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We develop a model for the microstructure and the stress, in dense suspensions of non-Brownian,
perfectly smooth spheres at vanishing particle Reynolds number. These quantities are defined in
terms of the second-order moment a of the distribution function of the orientation unit vector
between hydro-dynamically interacting particles. We show, from first principles, that the evolution
equation of a contains a source term, that accounts for the association and the dissociation of
interacting particle pairs. This term provides a microscopic explanation for typical non-Newtonian
behaviour, observed in experiments in the literature, including normal stress differences in steady
shear flow, as well as time-dependent stress after abruptly reversed shear flow and during oscillating
shear flow.

I. INTRODUCTION

Suspensions of particles occur in paints, toothpastes,
inkjet printers, cement, magma, and many other appli-
cations. In this work we model the stress in a monodis-
perse suspension of spherical particles, which are as-
sumed mass-less, non-Brownian, and perfectly smooth.
The particle volume fraction is denoted φ. The sol-
vent is assumed Newtonian, inertialess and incompress-
ible and has a viscosity η. The suspension is subjected
to a macroscopic (volume averaged) deformation tensor
E = 1

2

(
L+LT

)
, where U and: L = ∇UT , are the

volume averaged fluid velocity vector and fluid velocity
gradient tensor, respectively.

We define the particle stress Σ as the volume aver-
aged stress in the suspension, minus the stress in the
absence of the particles. Since the hydrodynamic inter-
action force between perfectly smooth spheres diverges
at contact, the particles do not touch each other, i.e., fi-
nite gaps remain between them. Under these conditions,
the evolution of the suspension microstructure and the
associated stress are exclusively governed by the Stokes
equations of fluid motion. One important consequence of
this condition is, that Σ is linear in E, and that there
is no shear rate γ̇ =

√
2E : E dependence in the non-

dimensional suspension stress tensor Σ/ηγ̇, which only
depends on the history of the deformation. In reality,
these conditions are not met, since real particles have a
finite roughness, and real lubrication films can not de-
crease below the atomic length scale. Therefore real par-
ticles may experience physical contacts and associated
contact friction. In addition, there may be interaction
forces, other than hydrodynamic, such as electrostatic or
vdWaals. The competition between hydrodynamic forces
and other interaction forces may give rise to a γ̇ depen-
dence in Σ/ηγ̇. A decreasing Σ/ηγ̇ as a function of γ̇,
referred to as ‘shear thinning’, may result from attrac-
tive interaction forces, that pull particles together at low
γ̇, while these attractions are overcome by the hydrody-
namic stress at large γ̇; see e.g. Ref. [1]. An increasing
Σ/ηγ̇ as a function of γ̇, referred to as ‘shear thickening’,

has been explained by repulsive interaction forces [2]. At
high shear rates, these repulsion may be overcome, result-
ing in direct particle contacts and associated contact fric-
tion; see e.g. Refs. [3, 4]. Despite the relevance of shear
thinning and thickening, we ignore all non-hydrodynamic
effects and associated γ̇ dependencies, in this work. In-
stead, we consider purely hydrodynamic systems of per-
fectly smooth spheres. Despite its hypothetical nature,
it is believed, that this approximate system captures the
dominant physics, provided the suspension is sufficiently
far from the jammed state.

In the literature, the particle stress Σ is usually mod-
elled as:

Σ = 2ζ0ηE, (1)

where the relative particle viscosity ζ0 is taken from shear
stress measurements in steady shear flow. Eq. (1) does
not capture the normal stresses, i.e., the diagonal com-
ponents of Σ, in shear flow, which are significant, when:
φ & 0.1 [5–8], nor does it capture transient effects in
time varying flows, such as the abrupt reversal of shear
flow [9–13] or the oscillating shear flow [9, 14–18]. Upon
the abrupt or continuous reversal of shear flow, the sus-
pension microstructure re-organises, which corresponds
to changes in, not only the relative magnitude of the
eigenvalues, but also in the eigenvectors of the suspension
stress tensor Σ, neither of which are captured correctly
by Eq. (1).

Previous attempts to properly model these effects are
based on two equations; one for the evolution of the mi-
crostructure a and one to express Σ in terms of a. The
microstructure a is usually defined as the second-order
moment: a =

∫
Ψ(r)rrd3r, of the distribution function

Ψ(r) of the separation vector r of the hydrodynamically
interacting particles [19–22].

Ref. [20] postulates a model for Σ as a polynomial,
that is first-order in E and third-order in a. The equa-
tion of motion for a involves a corotational memory in-
tegral of the strain-rate history, involving two exponen-
tial relaxation modes; a fast mode that captures tran-
sient changes in frictional contacts, and a slow mode that
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captures micro-structural reorganisation. The model re-
quires the specification of ten free parameters, which are
obtained by fitting the model to experimental data of the
stress tensor after the abrupt reversal of shear flow.

Ref. [21] postulates a model, where Σ as well as the
corotational time derivative of a are first-order polyno-
mials in both E and a. The model requires the speci-
fication of fourteen free parameters, which are obtained
by fitting the model to simulation data for the startup of
shear flow.

