(n)x(n) - . _
> S <log(q)g Tmax| Y- x(m)| = O(log(q)).
n=q+1 m=q+1

Hence we have that for o € [1 — C/q(f), 1],

L'(o,x) = O(log*(q)).

We use these two facts to evaluate the right side of (2.21), giving

¢(e) log*(q)
L(l,x)=(1-B)L'(e,x) < Y
This is a contradiction with Siegel’s theorem upon picking e correctly. Hence
such a zero cannot exist. 0.
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2.4.1 Goldfeld’s Proof

We now proceed directly to the proof of Siegel’s theorem. We follow Goldfeld’s
1974 proof [Gol] which employs the Dedekind zeta function of a biquadratic
field.

Proof (Siegel’s Theorem):

Let K be a biquadratic extension of Q. Let f(s) = (x(s) = ¢(s)L(s, x1)L(s, x2)L(s, x1X2)-
It has a pole at s = 1 due to the Riemann zeta function with residue A\ =
L(1, x1)L(1, x2)L(1, x1x2). We pull out a quick

Lemma 2.4.3. For every e > 0 there exists some x1 mod q1 and a (8 satisfying
1—e < B <1 such that f(8) < 0 independent of what x2 mod qa is.

Proof of lemma:

We have two cases. First suppose that there are no zeros in [1 — ¢, 1] for any
L(s,x). Then L(s,x1), L(s,x2) and L(s,x1x2) are all positive in this interval
but ((s) is negative, so f(8) < 0. In the other case, such a real zero does exist
for some L(s,x1). Let 8 be such a zero of this L. Then f(8) = 0 regardless of
what yo is. 0.

Now we apply Perron’s formula, picking

puln) = {“;4;2 if n e [1,2]

0 if n € [z,00).

Note that ¢ is a C* cutoff function instead of C'°>°. This changes our Mellin
decay properties lemma, however, does not affect the outcome of our argument,
so we do not go into detail. Perron’s formula gives

1 2+i00 .I‘S
S =) SN A Py ey e T Py
_ a' P f(B) (q1g2)' *ea™ )7
SR R T ey e R *O( s <>22>

Our integrand has poles at 1 — 3, 0,—1, —2, -3, and —4, and the first two
terms in the second line represent the residues of these poles. By the lemma,
we have that f(8) < 0, and we are free to pick z, so we choose one with
(q1g2)**¢ = O(x). We now need a crude bound on L(1, ). Recall Dirichlet’s
class number formula for an imaginary quadratic field,

M=) = 5-wVaL (1, xa)

where we have that w = 2,4, or 6, and x4 is the real character given by the
Kronecker symbol mod d. Because we know that the class number is always
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positive, i.e. h(d) > 1, the formula gives that L(1,x) = O(d~'/2?). These three
facts applied to the above yield
=
1-p5
where the bound on the L-function given by the class number formula was used
to estimate that A > 1/¢1¢2. That is to say, the error term in (2.22) is controlled
under the conditions we have set forth.

Using a main term and tail argument similar to (but simpler than) that

in the proof of corollary (2.4.1), we also have for any nontrivial x mod ¢ that
L(1,x) = O(log(q)). Hence we have also that

A < L(1, x2) log(q1) log(q1¢2)-
Pulling our last two equations together, we have

C(X17 q1, 5)
g5t 10g(g)

In actuality, x; and g; only depend on € and hence the constant above only
depends on €. If 0 < e < 1, then (24 ¢)(1 — ) < 3¢, and

c(e)
g% log(q)’
The theorem then follows from this for sufficiently large ¢ and upon relabeling
E. 0.
Although Siegel’s theorem does give us a nice bound on the size of the L-
function at 1, the constants implied are unfortunately ineffective. That is, any
proof of Siegel’s theorem to date (including the one above) does not give a way
of assigning a numerical value to the constant ¢(e) for a given value of ¢.

