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Abstract

We consider a new type of extremal hypergraph problem: given an
r-graph F and an integer k > 2 determine the maximum number of edges
in an F-free, k-colourable r-graph on n vertices.

Our motivation for studying such problems is that it allows us to give
a new upper bound for an old Turédn problem. We show that a 3-graph
in which any four points span at most two edges has density less than
0.32975 < % - T}o’ improving previous bounds of % due to de Caen [2],
and 1 —4.5305 x 10~° due to Mubayi [13].

1 Introduction and main results

Given an r-graph F the Turdn number ex(n,F) is the maximum number of
edges in an n-vertex r-graph not containing a copy of F. The Turan density of
Fis F
7(F) = lim %

For 2-graphs the Turan density is determined completely by the chromatic num-
ber but for r > 3 there are very few r-graphs for which 7(F) is known. (Ex-
amples of 3-graphs for which 7(F) is now known include the Fano plane [3],
F = {abc, abd, abe, cde} [12] and F = {abe, abd, cde} [9].)

The two most well-known problems in this area are to determine 7(K4) and
w(Ky ), where K4 = {abe, abd, acd, bed} is the complete 3-graph on 4 vertices
and K; = {abc, abd, acd} is the complete 3-graph on 4 vertices with an edge
removed. For 7(K4) we have the following bounds due to Turan and Chung and
Lu [4] respectively

<m(Ky) < —0.59359....
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Although the problem of determining 7(K4) is an extremely natural question
in some respects the problem of determining 7(C; ) is even more basic since
K, is the smallest 3-graph satisfying m(F) # 0. Note also that the problem
of determining 7(C; ) can be restated as: determine the maximum density of
a 3-graph in which any four vertices span less than three edges. (In this last
form the problem is a special case of a question due to Brown, Erdés and Sés
[1] asking for the maximum number of edges in an r-graph of order n in which
any v vertices span less than e edges. The case r = e = 3 and v = 6 is the well
known (6, 3)-problem, see Ruzsa and Szemerédi [15].)

The problem of determining m(/C; ) has been considered by many people,
including Turdn [17], Erdds and Sés [7], Frankl and Fiiredi [10], de Caen [2] and
Mubayi [13]. Previously the best bounds known were

2

= <m(Ky) < 5 — (45305 % 107°).

W =

The upper bound was proved by Mubayi [13], improving on the upper bound
7(Ky) < 1/3 due to de Caen [2]. The lower bound follows from the following
construction due to Frankl and Fiiredi [10].

Let S be the following 3-graph of order 6 with 10 edges
S = {124,234, 346, 456,126, 256, 135, 145, 235, 136}

Let |V| = n and suppose that V is partitioned as V = VjU---UV;. For such a
partition we define Hs to be the “blow-up” of S. So Hs has vertex set V' and
edge set

Hs = {Uz'lvz’2vi3 | 1<y <ig <ig <6, 110213 € S and Vi; € ‘/17} (1)

If the vertex classes V; are taken to be as equal as possible in size then this
yields a K -free 3-graph with density greater than 5/18. Moreover if R is the
3-graph given by iterating this process, partitioning each V; and inserting a copy
of Hs repeatedly, then we obtain a K -free 3-graph with density approaching
2/7. (See [10] for details.)

Our main aim in this paper is to prove the following theorem, improving the
upper bound for 7(K ).

Theorem 1 The Turdn density of IC; satisfies

11
<n(Ky) <O0. S
<m(Ky) < 032975 < 5 — o0
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Our approach involves a new type of extremal problem which we call chro-
matic Turdn problems. These are questions of the form: given an r-graph F
and an integer £ > 2 determine the maximum number of edges in an F-free,
k-colourable r-graph on n vertices. (Recall that an r-graph is k-colourable iff its



vertices can be partitioned into k classes none of which contain an edge.) We
denote this quantity by exg(n, F).

A simple averaging argument shows that for any r, k,n and F
exg(n+1,F) _ exp(n,F)
n+1 S n
(") ()

and so the corresponding k-chromatic Turdn density can defined as the limit

. exg(n, F
(F) = lim #
n—oo (T)
One obvious reason why such problems do not seem to have been previously
considered is that for 2-graphs they are rather uninteresting.