The models in Refs. [20, 21] are empirical, in the sense
that, their form is dictated by tensor symmetries and
invariances and a multitude of fit-parameters are needed
to match the model to experimental data, and little can
be said about the physical meaning of these parameters.

In this regard Ref. [19] reduces the number of em-
pirical, tuning parameters, at the expense of introducing
physical assumptions. These authors approximate the
rotation of the particle pair separation vector as that of
a dumbbell. The effect of the surrounding particles on
the rotating pair is modelled in an ad hoc fashion, as ro-
tary diffusion. The model contains three free parameters
to specify the corresponding anisotropic diffusion tensor.
These parameters are tuned by matching the modelled
stress tensor to experiments data of steady shear flow.

The models in Refs. [19–21] contain ad-hoc terms, and
require the tuning of associated fit-parameters, with lit-
tle physical meaning. Therefore, although reproducing
experimental data, limited insight can be derived from
these models, into the dynamics of the microstructure
and the link with the suspension stress.

In this work, we aim to improve on these aspects, by
deriving, from first principles, a dynamic model for the
suspension microstructure and stress, that contains two
free parameters only. One parameter is a mere stress
proportionality constant, while the second parameter ac-
counts for the association and the dissociation of interact-
ing particle pairs. Our aim is to show, how this process
governs the dynamics of the microstructure, leading to
the typical non-Newtonian behaviour of particle suspen-
sions, observed in experiments in the literature.

The starting point of the derivation of our model is
the Smoluchowski equation for the distribution function
Ψ(r) of the separation vector r. The length of r is de-
noted r = |r|. In order to simplify the problem, we di-
vide the r-space into a near field: r < rthreshold, where
Ψ(r) depends only on the orientation unit vector p, and
a far field: r > rthreshold, where Ψ(r) is isotropic. The
main contribution of this work is the identification of the
probability flux between the near field and the far field,
and the interpretation of this flux as the association and
the dissociation of interacting particle pairs. These pro-
cesses are governed by the rate of fluid deformation E,
that pushes particles together and pulls them apart in
the compressive and extensional directions of E, respec-
tively.

The outline of the remainder of the paper is as follows.
In Sec. II the model is derived, and in Secs. III and

IV, the model is used to interpret available experimental
data, concerning steady shear flow and time dependent
shear flow, respectively. Conclusions are summarised in
Sec. V.

II. MODEL DERIVATION

A. General Considerations

The suspension (mixture) stress S is defined as the
(particles and fluid) volume averaged stress, which for
the case of force-free and purely hydrodynamically inter-
acting particles reads [23]:

S = 2ηE + Σ,

where η is the solvent viscosity and Σ is the particle con-
tribution to the suspension stress, also referred to as the
particle stress. Each particle generates a stresslet, which
is the symmetric, first moment of the hydrodynamic force
distribution on the particle surface. Summing the stress-
lets inside an averaging volume V reads:

Σ =
1

V

∑
α

∮
Sα

σ · n (x− xα) d2x,

where Sα is the surface of the αth particle, σ = −pδ +
2ηe is the local hydrodynamic stress, p is the local fluid
pressure, e = 1

2 (∇u + ∇uT ) is the local fluid rate of
strain tensor, u is the local fluid velocity vector and n is
the unit vector normal to Sα.

In the dilute regime: φ . 10−2, the flow disturbance
(u, p) generated by particle α is not influenced by a
neighbouring particle β, and (u, p, Σ) can be calculated
analytically [24]. In non-dilute suspensions: φ & 10−2,
on the other hand, the particle stress Σ can only be ob-
tained numerically, and this computation requires solv-
ing the particle trajectories as well. In this regime, one
strategy is to approximate (u, p) on the spheres, using
a moment expansion; see e.g. Ref. [25]. Increasing the
particle concentration φ requires an increasing number of
moments and associated computational effort. Another
strategy is to approximate the fluid equations on a 3D
Cartesian grid, with a separate account for the forces
in the lubrication layers, that are thinner than the grid
spacing; see e.g. Ref. [26].

B. Two Body Approximation

In this work we focus on the dense regime: φ & 10−1.
In this regime, the computational problem is less involved
than in the ‘semi-dilute’ regime: 10−2 . φ . 10−1, since
the hydrodynamic interactions are dominated by pair-
wise lubrication forces, and the multi-body, far-field in-
teractions may be ignored. In this regard, it is noted
that in semi-dilute systems the multi-body, far-field in-
teractions are relatively weak, and the error in using the
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two-body approximation is therefore small, even under
(semi-)dilute conditions.

In the dense regime, the hydrodynamic forces are con-
centrated in the narrow gaps between the nearly touching
particles, and the corresponding particle stress reads:

Σ =
2

V

∑
α>β

∮
Sαβ

σ · n (x− xα) d2x.