L(la XQ) >

L(1,x) >

2.5 Final estimate for ¥ (x, )

We how return to the ideas of section (2.1), having collected all of the estimates
on zeros of L functions we need. Recall the explicit formula from section (2.1),

R SR s log(z) log?(eT)
S AN = = 3 3p) 3 e~ 2m) 0, (HEEEREL)

lpl<T

whenever ¢ is a C* function with compact support contained in (1, 00).
In light of the last section, we pull out the possible Siegel zero from our
explicit formula to later treat it separately.

ea

B

_ R S alog(x) log® (¢T)
S A = =Tt 37 Glp)- 3 a0, (FEEET)

[p|I<T

(2.23)
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We now want to pick ¢, calculate its Mellin transform, and apply the bounds
of the previous three sections to the above. In principle, we would like to use a
C* function which closely resembles the characteristic function of the interval
[2, X], so that the left hand side of the above is a finite sum without a cutoff
function. Because the left hand side is a discrete sum, choosing a cutoff function
¢ so that the non-constant transitions between 0 and 1 lie between integers will
be sufficient for obtaining the sum

3™ x(m)A(n)

n<zx

on the left hand side. We choose the characteristic function of the interval
[2—-1/(2X), X 4+ 1/2], and mollify it using Mellin convolution. The convolution
is defined with respect to the group (R™,-), hence

(f * g)(v) = / " flao () 22,

Note the analogy with the familiar additive convolution. Just as in the
additive case, (f * g) has the smoothness of either f or g, whichever is more
differentiable. Again in analogy with the familiar theory of fourier transforms,
we have that

—_~—

(f *9)(s) = f(s) - 3(s),
where f is the Mellin transform of f. We now pick a smooth bump function
nL (u) of width 1/X, centered at 1, and with [|n[|z1 &+ guju) = 1. Therefore,
For u € (0,1 —1/(2X)) U (1 +1/(2X),00), n1 (u) = 0. We now pick our ¢ in
the explicit formula,

e _ du
P(v) = (N1 * X—1/(2x),x+1/2)) (V) = /0 N1 (uo™ )Xo 1/2x) x 4172 (1) o

X
where 7 is the characteristic function of the interval I. Note that by the
above comments ¢ is a C*° function. We now check that ¢ has the properties we
are interested in. Consider the multiplicative translates of N1, as they appear
in the integrand above. We have that

supp, (1L (uv™1)) = [v = L,U + L} .

2X 2X

Because du/u is an invariant measure for multiplication, we have that any
of these multiplicative translates has |[n(uv™")||11 R+ gujw) = 1. In addition,
given v for which

L
X

1 1
. -1 = -
buppu(n%(uv )) C [2 2X,X—|— 2] ,
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we have that the integral reduces to 1. However, combining the last two
displayed equations shows that the set of such v is exactly [2, X]. Furthermore
if

1 1
1 -t 2— —=,X+-|=9
suppu(ng ()0 |2 55 X 45| =

then the above integral vanishes. The set of such v is (0, %) U (25(;3( ,00).

Hence, we have that
Observation 2.5.1. ¢ as defined above is a C*° function with

¢(v>:{(1) ifgé{i}gﬁ)u(zﬁf’oq (2:24)
ifv , X].

and having smooth transitions elsewhere.

We now compute the Mellin Transform of ¢, which is conveniently enough

5(5) = (x * X o xi2)(8) = ML(8) Xp mxsn)(s)
1ys _ 1 \s
= @(s) ((Xi 2) _ (2 SQX) )
N OR (){(: - 2:) . (2.25)

To estimate the Mellin transform of our bump function, we must now appeal
to our estimates of section (2.1). Recall from lemma (2.1.2) that the estimate
applies for ¢ supported in some interval [Y,2Y], with Y > 1. However, our 71
has very small support, and we may take Y in the statement of the lemma to bg,
say, 2. If we set B(u) =71 (u/3), then B(u) has support contained in [2,4], and

we have that |3(s)| = 37|71 (s)|. So we may apply our Mellin decay properties
lemma (2.1.2) with m =1,

- o—1

Y
(o +it)] < 01(01,02)W(|I¢||L1 +YI[[DY||),

and Y will be an absolute constant. For our bump function 1 we have
[Inllr = O(Y) and ||Dn||p: = O(1). Computing for our specific case we have
30t
Furthermore, for the sum over the nontrivial zeros in the explicit formula,

we have 0 < ¢ < 1, so the (%)J factor is bounded. Taking p = 3 + iy we have
for these zeros

72 (s)] < Ci(01,02)
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2 (p)l = O(h|™).