If G is a 2-graph then the Erdds-Simonovits-Stone theorem determines not
only the ordinary Turan density of G but also all of the chromatic Turan den-
sities of G.

Theorem 2 (Erdés—Simonovits—Stone [5],[8]) If the 2-graph G has chro-
matic number x(G) then

1

W(G)zl—ix(G)_l.

Corollary 3 If G is a 2-graph and k > 2 then

m(G) = k 1 N

(@) { - o= k=2x(G).

For r > 3 the problems of determining chromatic and ordinary Turdn numbers
seem to be genuinely different. An obvious reason for this is that while for a
2-graph H the extremal H-free graphs are not only H-free but also (x(H) — 1)-
colourable this does not seem to be the case in general.

The particular chromatic Turan problems which we will consider are those
of determining o (K, ) and m3(KC; ). We obtain the following bounds.

Theorem 4 There exists wy > 0 such that the 2-chromatic Turdn density
w2 (KCy ) satisfies

3
0.25682 < 7T2(IC4_) < E — Wwa.

Theorem 5 There exists wg > 0 such that the 3-chromatic Turdn density
m3(KCy ) satisfies
5 3+4/11/3

— <m3(Ky) < 15
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In the next section we will introduce the key ideas linking ordinary and chro-
matic Turdn densities. In the third section we will prove Theorems 4 and 5. In
the final section we prove Theorem 1.

Throughout the remainder of this paper we will write 7 = w(K} ), m =
m2(KCy ) and w3 = m3(KC; ). For a 3-graph G with vertex set V and A C V we let
e(A) denote the number of edges of G contained in A. The degree of a vertex
x € V is denoted by d, = #{yz | zyz € G} while the degree of a pair of vertices
x,y is denoted by dgy = #{z | zyz € G}.

We will let F denote a Kj -free 3-graph with vertex set V' of order n and with
ex(n,Ky)=m= n(g) edges. Similarly Fy, k = 2,3, will denote a k-colourable
K, -free 3-graph with vertex set V of order n and with my = exx(n, ;) edges.

We take € to denote an arbitrary small positive constant (we will assume € <
10719). We suppose that n is always sufficiently large that whenever s > n,/100
we have exy (s, K3 ) < (7 + €)(3) (for k =2,3) and ex(s,K7) < (7 +¢€)(3)-

For any value a > 0 we will use a’ to denote a + e.

2 Ordinary and chromatic Turan densities

Let F be a KCj -free 3-graph with vertex set V' of order n and with ex(n,C; ) =
m = n(g) edges, as defined above. We count edges in subsets of the vertices of
F of size four. If

g =#{AeVW|e(4) =i}

then as F is Ky -free we have

m(n —3) = q + 2¢2

w= ¥ (%)

zyeV ()

and

Using the following identity (which holds since every edge contains three pairs

of vertices)
> dey=3m (2)
zyeV(®2)

we obtain
mn=q+ Y d, (3)
zyeV (2
Convexity of f(z) = 22 and (2) then imply that

9Im?
mn > q + ——+ 4)

()



Now g1 > 0 yields
< n?(n —1)
- 18
Dividing by (g) and taking the limit as n — oo gives de Caen’s bound 7(K; ) <
1/3.

Mubayi’s improved upper bound for 7(K; ) [13] follows from (4) by using
supersaturation to give a lower bound for ¢;. He used a result of Frankl and
Fiiredi [10] characterizing 3-graphs in which every four points span exactly 0 or
2 edges.

(5

~

Our improved upper bound for 7 is achieved by an entirely different ap-
proach, although we will also implicitly make use of supersaturation at one
point.

Our aim in this section is to prove Lemma 6, giving a lower bound on ¢; in
terms of the 3-chromatic Turdn density 73. We will say that A € V(% is a good
4-set iff A spans exactly one edge. Recall that n =m/(5).

Lemma 6 If 7 > w3 then for e sufficiently small and 7 = w3 + € the number
of good 4-sets in F satisfies

2mn(1 — )
3(2—p)

VY P e s
p=" TR

We will assume for the remainder of this section that m > 73 and that € is
sufficiently small that v = 7% /n < (73 +¢€)/m < 1.

a1 = +0(n?). (6)

where v = w4 /n and

We start with some simple observations. As before F is a ICj -free 3-graph
on n vertices with m = n(3) = ex(n, K} ) edges.