Here Sαβ is the surface of the gap zone between par-
ticles α and β and the factor of two is included to
account for the stress on both particles in each pair.
Using that for nearly touching spheres: (x− xα) ≈
1
2 (xβ − xα) = 1

2rα,β , and introducing the interaction

force: Fα,β =
∮
Sαβ

σ ·nd2x, one finds the following two-

body approximation for the particle stress [27–30]:

Σ =
1

V

∑
α>β

Fα,βrα,β = n〈Fr〉. (2a)

Here: n = N/V , is the particle number density, N is the
number of particles inside the averaging volume V , and
〈· · · 〉 is the symmetric average, involving the probability
density function Ψ(r) of the separation vector r between
interacting particles. The evolution of Ψ is governed by
the Smoluchowski equation for the two-particle configu-
ration space:

∂tΨ + ∂k (ṙkΨ) = 0, (2b)

where ∂k = ∂/∂rk.
The particle stress [Eq. (2a)] is dominated by particle

pairs, with small gaps between them, which correspond
to separation vectors r in a spherical, so-called interac-
tion shell: 2a < r < b. Here: r = |r|. The lower bound-
ary: r = 2a, is set by the geometrical constraint, while
the upper boundary: r = b, marks the transition between
the dominating interactions and negligible interactions.
The average 〈· · · 〉 in Eq. (2a) is therefore written as:

〈· · · 〉 =

∫ |r|=b
|r|=2a

Ψ (r) · · · d3r, (2c)

and Ψ is normalised, such that
∫ |r|=b
|r|=2a

Ψ (r) d3r equals

the average number of interactions per particle. With
increasing φ, the interaction length b approaches 2a, and
for sufficiently large φ: r ≈ 2ap in the interaction shell,
where: p = r/r, is the orientation unit vector.

We will show below, that, under these conditions, the
particle stress Σ depends on the fourth order orientation
moment 〈pppp〉. Following the polymer literature; see
e.g. Ref. [31], we will formulate an equation of motion
for the second order orientation moment 〈pp〉 and use a
closure relation to express 〈pppp〉 in terms of 〈pp〉. The
equation of motion for 〈pp〉 is derived by multiplying
Eq. (2b) with pp and integrating the result over the
interaction shell:∫ |r|=b

|r|=2a

pipj [∂tΨ + ∂k (ṙkΨ)] d3r = 0.

Integration by parts gives:

∂t〈pipj〉+

∫ |r|=b
|r|=2a

∂k (Ψ(r)pipj ṙk) d3r

−
∫ |r|=b
|r|=2a

Ψ(r)ṙk∂k(pipj)d
3r = 0.

The first volume integral can be recast into a surface
integral using the divergence theorem. The second in-
tegral can be rewritten using: ṙi = ṙpi + rṗi, and:
∂jpi = (δij − pipj)/r, giving:

∂t〈pipj〉+

∮
|r|=b

Ψ(r)pipjpkṙkd
2r

−
∫ |r|=b
|r|=2a

Ψ(r) (ṗipj + piṗj) d
3r = 0. (3)

C. Motion of Particle Pair

In order to proceed, we require an equation of motion
for ṙk. This equation follows from applying a force bal-
ance on one particle of an interacting particle pair, which
is referred to as the test particle. The force on the test
particle is decomposed into two parts, being the hydro-
dynamic drag force FD with the background, and the
lubrication force F with the second particle of the pair,
referred to as the pairing particle. The lubrication force
F is the force, that is used in Eq. (2a) to construct the
particle stress. The drag force FD is expressed as:

FD =
C1

2
ηa (L · r − ṙ) ,

where it is recalled, that: L = ∇UT , is the mixture
volume averaged velocity gradient tensor. Since the sol-
vent is confined between particles, the pre-factor C1 is
φ-dependent and larger than that for an isolated parti-
cle. Here we model this factor using the Richardson and
Zaki correlation for sedimenting particles [32]:

C1 = 6π (1− φ)
−3
. (4)

The pair lubrication force F is, to leading order, written
as:

F = −C2ηaṙ · pp, (5)

where the pre-factor is given by [33]:

C2 =
3π

2

a

r − 2a
. (6)

Taking both contributions together, the force balance of
the test particle: FD + F = 0, becomes:

C1

2
(L · r − ṙ)− C2ṙ · pp = 0. (7)
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Taking the dot-product of Eq. (7) with p and with
(δ − pp), respectively, gives:

ṙ · p =
C1

C1 + 2C2
L : rp, (8a)

and:

ṙ · (δ − pp) = L · r · (δ − pp) , (8b)

so that:

ṙ =
C1

C1 + 2C2
L : rpp+L · r · (δ − pp) . (8c)

D. Constitutive Equations

To compute the particle stress, we combine Eqs. (2a),
(5) and (8), where we approximate: r ≈ 2ap, and replace
the r-dependent, lubrication force, pre-factor: C2 by an
effective, r-averaged pre-factor: C̃2:

Σ = na3η
4C1C̃2

C1 + 2C̃2

E : 〈pppp〉. (9)

As can be seen in Eq. (9), the particle stress is propor-
tional to the projection of the Newtonian stress 2ηE onto
the particle pair orientation vectors p, using the fourth
order orientation moment 〈pppp〉.