Drawing these results together, we have for nontrivial zeros p

Bp) < e — (Xp - 2;,) : (2.26)

For the trivial zeros, our Mellin transform estimates yield

H(—2m +a) = O(X 2+,

Using our computations of the Mellin transform at the zeros of L(s, x), we
may now fully compute (2.23). We have

L s L (22NN e, (2 1o8(@) log(aT)
> x(mAn)| < 5 > o (p p) > +O¢< 7 )

nax lpl<T =0
(2.27)
We see immediately that
>
=T I7lp
contributes only a bounded amount as T — oo, and that
Z x72mT = O(log()).
m=0
Hence we absorb these into the error term, and have
B1 P 1 loo?(qT
Y xmAm)| < - = 3 T 40, <‘” og()1og (g )) + O(log(z)).
= B | Ivlp T
n<x pI<T
(2.28)

We are finally in a position to apply the estimates of sections (2.2), (2.3)
and (2.4). Recall that from our conclusions at the end of all three subsections
of (2.3), we have that all of the non-trivial zeros p = 3 + i~y satisfy

C
<1 et

for some constant c¢. Hence for the numerator of (2.28) we have

_ . log(=x)
2P| = 2P < we” CTortaTy,

From section (2.2), we deduced that the number of zeros with imaginary
part |y| < T was N(T,x) = O(Tlog(¢T)). Hence we have that
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1 T N(T, T N4, log(¢T

S Lo [ an( g = YEX oy [N gy osld) g,
2| T ¢ T

NI<T Y 0 0

Therefore

xf log(x)

Z - = O(g;e_clog(qT) ) (2.29)

Taking this with equation (2.28) we obtain

51 2 log(x
S x(mA(n)| < _o:ﬂ Lo, (xlog(:c) %og (qT)) +O(zeED). (2,30
1

n<z

We will apply Siegel’s theorem to bound the final term above. However, first
we impose a condition on ¢ and pick 7" in terms of x to combine the error terms
in the above. We suppose that

q < log"(x)
for some positive constant M. In particular, this is stronger than
qglogM(m) < eC’ log(w)'
We pick T similarly, setting
T = eCw/log(z).

Hence, our large error term reduces to

2
> x(mAm)| < -5

n<lz

+ Og(weC Vi), (2.31)

1

For the final step, we apply Siegel’s theorem subject to our constraint on gq.
We have by the result of the corollary to Siegel’s theorem in section (2.4) that
for any € > 0 the exists ¢/(¢) such that

(e
01 <1-— ¥
Hence

1/ log(@)
2P < pe=¢ (T,

Recalling our restriction on ¢ from above, we take ¢ = 71, getting ¢° <
log(z) and
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251 < pe—¢ (M)y/log(z)
Therefore, we at long last have

Lemma 2.5.2 (First Main Lemma). If x is a nontrivial character mod q and
q < logM () for some positive M, then we have

[z, x)| = Oze~“MVI®) (2.32)

where C(M) is an ineffective constant which depends only on M.

2.6 Ramanujan Sums

Two lemmas are necessary to bound the major arcs 9t in the proof of Vino-
gradov’s three primes theorem. The first was a bound on 9 (x, x) which made
up the bulk of this chapter. We now give some information about Ramanujan
sums, which is substantially easier than the preceding several sections.

Recall that we have defined

- % (3)

(a,9)=1

to be the Ramanujan sum. To prove the lemma, we utilize the Dirichlet convo-
lution algebra, and write with fixed n

i -F- 5 () L, o(5)-{ 27

d|q dlg @ mod ¢ a mod g
(a,q)=d

We have that 1% pu = id in the convolution algebra, so we convolve p with either
side to obtain

cqn) =3 d-p (%) . (2.33)
d|n
dlg

From this expression we can see that c¢,(n) only depends on ¢ in terms of its
divisors, and hence is easily seen to be multiplicative. This proves part (a) of
the original lemma.

It is now a simple matter to evaluate c4(n) on prime powers. Let a be the
largest power of p which divides n. Then we have that

« _ PP =p"t=0(") ifp<a
cpa(n) = p'u(’") =< —p° iff=a+1
=0 0 B>ifa+1
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where the last evaluation follows because p vanishes on proper prime powers.
This proves part (b) of our lemma. 0.
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Chapter 3

Minor Arcs

In this chapter we investigate sums of the form Y p(n)e(na) and find that
estimates for these depend on the real number «. In particular they depend
on how near « is to a rational number with small denominator - i.e. whether
a lies in a major or minor arc. We develop this theory with an eye towards
proving the third main lemma in chapter 1. We follow Green and Tao [GT] in
this exposition. To do this, we establish an alternate formula for the p function,
called Vaughan’s identity. This formula allows us to decompose sums of the
form > p(n)f(n) into two parts (type I and type II sums), each with a distinct
behaviour. Type I sums tend to be large for periodic f and type II sums large
for multiplicative f. We apply bounds on each of these sums to establish the
result of the first chapter.