We may assume that for any pair of vertices z,y € V we have d, —d, < n—2,
since if this does not hold then by deleting y and duplicating x we obtain a new
IC; -free 3-graph on n vertices with at least

m+dy; —dy — (n—2) > ex(n, ;)

edges. Since

S d, = 3m=3n<§>

zeV
this implies that if z € V then



We count ¢;, the number of good 4-sets, by considering pairs of disjoint
edges uvw, xyz € F. For two such edges define

q(uvw, zyz) = #{good 4-sets amongst wvwz, vvwy, VVWZ, TYZU, TYZV, TYZW }.
For an edge uvw € F we then define
q(uvw) = Z q(uwvw, xyz).
zyz€F

The following lemma shows how this can be used to count the number of good
4-sets in F.

Lemma 7 If F is as above then

S gluvw) = qnq + O(n). ®)

uvweF

Proof: The LHS of (8) counts a good 4-set A twice for each unordered pair of
edges uvw, xyz such that A is either wvwz, wvwy, uvvwz, ryzu, xyzv or xyzw. If
A = wvwzr is a good 4-set with single edge uvw then the number of ways of
choosing an unordered pair of edges that count A is simply

2
dy — #{zyz € F | {y,2} N {w,v,w} # 0} = T+ O(n),

using (7). Finally ¢; = O(n*) implies that (8) holds. O

For the remainder of this section we will attempt to find lower bounds for
q(uvw), where uvvw € F, and then use (8) to give a lower bound for ¢;.

For z,y € V we let Eyy, = {z | zyz € F}. The following notation and
definitions are all relative to some fixed edge uvw € F. Let
Euvw = Euv U Euw U va and Duvw = V\Euvw~
Let |Dyyw| = Suvwn. An edge xzyz € F is internal iff it is contained entirely
within either E,, Ey, or Ey,,. We denote the number of such edges by iy4-

We call an edge zyz € F bad iff it is not internal and it does not meet D, ., -
An edge which is not bad is said to be good. We denote the number of bad edges
by byyw- Let Byyw be the 3-graph with vertex set Ey,,, and edge set consisting
of all the bad edges of F.

The relationship between estimating ¢; and the 3-chromatic Turan problem
enters in our next lemma.

Lemma 8 If uvw € F and |Dyyw| = dupwn then Byyyw is 3-colourable with a
3-colouring given by the vertex partition E,,UEyu,UE,,. Hence

buvw < 6-773((1 - 5umu)n; IC4_) (9)

Moreover any internal edge xyz € F is good and satisfies q(uvw, zyz) > 2.



bad edges

Figure 1: The 3-graph F

Proof: Since uvw € F and F is K -free so E,,UE,,UE,, is a partition of
FEyvw- Moreover since no internal edge belongs to By, this partition yields a
3-colouring of Byyw. Then as |Eyypw| = (1 — dyvw)n so (9) holds by definition.

Any internal edge is by definition good so we now need to show that any
internal edge xyz satisfies q(uvw, zyz) > 2.

Let zyz be an internal edge. Without loss of generality we may suppose
that zyz C E,,. Now consider the 4-sets {zyzu,zyzv,ryzw}. Since F is
K} -free and wvz, uvy, uvz € F we know that xyu, zyv, zzu, x2v, yzu, yzv € F.
Hence xyzu and zyzv are both good 4-sets containing the single edge zyz so
q(uvw, xyz) > 2 and the result follows. O

For W C V let e; (W) denote the number of edges in F which contain exactly
j vertices from W. We now give a simple lower bound for g(uvw).

Lemma 9 If uwvw € F then

(]('U/UU}) 2 2iuvw + 363(Duvw) + 262(Duvw) + el(Duvw) + O(nQ)

Proof: We saw in Lemma 8 that if zyz is an internal edge then g(uvw, xyz) >
2. If zyz € F is disjoint from uvw and contains j vertices from D, then
q(uvw, zyz) > j, since each vertex in {z, y, 2} N Dy forms a good 4-set together
with wvw. The result then follows since the number of edges meeting uvw is
O(n?). a

We require one final lemma

Lemma 10 If uwvw € F and 7 = w3 + € then

q(uvw)

—— 2227+ 3pbusn + O (n7h), (10)



where v = w4 /n and

_ T v?
=" 3

3
Proof: We will give two lower bounds for ¢(uvw)/m. The first bound (12) is
always valid while the second bound (16) is valid only if d,., < 99/100.