The orientation moments: 〈pp〉 and 〈pppp〉, also oc-
cur in the rheology of anisotropic particles, notably poly-
mers [31], and the usual practice is to solve an equation
for 〈pp〉, and express 〈pppp〉 in terms of 〈pp〉, using a
closure model; see e.g. Ref. [34]. Here we use the linear
closure model, which was developed in Ref. [35], which is
accurate for microstructures that are relatively close to
isotropy:

〈pipjpkpl〉 = 〈pmpm〉
[
− 1

35
(δijδkl + δikδjl + δilδjk)

+
1

7

(
δij〈p̃kp̃l〉+ δik〈p̃j p̃l〉+ δil〈p̃j p̃k〉

+ 〈p̃ip̃j〉δkl + 〈p̃ip̃k〉δjl + 〈p̃ip̃l〉δjk
)]
,

where we have introduced the normalised moment 〈p̃p̃〉 =
〈pp〉/Tr〈pp〉. It is noted, that Tr〈pp〉 varies, due to a
varying number of interactions per particle.

In order to derive an equation of motion for 〈pp〉, we
combine Eqs. (2c), (3) and (8), where again we approxi-

mate: r ≈ 2ap, and we replace C2 by C̃2:

∂t〈pp〉 = L · 〈pp〉+ 〈pp〉 ·LT − 2L : 〈pppp〉

− C1

C1 + 2C̃2

2aE :

∮
|r|=b

Ψ(r)ppppd2r. (10a)

The boundary surface integral [final term on the r.h.s. of
Eq. (10a)] corresponds to an orientation probability flux

between the interaction shell and the outer shell. This
flux is carried by the rate of strain tensor: E = Ec +
Ee, which is decomposed into a compressive, inward flow
Ec and an extensional, outward flow Ee, corresponding
to negative and positive eigenvalues of E, respectively.
Since Ec carries orientation probability from the outer
shell to the interaction shell, and Ee carries orientation
probability from the interaction shell to the outer shell,
the surface integral in Eq. (10a) may be written as:

E :

∮
|r|=b

Ψ(r)ppppd2r =

Ee :

∮
|r|=b

Ψinner(p)ppppd2r

+Ec :

∮
|r|=b

Ψouterppppd2r, (10b)

where Ψinner and Ψouter are equal to Ψ, evaluated in the
interaction shell and in the outer shell, respectively. To
proceed, we make two assumptions. First, since the in-
teraction shell is relatively thin, we assume, that Ψinner

is independent of r. Second, since in the outer shell the
inter-particle distances are relatively large, Ψouter is as-
sumed independent of r and p, i.e. a constant. When the
integrand is independent of r, and the interaction shell
is relatively thin: (b− 2a)/(2a)� 1, we can use that:∮

|r|=b
· · · d2r ≈ (b− 2a)−1

∫ |r|=b
|r|=2a

· · · d3r,

and recast the first integral on the r.h.s. of Eq. (10b)
into a volume integral 〈· · · 〉 as defined in Eq. (2c):∮

|r|=b
Ψinner(p)ppppd2r = (b − 2a)−1〈pppp〉. (10c)

Eq. (10b) contains Ψouter, which is assumed a constant.
The value of this constant can be arbitrarily chosen, as
it will be adsorbed in one of the two tuning parameters
of the model; see Sec. II E. Here we choose Ψouter =
[4πb2(b − 2a)]−1, such that the second integral on the
r.h.s. of Eq. (10b) becomes:∮

|r|=b
Ψouter(p)ppppd2r =

(b− 2a)−1
∮
|p|=1

(4π)−1ppppd2p, (10d)

where the fourth order orientation moment of the
isotropic distribution reads [35]:∮
|p|=1

(4π)−1pipjpkpld
2p =

1

15
(δijδkl + δikδjl + δilδjk) .

(10e)
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By combining Eq. (10), we finally arrive at the follow-
ing microstructure evolution equation:

∂t〈pp〉 = L · 〈pp〉+ 〈pp〉 ·LT − 2L : 〈pppp〉

− C1

C1 + 2C̃2

2a

b− 2a

[
Ee : 〈pppp〉+

1

15
(2Ec + Tr(Ec)δ)

]
.

(11)

The first line of Eq. (11) describes, that the p vectors
are rotated by the velocity gradient L, similar as material
lines. Unlike material lines however, the length of the p
vectors is conserved, and the 2L : 〈pppp〉-term ensures
this.

The second line of Eq. (11) represents the flux of orien-
tation probability between the interaction shell and the
outer shell. This term corresponds to the association and
the dissociation of interacting particle pairs, by the ac-
tion of fluid deformation, that pushes particles together
and pulls them apart in the compressive and extensional
directions of E, respectively.

It is noted, that our model [Eqs. (9, 11)] can be in-
terpreted as an extension of the model of Ref. [19]. The
affine motion [first line of Eq. (11)] is identical to that
in Ref. [19], while the second line of Eq. (11) (β-term)
differs from Ref. [19], who modelled this term ad hoc, as
rotary diffusion.