In this chapter we adopt an “inverse approach” in proving statements, whereas
in chapter 1 we apply our result in the forward direction. In the case of
f(n) = e(an) above, we have that if « is close to a rational number with
large denominator (major arc), then one of the type I or type II sums is large.
On the other hand, if « is far from such a rational number (minor arc), the both
the type I and type II sums are small. The “inverse approach” means that we
will instead show that a type I or type II sum being large implies « lies on a
major arc. This approach is easier to apply when one deals with more devious

f.

3.1 Vaughan’s Identity

Lemma 3.1.1 (Vaughan’s Indentity). Let U,V,N be positive integers with
UV < N. Then for n < N, we have

pn)=— > pdule+ Y. udpc) (3.1)
beln be|n

b<U, <V b>U, >V

Proof:
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Observe that in the Dirichlet convolution algebra we have 1% u* u = p
Writing out the definition of the Dirichlet convolutions this is

p(n) = p(b)u(c).

be|n

We now split the summation into four ranges and label the corresponding sums

2o X

21::

o
<c

<
e<

>

b>U
c<V

3 b<U
c>V

4 b>U
c>V

<[]
I

Because of the symmetry in b and ¢, we see that >, = > ;. We also see
that ), = — >, indeed

pn) =Y pd)u(e) =Y p(e) > u(d).
beln cln b2

But the interior sum here is 0 unless n = ¢ in which case it equals 1. Hence
we have

S+ = S uple) = Y w(e)ben = 0
cln

1 2 beln
c<V c<V

if V.<n.So -3, =>,=> 4 hence
1 4
which implies the result. 0.

We now apply Vaughan’s identity to an expression of the form

v X i)

N<n<2N

Using Vaughan’s identity in the above one has
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D SOOI SR SENTOVCTI R SR SR O]
N<n<2N

N<n<2N be|n N<n<2N be|n
b<U, c<V b>U, c>V

= —Ti+ T (32)
Where T1 and T1y are the type I and type II sums we have referred to in the

introduction to this chapter. If we take the type I sum, and make the change
of variables d = bc and n = dw, we obtain

TI:% > oaa Y fldw) (3.3)

1<d<UV  N/d<w<2N/d

where

a= > ub)ue).
be=d
b<U, c<V
We can similarly make a change of variables for the type II sum. Taking
w = b and n = dw we obtain

Ti=v Y S p(w)beJ(dw) (3.4)

V<d<2N/U max(U,N/d)<w<N/d

where

ba = Z p(c).

cld
c>V

These sums allow us to investigate sums of the form > u(n)f(n). It is easy
to see that if this sum is large, then either 77 or 7y is large. The forms (3.3) and
(3.4) of the type I and II sums, given by Vaughan’s identity allow us to analyze
their respective sizes. We simplify the expressions and make this precise in the
following

Proposition 3.1.2. Let U,V, N be positive integers with UV < N, and let
f:N = C be a function with ||f||L~ = O(1) such that

N<n<2N

for some § > 0. Then either
o 17 is large. There exists an integer 1 < D < UV such that

0

1
N |yo s ) )

N/d<w<2N/d

43



for > 8°Dlog™°(N) integers d such that D < d < 2D.

e Tyy is large. There exist integers D, W with V/2 < D < 4N/U and N/4 <
DW < 4N, such that

1 (A £ (A ) i g
A > fldw)f(dw) f(dw) f(dw')| >

14
D<d,d’<2D W<w,w'<2W log™*(N)
(3.6)

Proof:

We take N to be large. We then have that either |T7| > 6/2 or |T11| > §/2.
We first deal with the case that the type I sum is large. With reference to the
form (3.3) for 71, we have the trivial estimate

jagl < Y lu®)uel <Y 1=7(d).

be=d bld
b<U, <V
Which allows us to estimate the type I sum,
T(d)| 1
1) Ti| < — | — dw)|.
< Ty < Z d |N/d Z f(dw)
1<d<UV N/d<w<2N/d

Regarding the outer sum as an inner product, we may apply the Cauchy-
Schwarz inequality and obtain

2

) 1] 1 r2(d

1<d<UV N/d<w<2N/d 1<d<UV

To compute the second sum, we observe that
S _ ¢

— n ¢(2s)

which by a quick application of Perron’s formula yields

> D ooy (x))

d<Xx

Hence

Z 1 Z f(dw)| > 62
d|N/d log*(N)’

1<d<UV N/d<w<2N/d



Dividing the outer region of summation 1 < d < UV into dyadic blocks
D < d < 2D allows us to remove the d~! from the above. Applying the
pigeonhole principle we obtain

1 52D
2 \nja . 2 S >y

D<d<2D N/d<w<2N/d

for some D with 1 < D < UV. Recall that at the outset we specified || f||r= =
O(1), so the whole summand of the outer sum is also O(1). Therefore, not too
many summands can be too small, and this sort of averaging argument shows
that

o

1
N, 2, S A

N/d
N/d<w<2N/d
for at least > §2D logff’(N ) values of d. This proves the proposition for type I
sums.
Now we suppose that |T11| > ¢6/2. Much like with type I sums we see that
|bg| < 7(d), and from formula (3.4) we have

N§ < Z 7(d) Z X(w,2n/d) (w)p(w) f(dw)] .