Lemma 9 tells us that

q(uvw) Z 363 (Dumu) + 262(Duvw) + el(Dumu) + O(nQ)
= ) d.+0@0). (11)

TEDyyw
Thus for any value of dyyy, (11), (7) and |Dyyw| = duwwn imply that

w > 3800 + O (n71). (12)

Since
m = iypw + buvw + €1(Duvw) + €2(Duvw) + €3(Duvw)
Lemma 9 implies that
q(uvw) > 2(m — byyw) + €3(Duvw) — €1(Dyww) + O(n?). (13)

Now (9) together with our assumption that exs(s, K ) < m4(3) for s > n/100
imply that if 5, < 99/100 then

1 - 5umu
b < 7} (< >”). (14)
3
Also (7) implies that
a(D)s Y d= 0w o2 (15)
1 = 2 r = 5 n?).

Let v = 74 /n. If Sypw < 99/100 then (13), (14) and (15) imply that

q(uvw)

m Z 2 - 27(1 - 6uvu;)3 - 35umu + O (nil) .

Expanding we obtain

2
q(l;:“’) > 2 — 29 + 300w <27 — 1= 290upw + %) +0 (1),  (16)
1t -
—
5 =
31—



and dyuy > 01 then (12) implies that (10) holds so we may suppose that §yp <
01. Tt is easy to check that ; < 2/3 < 99/100 and so (16) holds.

To show that (10) holds in this case we need to check that for 0., < 01 the
following inequality holds

2762

This is straightforward. Since the LHS of (17) is decreasing in 0y, it is sufficient
to check that
2y —1— 2961 = p.

Hence (10) holds for all edges uvw € F. O
Proof of Lemma 6: Let uvw € F. Since

Duvw = {.’13 cV | x ¢ Euv U Euw U Emu}

and dy,pwn = |Dyyw| we have

q1 = Z Ouvwn. (18)

uvweF

The bound on ¢; in (6) now follows directly from (10) and (8). O

3 Bounds for chromatic Turan problems

Our aim in this section is to give bounds on the chromatic Turan densities of
IC; . We start by considering the 2-chromatic case. Proof of Theorem 4: Let Fs
be a 2-colourable K -free 3-graph of order n with ms edges. Let the two vertex
classes of F3 be A and B, with |A| = an and |B| = (1 — a)n. We may suppose
that |A| <|B| and so o < 1/2.

Counting edges in 4-sets we obtain an analogous equality to (3)

nmy=q+ Y, d,+ Y di,

zy€ AR UB(2) ry€EAXB

where, as previously, ¢; is the number of good 4-sets (that is the number of
4-sets containing exactly one edge). Since neither A nor B contain any edges
we have the following two identities

Z dzy =mo and Z dzy = 2mo.

zye AGIUB®) Tzy€EAXB
Thus convexity implies that

m3 n 4m3
(an) + ((172a)n) a(]_ _ CV)TLQ :

nme 2 q1 +



Writing @ = (1 — 3)/2 and using the fact that ¢; > 0, this implies that mg <
3

n

S where

4 8
10 = a=prvazae T1-p
B 4 6
I e
> 10.
Thus we have
n3
mQS%

Hence dividing by (}) and taking the limit n — oo we obtain 7 < 3/10.

To see that this may be improved to e < 3/10 — ws for some wo > 0
we note that we assumed in the above argument that ¢; = 0. We can use
a supersaturation argument (analogous to that given in [13]) to show that a
positive proportion of 4-sets contribute to ¢;. (In fact with a little work one
can take wy > 10~% although we will only require ws > 0 in the sequel.) This
completes the proof of the upper bound.