E. Summary

The stress Σ induced by the particles is modelled as:

Σ = αηE : 〈pppp〉, (12a)

where the pre-factor is referred to as the ‘stress magni-
tude’: α = na34C1C̃2/(C1 + 2C̃2), which involves the
particle drag coefficient C1 in a particle swarm; see Eq.
(4) and Ref. [32], and the pre-factor C2 of the leading
order term of the inter-particle lubrication force; see Eq.
(6) and Ref. [33]. Eq. (12a) involves the fourth order ori-
entation moment 〈pppp〉 of the distribution function Ψ of
the separation vector of interacting particle pairs, where
the average 〈· · · 〉 is given by Eq. (2c). In Eq. (12a):
E = 1

2

(
L+LT

)
, L =∇uT , and u are the spatially av-

eraged rate of strain tensor, the velocity gradient tensor,
and the velocity vector, respectively. The second order
orientation moment is referred to as the microstructure
tensor: 〈pp〉 = a, whose evolution is modelled as:

∂t〈pp〉 = L · 〈pp〉+ 〈pp〉 ·LT − 2L : 〈pppp〉

− β
[
Ee : 〈pppp〉+

1

15
(2Ec + Tr(Ec)δ)

]
, (12b)

where the pre-factor is referred to as the ‘microstructure
parameter’: β = [C1/(C1+2C̃2)][2a/(b−2a)], which con-
trols the rate of particle pair association and dissociation.
Tensors Ec and Ee are the compressive (negative eigen-
values) and the extensional (positive eigenvalues) parts
of E.
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FIG. 1. (a) Measured, steady, relative, shear viscosity: ζ0 =
Σ12/ηγ̇, as a function of the particle volume fraction φ. Data
are taken from Ref. [8]. The line is Eq. (13a), using: φm =
0.58. (b) Measured, steady, relative, normal stress differences:
ζ1 = (Σ11 − Σ22)/Σ12 (open markers), and: ζ2 = (Σ22 −
Σ33)/Σ12 (filled markers), as functions of φ. 4, N: a = 20
µm [8]; O, H: a = 70 µm[8]; �, �: a = 35 µm [7]; ♦, �:
a = 70 µm [7]. The solid line is Eq. (13b) using: φm = 0.58.
The dashed line is: ζ1 = 0.
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FIG. 2. Modeled [Eq. (12)], steady, relative, shear viscos-
ity ζ0/α = Σ12/(αηγ̇) and relative, normal stress differences:
ζ1 = (Σ11 −Σ22)/Σ12 and ζ2 = (Σ22 −Σ33)/Σ12 as functions
of the microstructure parameter β.

In the following section, we specify the free parameters
α and β, by matching the numerical solution of Eq. (12)
to experimental data from the literature, regarding the
shear and normal stresses in steady shear flow.

III. STEADY SHEAR FLOW

Defining 1, 2, 3 as the flow direction, the gradient direc-
tion and the vorticity direction, respectively, the velocity
gradient tensor in steady shear flow is given by: L =
γ̇δ1δ2, where the shear rate is defined as: γ̇ =

√
2E : E.

The particle stress tensor Σ in steady shear flow is char-
acterised by three dimensionless parameters; the relative
shear viscosity: ζ0 = Σ12/(ηγ̇), and the first and second,
relative, normal stress differences: ζ1 = (Σ11−Σ22)/Σ12,
and: ζ2 = (Σ22 − Σ33)/Σ12. Fig. 1 shows experimental
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data for ζ0, ζ1 and ζ2 as functions of the particle volume
fraction φ. Fig. 1a shows, that with increasing φ, the
shear viscosity ζ0 diverges, which is modelled with the
Krieger - Dougherty equation [36]:

ζ0 =

(
1− φ

φm

)−2
. (13a)

Here φm is the maximum packing volume fraction, which
for the data in Fig. 1a takes the value of: φ = 0.58.

As illustrated in Fig. 1b, it is generally observed that:
ζ2 < 0, and the relation between ζ2 and φ is modelled as:

ζ2 = −0.6

(
φ

φm

)2

. (13b)

The magnitude and sign of ζ1, however, depend on ad-
ditional details. In shear invariant suspensions, ζ1 is usu-
ally observed to be relatively small and negative: |ζ1| � 1
[5–7, 37–39], while in strongly shear thickening suspen-
sions ζ1 has been found to be positive [37–39]. It is there-
fore believed that ζ1 depends on the nature of the inter-
action force, where: |ζ1| � 1, and: ζ1 ∼ 1, correspond
to relatively weak and relatively strong contact friction,
respectively. The focus of the present paper is on fric-
tionless particles, i.e., ζ1 � 1.

Both observations of a negative ζ2 and a relatively
small ζ1 follow from our model [Eq. (12)]. Assuming:
β � 1, Eq. (12b) predicts a perfect alignment of the
pair interaction vector with the compressive axis of the
rate of strain tensor, i.e.: p = (−1, 1, 0) /

√
2. Using that:

a = pp, and that: Σ = αηE : aa, we find the following
stress tensor:

Σ =
αηγ̇

2

 −1 1 0
1 −1 0
0 0 0

 , (14)

which corresponds to relative normal stress differences of:
ζ1 = (Σ11 −Σ22)/Σ12 = 0, and: ζ2 = (Σ22 −Σ33)/Σ12 =
−1, in qualitative agreement with the experimental data
in Fig. 1b.

Next we numerically compute the steady solution to
Eq. (12). Fig. 2 shows the resulting relative, shear
viscosity: ζ0/α = Σ12/(αηγ̇), and relative normal stress
differences ζ1 and ζ2 as functions of the microstructure
parameter β. Note, that steady stress ratios, such as
ζ0/α, ζ1 and ζ2, do not depend on the stress magnitude
α.