V<d<2N/U N/d<w<2N/d

Again, we think of this as in inner product and apply Cauchy-Schwarz,

N?§? « Z TQC(Zd) . Z d Z Xw.2n/q) (w)p(w) f(dw)

V<d<2N/U V<d<2N/U |N/d<w<2N/d

and our estimate for > 72(d)d 1,

N« S dl Y Xwanya(w)nw) f(dw)

1
log™(N) V<d<2N/U |N/d<w<2N/d

Once again, we use a dyadic decomposition to remove the d. There exist
integers D, W with V/2 < D <4N/U and N/4 < DW < 4N such that

2
N2§2
N S| Y ) faw)
Dlog’(N) D<d<2D |W<w<2W

Where J = (U,2N/d] N (N/d,2N/d]. We want to remove the characteristic
function x of the interval from the above expression. For this we will need a
technical
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Lemma 3.1.3 (Completion of Sums). Let I C Z be a discrete interval, and
f:Z — C be a function. Then we have

sup | 3 S () < log(1+11]) swp |5 f(m)e(om)

ned €R/Z ey

where the supremum on the left ranges over discrete sub-intervals of I. More
generally, if I' C 7Z is another discrete interval, and K : ZxZ — C is a function,
then we have

Z|ZX]m(n) (n,m)|* < log?(1 +|I|) sup Z|ZKnm) (an)|?

mel’ nel a€R/Z el nel
where for each m € I', J,, C Z is an arbitrary discrete interval.

Proof:

We apply some discrete Fourier analysis. Assume that I is nonempty and
translate the interval to I = {1,...,L}. We identify this interval with Z/LZ so
that we may use Fourier analysis. For any subinterval J of I we can expand

S ) = Y sm)fn)

neJ nel
- ¥ o ¥ e (%)
E€EL/LL n€Z/LZ

Recall that the finite fourier transform is defined

EO-7 ¥ wle(-%)

n€Z/LZ

hence we can crudely approximate it as a geometric series; it is then easy to
sum and write a good bound for. We have

1
= dmin (1, —FF7— | -
Xs (&) < < ’L||§/L||R/Z>

We apply this bound with the triangle inequality to the above.

2 fml < 4 mm( L||s/1L||R/Z> 2 f(")e(nﬁ

neJ EE€EL/LZ n€Z/LZ
1
< Z min <1, > sup Z f(n)e(na)
EEL/LZ LHf/LHlR/Z a€R/Z 7
< log(L+1) sup Zf na).
aeR/ZneI
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This proves the first part of the lemma. The second part of the lemma
follows by essentially the same argument, but working in [2(Z) instead. We
have

2\3 min ;
1w mEemP)E < [ YYD (1’L|5/L|R/z)nZ

mel’ nel mel’ ¢€Z/NZ €7/LT.
ey N\
< ¥ L )(Z@mm (% )|>
¢€Z/NZ. LHg/LHR/Z mel’ nel
3
< log(L+1) sup <Z|2Knm (€>2> .
a€R/Z mel’ nel
Hence the second part of the lemma. 0.

Returning to the original proposition we were proving, we take K(w,d) =
w(w) f(dw), and applying the second form of the lemma we obtain

2

log (N) < ) > ww) fldw)e(wa)

D<d<2D |W<w<l2W

for some o € R/Z. We expand the right hand side as

> > u(w,w') f(dw) f(dw),

W <w, w' <2W D<d<2D

where u(-,-) is a bounded function whose exact form we do not worry about.
The proposition follows from the Cauchy-Schwarz inequality on the Gowers U?
norm. 0.