For the lower bound we use the following construction. Let Gg be the 2-
colourable ICj -free 3-graph of order 8 with the following edges

Gs = {125,135, 145,126, 136, 246, 346, 456, 127, 237,
247,357,457, 367, 138,238, 348, 258, 268, 178, 478}

Form a blow-up of this 3-graph to give Gs(n) a 3-graph of order n with vertex
classes V1, Va, ..., Vs of sizes a1n, asn, . ..,asn (so > a; = 1) and edges given by

gg(n) = {vilvi2vi3 | 1 <11 <ig <ig < 8,110013 € Gs and Vi S V;J}

Now Gs(n) is clearly still 2-colourable and K -free. Moreover for the correct
choice of a1, ...,as and n large it has density greater than 0.25682. (To be pre-
cise we can take a; = 0.1608, a2 = 0.1882,a3 = 0.1868, a4 = a5 = 0.0379,a¢ =
0.1086, a7 = 0.1437,ag = 0.1361. Such an “optimal” blow-up is found by calcu-
lating the Lagrangian of Gg, see for example [11].) O

Turén originally conjectured that m = 1/4. This was disproved by Frankl
and Fiiredi [10] with their construction of a Kj -free 3-graph with (2 + o(n)) (5)
edges. It is interesting to note that even with the seemingly much stronger
condition that F» is K -free and 2-colourable F> can still have density greater
than 1/4.

We now turn to the the 3-chromatic case and the proof of Theorem 5. This
will follow directly from Theorem 4 and the following lemma.

Lemma 11 The 3-chromatic Turdn density of K, is bounded above by the
larger root of
2432% — 18x(87my + 3) + 6473 = 0. (19)

10



Proof of Theorem 5: The lower bound for 73 is given by Hs the 3-graph con-
structed by Frankl and Fiiredi which we met earlier (1). Since Hs is the blow-up
of

S = {124,234, 346, 456, 126, 256, 135, 145, 235, 136}

a 3-colouring of § yields a 3-colouring of Hg in the obvious way. The vertices of
‘Hs consist of six classes corresponding to the six vertices of S. All the vertices
in a single class V; inherit the colour of the corresponding vertex i € V(S). A
3-colouring of § is given by partitioning the vertices as {1,2} U {3,4} U {5,6}.
Hence Hs is 3-colourable and K -free. It is straightforward to check that it has
density at least 5/18.

The upper bound follows by substituting m2 < 3/10—ws from Theorem 4 into
(19) and solving. (It is easy to check that since the bound 7o < 3/10 yields w3 <
(34 4/11/3)/15 so the bound 7wy < 3/10 — wq yields w3 < (34 4/11/3)/15 — w3
for some wg > 0.) O

We note that in this case, unlike the 2-chromatic case, the lower bound could
well be the true value.

Using convexity we are able to give a simple lower bound for Zdiy since

this is minimized (for ) dg, constant) by taking all of the degrees to be equal.
Our next lemma will allow us to improve this lower bound when some of the
pairs zy € V() have smaller than average degree. Lemma 13 then provides a
collection of pairs of small degree to which we may apply this result.

Lemma 12 If X CV® X[ >, Y v dey = S and

1 S
ryeX 2
then )
S, e S0
TyeV @ (2) —t

Proof: Suppose that |X| =u >t and

By the convexity of 22 we have

dody = Ay Y &,
zyeV () zy€X zyeV\X
5 (S — ku)?
(3) —u
Now the RHS of (20) is increasing in u and decreasing in x (for u > t and
k < 0). Hence it is minimized when £ = 0 and u = ¢. The result follows. O

IV
<
=
+

(20)

11



Lemma 13 Let wh = mo + €. If F5 is a K -free 3-colourable 3-graph of order n
with 3-colouring given by the partition V. = AUBUC and X = A® UB® yuCc®)
then

1 87l
— dpy < —2+0(n71). (21)
n|X| I;X Y 9

Proof: Recall our assumption that n is sufficiently large so that any K, -free
2-colourable 3-graph of order s > n/100 has at most 74 (3) edges. Let 3 be as
above with 3-colouring given by the partition V = AUBUC, and |A| > |B| >
ICl.

We first deal with the case that |[B U C| is small. So suppose that |BUC| <
n/100. In this case we have |X| > |A®)| > (99"2/100). Since F3 is 3-colourable
no edge contains more than one pair from X (otherwise there would be an edge
contained in A, B or (') and hence using de Caen’s bound (5) we have

n|X| X W 18n(99”4100)

<1
£

So in this case (21) holds since 875 /9 > 8m2/9 > 2/9 > 1/5, by Theorem 4.