Fig. 2 shows that the modelled: ζ1(β) = 0, which is
consistent with frictionless systems, as discussed above.
The behaviour of ζ2(β), on the other hand, is non-trivial.
For: β < 3, ζ2(β) shows un-physical, non-monotonic and
positive behaviour. At: β = 3, the modelled system is
Newtonian, i.e.: ζ1 = ζ2 = 0. For: β > 3, ζ2(β) is mono-
tonically decreasing to its saturation value: ζ2 ≈ −0.9.
The modelled ζ2(β) relation is reasonably well captured
by: ζ2 = −0.6 arctan [(β − 3) /5]. In the literature, the
relation between ζ2 and φ is usually modelled with Eq.

(13b). Our model [Eq. (12)] therefore reproduces Eq.
(13b), by choosing:

β = 3 + 5 tan

[(
φ

φm

)2
]
. (15a)

Fig. 2 shows the modelled, relative, shear viscosity
ζ0/α as a function of β. In the region of interest: β ≥ 3,
the data are reasonably well captured by: ζ0/α = 0.12 +
0.17 arctan [(β − 3) /10]. In the literature, the relation
between ζ0 and φ is usually modelled with Eq. (13a).
Our model [Eq. (12)] therefore reproduces Eq. (13a), by
choosing:

α =

(
1− φ

φm

)−2 [
0.12 + 0.09

(
φ

φm

)2
]−1

. (15b)

In summary, by choosing α and β according to Eq.
(15), the model [Eq. (12)] reproduces the volume fraction
dependence of the suspension shear viscosity, referred to
as the Krieger - Dougherty equation [Eq. (13a) and Fig.
1a], as well as that of the first and second normal stress
differences [Eq. (13b) and Fig. 1b].

IV. TRANSIENT SHEAR FLOW

A. Shear reversal

We use Eq. (12) to compute the time dependent mi-
crostructure a and the particle stress Σ after shear rever-
sal. To this end, we use the Euler forward, time integra-
tion scheme and a time step of: ∆t = 0.01/γ̇. The initial
conditions for the microstructure are isotropic: a = δ/3,
and the microstructure parameter is: β = 6. In the sim-
ulation, the suspension is sheared until a steady state is
reached, after which the shear direction is reversed. The
reversal induces a reorganisation of the microstructure
and the attainment of a new steady state. The resulting
time dependent microstructure and particle stress ten-
sor are shown in Figs. 3a, b. In those figures, the flow
direction is switched from negative to positive at t = 0.

To explain these results, we note that for: β � 1, Eq.
(12) predicts, that the microstructure a aligns with the
compressive axis of the rate of strain tensor E, and that:
Σ ∼ E : aa. In Eq. (16), below, we sketch the evolu-
tion of the respective tensors: E, a and Σ, after shear
reversal, where, for clarity, we omit the numerical pre-
factors, and only consider the dominant components, in
the flow and gradient directions. In this simplified nota-
tion, before shear reversal, the tensors take the following
form:

E ∼
(

0 −1
−1 0

)
,a ∼

(
1 1
1 1

)
,Σ ∼

(
−1 −1
−1 −1

)
.

(16a)
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FIG. 3. Modeled [Eq. (12)] time dependent components of
(a) the microstructure a and (b) the particle stress Σ after
shear reversal, using: β = 6. (c) Modeled time dependent
particle viscosity: η = Σ12/γ̇, scaled with the steady value
η∞, together with experimental data, which were taken at
a volume fraction of: φ = 0.47, and a maximum packing
volume fraction [defined in Eq. (13a)] of: φm = 0.54 [12].
(d) Modelled minimum particle viscosity: ηmin [minimum of
curve in (c)], after shear reversal, scaled by the steady value
η∞, using various: β ∈ [3, 11], corresponding to various: ζ2
(see Fig. 2), together with experimental data, with varying
volume fractions: φ ∈ [0.3, 0.5] [12], where ζ2 is estimated
using Eq. (13b).

Right after reversal, a is aligned with the extensional axis
of the reversed E:

E ∼
(

0 1
1 0

)
,a ∼

(
1 1
1 1

)
,Σ ∼

(
1 1
1 1

)
. (16b)

Then, as governed by Eq. (12), the microstructure a
re-aligns to the compressive axis of E:

E ∼
(

0 1
1 0

)
,a ∼

(
1 −1
−1 1

)
,Σ ∼

(
−1 1
1 −1

)
.

(16c)

Eq. (16) illustrates, that, in equilibrium, particle pairs
align in the compressive direction, and right after shear
reversal, they are aligned in the extensional direction,
which corresponds to positive normal stresses. Since this
configuration is unstable, the system re-organises to an
equilibrium with pair orientations in the compressive di-
rection, which corresponds to negative normal stresses.
These changes in the sign of the normal stresses are in
qualitative agreement with experimental data [10, 11].

During the re-organisation of the microstructure, the
dissociation of interacting particle pairs precedes the as-
sociation, which is reflected by the shear stress passing
through a minimum, as seen in Fig. 3b. This transient

behaviour is also in qualitative agreement with experi-
mental data [9–13].