3.2 Orthogonality of y(n) and e(na)

We now apply the results of the preceding section to the special case where
f(n) = e(na). Throughout the notation ||a||r/z is used to denote the distance
of « to the nearest integer. In our results, we wish to say that > u(n)e(na) is
small if « is far from a rational number with small denominator (minor arc).
However, in keeping with our “inverse” philosophy, we will prove instead that if
the sum is large, then o must be in a major arc. These are, of course, logically
the same thing. We now approach

Proposition 3.2.1. Let o« € R, let A > 0, and let N be a large integer such
that

% X sn)e(—na) > log (). (37)

N<n<2N
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Then there exists D, 1 < D < N?/3, such that

D
#{1<d <2D: [|ad|z/z < log* T 14(N)} > Dlog A~ 1(N).  (3.8)

Proof:

Apply the previous proposition (3.1.2). For parameters U and V we pick
U=V = Ns. The proposition says that either the type I or type II sum is
large. We will show that either of these possibilities yields (3.8). Specifically,
the proposition gives that one of the following holds,

e 71 is large. There exists an integer 1 < D < N3 such that

1

1
N Z e(adw)| > 7logA+5/2(N)

N/d<w<2N/d
for > Dlog 2A7°(N) integers d such that D < d < 2D.

e Ty is large. There exist integers D, W with N3 < D < N3 and N/8 <
DW < 8N, such that

1 1
— Z Z e(a(dw — dw' — d'w+dw'))| > —r——
bw D<d,d’<2D W <w,w’'<2W log (V)
(3.10)

We begin with assuming that 77 is large. Recall our bound on a geometric
series from the above lemma. If I is any interval in Z, then

|Ze(na)|§4min( ! )

T
nel R/Z
Hence, there are > D log_QA_5(N) values of d, D < d < 2D, for which
D
oz < 2 10g*+2(),
which gives (3.8) with room to spare.

Now we assume instead that 7; is large. By the pigeonhole principle we can
find d’, w’ such that

1 1
— Z Z e(a(dw — dw' — d'w+d'w")| > —pr—
bw D<d<2D W<w<2W log (V)

Now using the triangle inequality and reducing two factors to trivial we have
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1 1
o Y. elow(d—d)| > —pmp
bw D<d<2D |W<w<2W log (V)

Applying our geometric sum estimate again gives

1 Z . (1 D ) S 1
— min | 1, .
D Nlle(d — d')||r/z log* T4 ()

D<d<2D

Averaging, we have

D
#{D<d<2D:|la(d—d)|[gz < ~ log* A t14(N)} > Dlog #4114 ().

We now make the change of variables d=d—d , and obtain

. D
#{-2D <d <2D:|ad|le/z < log* T4 (N)} > Dlog~*4~1(N).

Because D > N3, we may remove the case d = 0 and because I18llr/z =
|| = Bllr/z, we have symmetry in the above expression and hence the result. .

We now have a proposition about the size of our sum . p(n)e(na) in relation
to where « is. However, the conclusion of the proposition does not make it
entirely obvious under what conditions our exponential sum is small. We see
that it involves a major arc / minor arc condition, for if « is close to a rational
number with denominator d then ||ad||r,z is small. It turns out that the size of
the denominator can be made much smaller than this. However, to make this
precise, we need some tools from harmonic analysis.

3.2.1 Some Harmonic Analysis Tools

In this section we develops some technical lemmas along the lines of Montgomery
[Mo] and Green and Tao [GT]. We begin with some definition and state Vaaler’s
Lemma, from which one deduces the Erdés-Turéan inequality. This inequality
allow us to prove an important lemma relating recurrent linear function to the
major arcs of our proof, and in turn proves the more precise version of the above
proposition.

We begin by defining the saw-tooth function:

J{a} -3 ifz¢Z
S(x)_{o C rez

And recall the definition of the Fejér kernel,

Ax(z) = EK: (1 - 'f(') e(kz) = (%)2 (3.11)

-K
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Then we have

Definition 3.2.2 (Vaaler’s Polynomial). Vaaler’s polynomial is

K

1 k 1 k 1 . 1 .
Vi (x) = 71 Z (K 1 2) Ak <9c o 1) +27r(K Y sm(27r(K+1)a:)—%AK+1(x) sin(27x).

k=1
(3.12)

Vi (x) is a good approximation to the the saw-tooth function s(z), we have

. 1
Vic(w) = s(w) + 0 (mm (1’ f<|||/>> |

Another possible approximation to s(x) is the
Definition 3.2.3 (Beurling polynomial). The Buerling polynomial is

1
B = —A . 1
(@) = Vie@) + gy A (1) (3.13)
The relationship between these functions is given by

Lemma 3.2.4 (Vaaler’s Lemma). If0 < x < 1/2 then s(z) < Vi (x) < Bg(x),
while if 1/2 < o < 1 then Vi (x) < s(x) < Bg(z). If T(z) is a trigonometric
polynomial of degree < K such that T(x) > s(z) for all x then

1
o2 g

with equality if and only if T(x) = Bg(x).