We now consider the case that all unions of pairs of vertex classes are rea-
sonably large, so |[BUC| > n/100. Let |A| = an, |B| = fnso |C| = (1—a—pf)n.
We have 99/100 > o+ 3 > 2/3.

Considering edges containing pairs of vertices from X we obtain

RIS () + (5 + ()
nlX] zyeX n ((azn) + (62n) + ((170(276)”))
m((e+8)°+ (1 - a)’+(1-P)°)

-1
- 32+ 32+ (1—-a—-0)?) +Om™).
Thus it is sufficient to prove that
(a+B)P3+(1—a)P+(1-p8)7° 8
At Pt (I-a-pF 3 (22)

This is straightforward. Writing £ = a+ 8 and p = o — 3 we see that (22) holds
iff the following inequality holds

0 < 8 — 28¢ + 3062 — 9€3 + p?(9¢ — 2).
Now & = a+ 3 > 2/3 80 9 —2 > 4 and it is sufficient to check that the following

inequality holds
0 < 8 — 286 4 3062 — 9¢3 + 4p%. (23)

12



The RHS of (23) is clearly increasing in p and also in £ (for 2/3 < £ < 1). Hence
it is minimized at p = 0 and £ = 2/3 when (23) holds with equality. O

Proof of Lemma 11: Let 7wl = mo+¢ and F3 be a 3-colourable K -free 3-graph
with vertex set V of order n = 3k and of maximum size mg = ex3(KC; ,n) =
n3(3). (So n3 > m3.) Let a 3-colouring of F3 be given by the partition V =
AUBUC with |A| = an, |B| = fn and |C| = (1 — a — 3)n. We may suppose
that |A| > |B| > |C] and hence 2/3 < a+ 5 < 1.

We will wish to consider sums over pairs of vertices and so define

X=A®PuB®yc®.
Note that |X| is minimized when A, B and C are as equal as possible in size.
Hence /3
n
X| >3 .
xiz3("))
Counting edges in 4-sets we obtain an analogous equality to (3)
nmg=q+ Yy di,+ Y. di, (24)
TyeX zyeV\X

where, as previously, ¢; is the number of good 4-sets (that is the number of
4-sets containing exactly one edge).

Letting 74 = w3 + € and noting that 75 < 74, Lemma 13 says precisely that
the average degree of pairs of vertices from X is at most

!/ !/
—8”'92” +o(1) < —87;3” +o(1)
< 773(TL — 2),

for n large (since e < 10710).

Hence the average degree of pairs of vertices from X is strictly less than
the average degree of pairs of vertices from V. (The average degree of pairs of
vertices from V being n3(n — 2).)

Using ¢1 > 0, n = 3k, (24) and Lemma 12 with § = 874n/9 + O(1) and
t= 3(’2“) we obtain

k\ (8mhk\>  (3ms —8mhk(L))? 3
e 23(;) (55°) + g0

Dividing by % (33k) and rearranging we obtain

0 > 24313 — 18n5(87h + 3) + 64(m5)* + O(k™1).

Since w3 < n3 and this last inequality holds for all e sufficiently small and n = 3k
sufficiently large, the result follows. a

13



4 A new upper bound for the Turan density of
Ky

For Theorem 1 we need to show that 7 < 0.32975. This will require another
new idea, enabling us to not only give a lower bound for ¢; but also to show that
if 7 is close to 1/3 then the degrees of pairs of vertices in an extremal K -free
3-graph will not all be equal. To be precise we will show that if 7 is close to 1/3
then we can find a collection of pairs of vertices which have lower than average
degree and then appeal to Lemma 12 to improve our lower bound for 3~ d?

We define mp = 1 — 37 > 0. Our next lemma tells us that if 7 is small (so

7 is close to 1/3) then we can find an edge wvw such that the degrees of pairs
of vertices from Eq(ﬁ)) U Eﬁz U Eq()i? are small.

Lemma 14 Let ) = mo + € and wh = w2 + €. There is an edge uvw € F such
that if Xuww = B2 UE2) UE® then

1

— Z dyy < 8_7Té + vy + O(n_l) (25)
1| Xuyow] =9 ’

TYEXuvw

where
(2 — 8m5/9)m,

T T o

Furthermore Sypw = |Duvw|/n satisfies dypw < do where

B 4 3
=T om) (1 T 16@/9)) ' (27)

Proof: Recall our assumption that n is sufficiently large that any 2-colourable
K -free 3-graph of order s > n/100 has at most 74 (3) edges, where ) = 3 +e.