In Fig. 3c, the model predictions are compared to the
data of Ref. [12], which were taken at a volume fraction
of: φ = 0.47, and a maximum volume fraction [defined
in Eq. (13a)] of: φm = 0.54. According to Eq. (15a),
these values correspond to: β = 6, which is used in the
corresponding computations. As seen in Fig. 3c, the
computational results agree qualitatively with the exper-
imental data, both showing a decrease and a subsequent
recovery of the shear stress after flow reversal.

In Fig. 3d we consider the stress minimum, scaled with
the steady value ηmin/η∞, as a function of the steady,
relative, second normal stress difference ζ2. The sub-
script ∞ denotes that the quantity is measured at steady
state, i.e. at infinite time after shear reversal. In the
computations, we vary ζ2 by varying the microstructure
parameter β (see Fig. 2). The computational results
are plotted (line) together with the experimental data
(markers), which were taken at various volume fractions:
φ ∈ [0.3, 0.5] [12]. The experimental ζ2 is estimated using
Eq. (13b). Again there is qualitative agreement between
model and experiment, both showing a (nearly) linear
decrease in ηmin/η∞ versus ζ2. This agreement supports
that the model captures the correct qualitative dynamics
of the microstructure.

Quantitatively however, the measured stress decrease
is sharper, and a few fold larger than the one computed;
see Figs. 3c, d. The sharp stress decrease has in the liter-
ature been attributed to physical contacts between par-
ticles [13]. When the shear stress is reversed, the associ-
ated contact friction forces relax almost instantaneously.
In the present model we do not capture such effects, since
the particles are assumed perfectly smooth, and the as-
sociated interactions are therefore purely hydrodynamic,
and without physical contact.

B. Oscillating Shear Stress

We use Eq. (12) to compute the time dependent
microstructure a and the particle stress Σ in oscillat-
ing shear flow. In this flow, the shear rate is given
by: γ̇ = γ̇0 cos (ωt), where γ̇0 is the shear rate ampli-
tude and ω is the angular oscillation frequency. Sim-
ulations of Eq. (12) are conducted for various strain
amplitudes: γ0 = γ̇0/ω, ranging between 10−2 and
102. Integration is carried out over a time period of:
t = max (100/γ̇0, 20π/ω), using an integration time step
of: ∆t = min (0.01/γ̇, 0.02π/ω). The initial conditions
for the microstructure are isotropic: a = δ/3 and the
microstructure parameter is: β = 6. Upon starting the
simulation, the signals of a and Σ pass through a tran-
sient before reaching periodicity. The following results
correspond to the periodic state.

Fig. 4 shows the time dependent components of the mi-
crostructure a (a, b) and the particle stress Σ (c, d), for
a large strain amplitude: γ0 = 102, (a, c) and for a small
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FIG. 4. Modeled [Eq. (12)] time dependent components of
the microstructure a (a, b) and the particle stress Σ (c, d) in
oscillating shear flow, with a strain amplitude of γ0 = γ̇0/ω =
102 (a, c) and 10−2 (b, d), using: β = 6.
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FIG. 5. Dynamic particle viscosity [Eq. (17)] in oscillating
shear flow, scaled with the steady value, as a function of the
strain amplitude. Comparison between model [Eq. (12)] us-
ing: β = 6 (solid line), and experimental data from Ref. [16]
(squares) and from Ref. [18] (triangles), both using φ = 0.4.
The dashed line is drawn to guide the eye.

strain amplitude: γ0 = 10−2, (b, d). For the large strain
amplitude: γ0 = 102, the microstructure transitions be-
tween two steady states, with a positive and a negative
shear direction, respectively. These steady states corre-
spond to the horizontal segments of the time signals of a
in Fig. 4a. In these steady phases, the particle stress Σ
(Fig. 4c) is proportional to the oscillating shear rate γ̇
and the second, relative normal stress difference is iden-
tical to that in steady shear flow, i.e.: ζ2 ≈ −0.4 (Fig.

2). For the small strain amplitude: γ0 = 10−2, the mi-
crostructure is isotropic with negligible oscillations (Fig.
4b) and the corresponding particle stress is Newtonian,
i.e., without normal stresses (Fig. 4d).

Fig. 5 shows the dynamic viscosity η0:

η0 =

∫ T
0

Σ12(t)γ̇(t)dt∫ T
0
γ̇2(t)dt

, (17)

as a function of the strain amplitude γ0. The subscript 0

denotes an oscillation amplitude, and: T = 2π/ω, is the
oscillation period. It is seen, that the computed η0 is an
increasing function of γ0. This is due to the progressive
alignment of a with the compressive axis of the rate of
strain tensor.

In Fig. 5 we also plot experimental data from Refs. [16,
18], both at a volume fraction of: φ = 0.4. By using Eq.
(15a), and by assuming a maximum packing fraction of:
φm = 0.6, these conditions correspond to: β = 6, which
is the value used in the computations of Fig. 5. For:
γ0 . 10−1, both Eq. (12) and the experiments predict:
η0/η∞ ≈ 0.8. This agreement supports the significance
of Eq. (12) in describing the qualitative dynamics of the
microstructure and stress, which is mainly attributed to
the pair association and dissociation β-term.