Proof:

The proof of Vaaler’s lemma is a long series of calculations involving ap-
proximations to the derivatives of the functions involved. For full details see
Montgomery [Mo]. O.

We now make a few more definitions. Given a sequence {u,} of points
U, €R/Z,and 0 < a < 3 <1, define

Z(N,a,B)= > 1 (3.14)
n<N
alu, <3

Then the sequence {uy,} is uniformly distributed if
li ! Z(N,a,8)=p
im — =p3-
m ,Q, a

for every choice of «, 3. If we let Uy be the measure on R/Z that places a
point mass at each point of {u,}, then we may take the fourier transform of
this measure,
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)
<
=

Il
%\

e(—ka)dUn
/z
N

= e(—kuy). (3.15)

n=1

If we define

D(N,O[,ﬁ) ZZ(N7OZ7ﬂ)—(6—OZ)N

we can define the discrepancy

D(N) = ||[D(N, e, 8)|| > (a,8)-

The discrepancy, in essence, measures how close {u,} is to being uniformly
distributed. It is easy to see that if D(N) = o(N) is equivalent to the se-
quence being uniformly distributed. We can apply Vaaler’s lemma to study the
discrepancy, however, we need one more

Definition 3.2.5 (Selberg Polynomials). The Selberg polynomials are given by

Sk(zr) = —a+ Bg(x - ) + Bg(a — )

and
Sk(z)=p—a—Bg(f—xz)— Bg(zr—a).

Now we are ready to state and prove
Lemma 3.2.6 (Erdés-Turén inequality). For any positive integer K,

N

e(kuy)| . (3.16)

> =

K
N
< <

n=1

Proof:
We begin with Vaaler’s lemma which gives that —Bg(—z) < s(z) < Bg(z)
for all x. Because

xg(@) =0 —a+s(@—p)+s(a—a),

we see that the Selberg polynomials are trigonometric polynomials of degree
at most K which approximate the characteristic function of the arc J = [o, 8] C
R/Z. By applying Vaaler’s lemma to the definitions of the Selberg polynomials,
we have that Sy (z) < x7(z) < Sk (z) for all x and that

1
SE(x)dr =0 —a+ ——.
/R/Z K(I) r=0-«a K+l
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Now we approach the discrepancy. Fourier inversion and our facts concerning
the Selberg polynomials give that

N
Z(N,Ck,ﬁ) = ZXJ(UH)

IA
WE
3
B

S —
K ~ A~

= Z w (B)Un (—k)
—

We have symmetry in k, and clearly by the above deductions that U N(0)=N
and SE(0) =3 —a+ ﬁ Hence we arrive at

N
K+1

D(N,a, ) < + > SERUn(=k).
0<|k|<K

We must now estimate the summand. We employ the estimate |f(k)| <
||f]|z: to the function Si(x) — x7(x). Thus we calculate

‘Slt(k) _X\J(k” < ||S; — X.7||L1 = m

It is a introductory exercise to compute

2ot = L)l

therefore

when k # 0. Combining this with the above we have
1S5 (k) < Lﬂnin 5—a,i : (3.17)
YW = K+1 |k

This allows us to evaluate our discrepancy estimate

K

N 1 . 1 ~
D(N,a,B) < K+1+2;<K+1+mm<ﬁ_a’7r|k|>>|UN(k)|.
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A analogous argument produces a lower bound on D(N, «, 3) using :S'\;g(k)

Finally, observing that
1 1 3

K+1 ok S o

we have the estimate on the discrepancy D(N) in the lemma. 0.

We will apply the Erdos-Turdn inequality in the proof of another lemma,
which will be more useful to us,

Lemma 3.2.7. Let I C 7Z be an interval, let « € R/Z, and suppose the set

L=A{lel:]la|lrz <}

is of size at least da|I| for some 0 < 1, 62 < 1 with §; < i62. Then

. 8
1. ]f ‘[‘ > 1/52, then 1nf1§d§8/52 Had||R/Z S 52‘1‘ .

N

. 1
2. If ‘I‘ > 2/6%, then lnflgdgw/(;% ||ad”R/Z S 2535‘%1 .

Proof:
Take I to be{M +1,...,M + L}. Define a sequence {u;}°, as

u =a(M+1) mod 1.

The lower bound on the size of £ in the hypotheses gives us a estimate on
the discrepancy

D(L,—61,81) > 65 — 26,)L > %52L.