Let wvw € F and X4 = Eq(ﬁ)) U qu%l), U Eq()i? As in Section 2 let
Duvw = V\(Euv U Euw U va);

tuvw = #{xyz € F | 2yz C Eyy or 2yz C Eyy or 2yz C Eyy}

(that is 4y is the number of internal edges) and |Dyyw| = duvwn. For i =0,1
let e; denote the number of edges in F meeting D, in exactly i vertices and
containing exactly one pair from Xy, .

Considering the different types of edges containing a pair of vertices from
Xuvw we obtain the following identity (see Figure 4)

Z dTy =ep+e1+ 37:umu- (28)

TYEXuvw

We now need to identify a particular choice of edge uvw € F.
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Figure 2: The edges counted by Zrye Xyow doy-

Let 7 = 1/2 - 87Té/97 luvw = 7;uvw/Tn and

layz

X0 a:ryglen]:{ (1 — dryz)Q T Y }
We claim that
(2 = 87/9)m)

29
1—-2n, (29)

Xo <

where 7, = 1 + €.

To see this recall Lemma 9 and (7). These imply that for any edge vow € F

we have
q(uvw) Z Qiuvw + Z d’I‘
TED yyw
> i + 3Mypw + O(n?).
Hence we obtain
Q(U'Uw) > 2w + 3buvw + O(n_l)-
m

Now for any uvw € F the definition of yo implies that

2Luvw Z 2(X0 - 7-511,1)11))(1 - 26uvw)-

Hence

w > 2X0 + 05u1)u; + O(n_l)a (30)

where 0 = 3 — 4xo — 27. Lemma 7 tells us that

> A 0y o),

n
uvweF

15



while we also have the identity (18)

q1 = Z 5uvwn~

uvweF
Hence (30) implies that
2xomn
a1 = 2 4 O(n).
Thus (4)
9m?
mn Z qi + e

(2)
implies that for n sufficiently large

2Xo /
< .
6—o0 =To

Rearranging this yields (29) proving the claim.
We now choose uvw € F such that

L’U/UIU

(1 — 5umu)2 * T(Suvw - o (31)

Since Ly > 0 we have

(2 — 87%/9)m,

OvowT <
uvw — 1 _ 2’]]'(,)

Dividing by 7 = 1/2 — 8x}/9 this implies that §,,, < dp, where §g is given by
(27). Moreover since 7, < 1/20 (as m > 2/7) and 75 < 3/10 (by Theorem 4) it
is easy to check that §p < 1/2.

We now revisit (28), for which we wish to find an upper bound in the case
of uvw € F chosen to satisfy (31).

For any vertex t € Dy we know that E; (the neighbourhood of t) is a
triangle-free 2-graph. Hence, by Turdn’s theorem, we have

€1 5uvwn
|Xumu | N 2

+0(1).

Since eg counts the number of edges in a 3-colourable I -free 3-graph of order
n(1 — dupw) With two vertices in a single vertex class we can bound eq/|Xypw|
using Lemma 13 which implies (since dypw < dp < 1/2) that

€0 8l 1
——— < —=(1=uw) + O .
n|Xuvw| — 9 ( u ) + (n )

Since 7 = 1/2 — 874/9 and typw = fuww/m, (28) yields

1
n|Xuvw|

3SMLypw

8}
d’I‘T < —2 5umu INE
Z vy S g +7 +n|Xuvw|

wyeX’U/U’UJ

+0(n™h).
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Now

|Xuvw|

<|E5v|> n <|E;w|> n <|E§wl>

3(%(1 (;11.1)111)/3) — w + O(n)

Y

By de Caen’s bound m < n®/18. So we have

1 Z d < 87'('5 + S + Luvw + O(?’Lil)
Ty > TOuvw 71 <« \9 .
n|Xumu| Y 9 (1 - 5umu)2
TYEXuvw
Using (29) and (31) this implies that (25) holds. |

Our next lemma tells us that either mq is large or there is a non-trivial lower
bound for Y d?