There are quantitatively differences however. Eq. (12)
predicts a monotonic increase in η0/η∞(γ0), while the ex-
periments show non-monotonic behaviour, with a mini-
mum of: η0/η∞ ≈ 0.5, at: γ0 ∼ 1. The physical origin for
this minimum is unclear, and may be related to frictional
particle contacts, which are neglected in the model.

C. Oscillating Normal Stress

In suspension shear flow, non-zero normal stress differ-
ences are due to anisotropic microstructure and in oscil-
lating shear flow, microstructure anisotropy is controlled
by the strain amplitude; see Fig. 4. Ref. [17] quantified
this effect experimentally, by measuring the migration of
particles in an oscillating shear flow. This so-called ‘shear
induced migration’ phenomenon is driven by the normal
stresses; see e.g. Ref. [40]. In their setup, the suspen-
sion resides in the gap, of width H, between two disks of
radius R, one of which is rotating with an oscillating, an-
gular frequency Ω(t), and one of which is stationary. In
the limit of a negligible Reynolds number: ΩRH/ν � 1,
the flow field is purely azimuthal: Uθ = rΩz/H, and for
small gaps: H/R � 1, the flow topology in each point
corresponds to a simple shear, where the (θ, z, r) - co-
ordinates correspond to the flow direction, the gradient
direction and the vorticity direction, respectively. We
model the particle migration velocity amplitude v0, that
is induced by the stress amplitude Σ0, using the well
known suspension balance model; see e.g. Ref. [40]:

v0 =
4πa2(1− φ)

3ηφC1
∇ ·Σ0. (18)
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plitude γ0. Comparison between model [Eqs. (12, 20)] using:
β = 6 (solid line), and experimental data from Ref. [17], us-
ing a volume fraction of φ = 0.4 (markers). The dashed line
is drawn to guide the eye.

It is recalled, that the subscript 0 denotes, that the vari-
able is an oscillation amplitude, and C1 is the particle
drag coefficient in a particle swarm, which is modelled
using Eq. (4). Using that: ∂zΣ0 = ∂θΣ0 = 0, the ra-
dial, polar coordinate component of the stress divergence
reads:

(∇ ·Σ0)r = ∂rΣrr,0 +
Σrr,0 − Σθθ,0

r
. (19)

By approximating: ∂rΣrr,0 ≈ Σrr,0/r, and by combining
Eqs. (4, 18, 19), we find:

vr,0 =
2a2(1− φ)4

9rηφ
(2Σrr,0 − Σθθ,0) .

To clarify this relation, we normalise the (dynamic)
normal stress components by the steady shear stress:
Σ12,∞ = ζ0ηγ̇0, where the relative particle shear viscosity
ζ0 is modelled using Eq. (13a), giving:

vr,0 =
2a2γ̇0(1− φ)4

9rφ
(

1− φ
φm

)2 2Σrr,0 − Σθθ,0
Σ12,∞

.

The radial particle displacement per oscillation cycle:

δr =
∫ T
0
vr,0dt, is then found to be:

rδr

a2γ0
=

4π(1− φ)4

9φ
(

1− φ
φm

)2
∫ T
0

(2Σrr,0 − Σθθ,0) dtT
Σ12,∞

, (20)

where we have used that: γ̇0T = 2πγ0.
Fig. 6 shows the experimentally measured, scaled par-

ticle displacement rδr/(a2γ0) versus the strain amplitude
γ0, using a volume fraction of: φ = 0.4, and an oscil-
lation frequency of 1 s−1 [17]. In Fig. 6 we also plot
the computed rδr/(a2γ0), where we have used: φ = 0.4
and: φm = 0.6, which according to Eq. (15a) corre-
sponds to: β = 6, and a pre-factor in Eq. (20) of:
4π(1 − φ)4/[9φ(1 − φ/φm)2] ≈ 1.8. The model predic-
tions are smaller, but of the same order of magnitude, as
the experimental findings, and the qualitative trends are
similar, with an initial increase and a subsequent plateau
in rδr/(a2γ0) as a function of γ0.

V. CONCLUSIONS

We have developed a model for the dynamics of the mi-
crostructure and the stress in dense suspensions of parti-
cles, that interact purely via hydrodynamic forces. The
model is derived from the Schmulochowski equation, that
governs the distribution function of the separation vector
between particle pairs.

Our main contribution is the formulation of the β-term
in Eq. (12b), that accounts for the association and the
dissociation of interacting particle pairs. With this term,
the model captures the correct quantitative tensorial be-
haviour in steady shear flow, and the correct qualitatively
behaviour in time dependent flows.

Quantitative differences between model and experi-
ment may point at the importance of physical contacts
between the particles in the experiments, which are ne-
glected in the model. It is noted, that quantitative pre-
dictions may be improved, by extending the model with
additional terms, to account for contact friction. This
however is beyond the scope of the present paper, which,
instead of making accurate, quantitative predictions, was
focussed on gaining insight into the micro-structural dy-
namics, underlying the non-Newtonian behaviour of par-
ticle suspensions.
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