Comparing this with the estimate from the Erdés-Turan inequality, we have
that

for any K. We pick K = (%] Hence, there exists k < % so that

Ze(kul)

=1

52L
> 56

Now, we use the estimate for a geometric sum

> e(na)| < 4min (m, |1)

allezz

from the first half of this chapter, rearrange, and part 1. of the lemma follows.
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The estimate 2. is much stronger, and we use a bootstrap method to work
2
1. into 2. Assume §; < % because otherwise 1. already implies the result. Let

1 <m < L (which will be chosen later), and define

Ly={b+1,....,b04+m}NL.

By the lower bound for £ given in the hypotheses, we apply the pigeon-hole

principle to find that there exists some b so that |Lp| > 6227". Fix this b. Now

we consider the set mL 4 L. By our above estimate we have that

SymlL
ImL + Ly| > 2’; :

and we also have that
mL+ Ly, CI'={m(M+1)+b+1,....m(M+L)+b+m},

and |I| < mL. Finally, for any x € mL + L, one will have ||ax||g/z < 201m.
We can now apply part 1. of the lemma with I — I’, §; — 2md; and dy — 05 /2
provided we satisfy the conditions of the lemma. If we set m = |45 /1661 ], we
have m < §5/165; and mL > 2/63 , so we can apply 1. and the result follows.
0.

Given this lemma, we now have to tools at our disposal to return to propo-
sition (3.2.1) regarding the orthogonality of the mobius function and a linear
phase giving us a major arc condition. We are prepared to make the proposition
more precise with our most important

Corollary 3.2.8. Let a € R, let A > 0 and let N be a large integer such that
1

% D ulme(-na)| > logA(N)
N<n<2N
holds. Then
28(A+4)(N)
o
inf ad < 3.18
1§d§1610g8(A+4>(N)|| |Ir/z N (3.18)
Proof:

We apply proposition (3.2.1). Therefore we have that there exists a D with
1 < D < N3 such that (3.8) holds. If D is less than log® ™ (), then we
have he corollary directly from (3.8). If D > log®“**)(N), then the argument
in somewhat more difficult. Observe that if we have a linear sequence al which
has small circle norm for many [/ in an interval I, then o must lie on a major arc.
To see this, we apply the lemma just proved in the case that D > 10g8<A+4) (N),
we have our interval I = [1,2D]. We pick the parameters §; and ds to be
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D
h < N log* A+ ()

5 1
Then, conclusion (2) of the lemma gives the corollary. 0.

From the corollary, we take the contrapositive. Extending our sum from
[N,2N] to [1, N], one picks up at most an extra factor of log(/N), and obtains

Lemma 3.2.9. Let a € R, and C > 0. If for sufficiently large N, and any fixed
k we have

28(C+4)
. og (N)
nf da|lg/g > k-2 1
1gd§161<1>g8(0+4>(1v) llded ez 2 N
then
1 _
5 2 nme(na)| = Oflog™“+(N)),

1<n<N

which was our third main lemma from the introductory chapter.
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Chapter 4

Conclusion

Drawing together the results on chapters 2 and 3 and their application in chapter
1, we prove Vinogradov’s theorem on sums of three primes. From the proof
given, one sees two main ingredients. The first is the prime number theorem for
arithmetic progressions. That is, the explicit formula given by Mellin transform,
and the classical zero-free regions. Second is a theory for the treatment of
exponential sums, which in this essay is given by Vaughan’s identity and many
analytic estimates, proving that the Mobius function is orthogonal to linear
phases. This orthogonality, of course, is related to the Mobius randomness
law, and hence is related to zero-free regions of L-functions and the Riemann
hypothesis. All together, the proof draws on a wealth of deep and interesting
mathematics.

Unfortunately, Vinogradov’s result does not show that all odd integers are a
sum of three primes, but rather the weaker statement that all sufficiently large
odd integers are a sum of three primes. To determine exactly how large suffi-
ciently large is one would have to investigate more carefully the constants in the

(0] (%) term. Unfortunately, Siegel’s theorem (which gives an ineffective

bound on how far a Siegel zero may be from s = 1) is invoked in the proof of
Vinogradov’s theorem, and hence determining the constants implicit in the O
term is quite difficult.

Some progress has been made in this area. In 1956 Borodzkin showed that
Vinogradov’s theorem holds for all odd n > 33, In 1989, Chen and Wang
reduced the number to 1043990 which is still unfortunately beyond the range of
a computer check. See Ribenboim, [Rib]. As an area for future research, one
would like to have a more useful way of making constants in Siegel’s theorem
effective, and get these bound down to reasonable sizes.
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