Lemma 15 Let F be as before, with m = n(g) then either mo =1 — 3w > 1/33

2
> di, =0’ (”) <n2 + M) + O(n?). (32)
2 1-— i)
zyeV(2)
Where Ao = n — vo — 875 /9, vo is given by (26) and
1—6p)?
To = ( 3 0) 3

with &g given by (27).

Proof: Let uvw € F be an edge given by Lemma 14. If X = X, = q(ﬁ))w

ES) U ES) then |X| > 20(7) + O(n) and

|71| Z doy < (1= Ao)(n —2) + O(1).

zyeX

If Ao > 0 then we can apply Lemma 12 with § = (n—Xo)(n—2)+0(1), t = zo(})
and S = 3m = 3n(}) to yield (32). It remains to show that Ao > 0.

Since m < 7 it is easy to check that Ay > 0 if the following inequality holds

8 /
g2(1 — 37)).

(1 —2mp) — 2m) >
Now since m9 = 1 — 37 and 74 < 3/10 (by Theorem 4) this will hold if
10(7p)? — 337y +1 > 0.
This last inequality certainly holds if mg < 1/33 and e is sufficiently small. O

We are now ready to prove Theorem 1.
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Proof of Theorem 1: Let 0 < ¢ < min{1071% wo, w3} where ws,ws are given
by Theorems 4 and 5 (so 74 < 3/10 and 75 < (3 + 4/11/3)/15).
We will suppose, for a contradiction, that m > 0.32975. So certainly = >

74 > m3 holds. If mp > 0.010751 — € then € < 10710 implies that 7 < 0.32975 so
we may suppose that o < 0.010751 — e (and so 7, < 0.010751).

From Lemma 6 we have the following lower bound on ¢; (since we are as-
suming that m > m3)

2mn(1 — ) 3
Q> +0(n),
se—m O
where v = 7§ /n and
2y
pETmVIT T

Now n > 7 > 0.32975 and 75 < (3++/11/3)/15 imply that v < vo = 0.9936527.
Moreover it is routine to check that the following function is decreasing in -~y

_ 1=
fly) = m
Hence .

We now consider lower bounds for Zdiy Since my < 1/33, Lemma 15
implies that (32) holds. The RHS of (32) is increasing in o and Ag so we
require lower bounds on these quantities.

First consider dg, given by (27). This is increasing in n, and 5. Hence
7y < 0.010751 and 75 < 3/10 imply that 9 < 0.08162. Thus

1— 2
To = % > 0.28114.

Writing ¢ = 875/9, Lemma 15 and (26) imply that
(2 - 0O

Ao Zm—C— 1—2a
0

The RHS of this last inequality is decreasing in ¢ and 7. Moreover 75 < 3/10
implies that ¢ < 4/15. Together with 7, < 0.010751 this implies that Ao >
0.044038. Hence (32) implies that

4
> &,z 5 (0 +a) + 00, (34)
zyeV(2)

where ¢g = 0.0007584. We now use (3) which says that

2
mn =q, + g diy-
zyeV(2)
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Combining (3), (33) and (34) we obtain

ntn? + (1 f(w) con? 3
> — - — 4+ — + .
0 5 n-n (6 9 ) 5 Oo(n?)

Dividing by n* and evaluating we obtain
0 > 0.517% — 0.16602467 + 0.0003792 + O(n™1).

But now the RHS of this last inequality is increasing in 7, thus n > 7 > 0.329725
implies that
0 > 0.0000001 + O(n~1),

which clearly cannot hold for n sufficiently large. |

Clearly any improvement in the upper bound for 7o would directly yield an
improvement in the upper bound for 73, via Lemma 11.

An improvement in the upper bound for 73 would also yield an improvement
in the upper bound for 7, although this is more difficult to quantify. Lemma 6
would allow us to obtain an improved lower bound for ¢; which in turn would
improve the upper bound for w. However our argument to bound 7 also involved
finding a non-trivial lower bound for ) diy, which relied directly on our upper
bound for 7o (Lemmas 14 and 15).

In the 2-chromatic case we have no real idea as to the true value of w9 (the
construction we have seems very unlikely to yield the correct answer). However
in the 3-chromatic case the lower bound is quite possibly correct and we make the
following conjecture which would imply a significantly improved upper bound
for 7.

Conjecture 1 The 3-chromatic Turdn density of K is %.
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