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Ice particles in the atmosphere
• Important for weather
• Precipitation – majority of precipitation at mid- and high-latitudes 

originates in ice phase (even if melts before reaching the ground)
• Dynamical feedbacks on storms – growth and evaporation of ice 

particles aloft can produce strong latent heating/cooling locally, 
which can lead to changes in bouyancy and stability of air

• Important for climate
• Ice clouds cover ~ 1/3 of the globe on average
• Uncertain radiative effect

• because of uncertainties about microphysical properties,
• and how these relate to visible and infrared scattering properties

• Uncertain how microphysical and radiative properties will change 
in future climate (feedback)



Microwave remote sensing of ice particles
• Electromagnetic waves are scattered by ice particles 

in atmosphere to some detector where they are 
measured
• Wavelength range of interest is ~0.5mm up to 10cm
• May be passive (radiometer) where source of microwaves 

is natural emission from earth, vapour, clouds etc
• Or can be active (radar) where there is a transmitter 

which produces the microwaves
• Ground- , aircraft- and space-based instruments 
• Increasing interest in shorter wavelengths (mm- for 

radar and sub-mm for radiometer) where scattering 
properties become increasingly sensitive to the 
representation of the details of the structure of the 
particle (which may be complex)
• But understanding of scattering properties lagging 

behind measurements. We need to quantify how 
much scattering we expect for a given size of ice 
particle
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Figure 1. The location of the radiometer blister on the FAAM BAe-146 aircraft, and the ISMAR instrument installed in the blister with the
cover removed.

erage of cloud ice properties at 16 km resolution. Airborne
submillimetre observations of ice cloud that can be used to
develop and validate retrieval algorithms prior to the launch
of ICI are currently rather limited. The Compact Scanning
Submillimeter-wave Imaging Radiometer (CoSSIR) instru-
ment on board the NASA ER-2 aircraft has made measure-
ments at 183, 220, 380, 640 and 874 GHz during two tropi-
cal campaigns (Evans et al., 2005, 2012), and a single cirrus
case study has been observed with the Far-Infrared Sensor for
Cirrus (FIRSC) Fourier transform spectrometer on board the
Proteus high-altitude aircraft, which has a detector covering
approximately 300–1000 GHz (Lee et al., 2002). Observa-
tions of Arctic cirrus up to 340 GHz have also been made us-
ing the Millimeter-wave Imaging Radiometer (MIR) instru-
ment on the NASA ER-2 (Wang et al., 2001). ISMAR has
been developed specifically as an airborne demonstrator for
ICI. It has a very similar channel set to ICI and can be used
for developing retrieval algorithms as well as for scientific
case studies and calibration/validation post-launch.

ISMAR has been certified to fly on the FAAM BAe-
146 Atmospheric Research Aircraft, which carries comple-
mentary instruments measuring basic atmospheric parame-
ters, microwave radiometers, infrared and visible spectrome-
ters, a downward-pointing backscatter lidar and in situ cloud
physics probes. Dropsondes can be used to obtain profiles of
temperature, humidity and wind below the aircraft.

This paper gives an overview of the design and perfor-
mance of ISMAR and is arranged as follows: Sect. 2 de-
scribes the instrument design, and Sect. 3 describes the meth-
ods used to process the data. Section 4 considers the sources
of systematic error (bias) in the ISMAR measurements, and
Sect. 5 discusses the radiometric sensitivity. In-flight per-
formance is evaluated in Sect. 6 by comparing high-altitude
zenith views with radiative-transfer simulations, and conclu-
sions are given in Sect. 7

2 Instrument design

ISMAR has a self-contained design, with the receivers, cali-
bration targets, scan mechanism and control electronics con-
tained in a single package with dimensions of approximately
1.1 ⇥ 0.4 ⇥ 0.5m and a weight of around 90 kg. An ethernet
port allows an operator to monitor and control the instrument
during flight. The instrument is installed in the radiometer
blister on the front port side of the FAAM BAe-146, allow-
ing unobstructed upward and downward views (Fig. 1), and
in future it could also be flown on other high-altitude aircraft.

ISMAR currently has seven uncooled heterodyne receivers
providing 15 channels. These are centred on the oxygen
absorption line at 118.75 GHz (five channels), the water-
vapour absorption lines at 325.15 and 448 GHz (three chan-
nels each), and atmospheric quasi-windows at 243.2 and
664 GHz. All the channels have dual sidebands. The window
channels each have two receivers to measure dual polarisa-
tions, which gives information about ice particle shape and
alignment (Evans et al., 1998). ISMAR has a modular design
that allows additional channels to be added as they become
available. Further quasi-window receivers at 874.4 GHz are
currently being developed, which will give greater sensi-
tivity to small ice particles, and a receiver centred on the
424.7 GHz oxygen absorption line is also planned. A full
overview of the ISMAR channel parameters is given in Ta-
ble 1. In addition to ISMAR, receivers centred at 23.8, 50.1,
89, 157 and 183 GHz are provided by the Deimos (Hewison,
1995) and Microwave Airborne Radiometer Scanning Sys-
tem (MARSS) (McGrath and Hewison, 2001) microwave ra-
diometers on board the aircraft. Together these instruments
give a close match to the ICI channels and contain a signifi-
cant subset of the proposed GOMAS channels.

A schematic of ISMAR is shown in Fig. 2. The front end
contains an array of receivers directly viewing a rotating
gold-coated planar scan mirror angled at 45� which directs
their field of view on to one of two internal black-body cali-
bration targets or the external scenes. The calibration targets
and scan mirror are sized to ensure there is no main-beam
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Image sources: CloudSat satellite from http://cloudsat.atmos.colostate.edu/overview
ISMAR sub-mm radiometer from Fox et al 2017 doi:10.5194/amt-10-477-2017
9mm scanning cloud radar from NCAS webpage https://www.ncas.ac.uk/index.php/en/



• Transmit short (~0.5𝜇s) pulse of microwaves
• Listen for (faint) echo from snowflakes and bin 

data by time taken since transmission
• 0.5 𝜇s pulse corresponds to a range resolution of 75m

• Focussed into a narrow beam by antenna, of 
angular width ∆θ~λ D'()⁄ (usually 1° or less)

Radar measurements of ice

• Measurements are almost always in, 
or close to, the far-field where 
illumination looks like a plane wave

• Permittivity of ice in the microwave is 
𝜖 ≈ 3.15 + 𝑖𝛿 where 𝛿 is small
• so ice is not a very strong dielectric – but 

not a very weak one either!
• absorption generally is weak

• Typical wavelengths 𝜆 range from 
10cm down to 3mm



- 45°C

- 5°C

Radar reflectivity [dBZ]

Example measurement from Chilbolton 10cm radar

What do we actually sample?
• Let’s say typical sample volume dimensions are (75 m)3=400,000 m3

• Typical concentration of ice particles is 1000 m-3

• Therefore we don’t receive echo from one snowflake – we see combined echoes from 
hundreds of millions of snowflakes, all in random arrangements relative to each other 

• So intensity of the echo from this ensemble for a single pulse in meaningless – because each 
particle produces a scattered wave which has a random phase relative to all the others in 
the sample volume

• Average over many pulses – then we get an average intensity that is proportional to ∑𝜎8�� -
ie the sum of all of the backscatter from each of the particles, added up for unit volume

• We typically rescale the intensity by 𝜆: (and other constants) to give “radar reflectivity” Z
• Idea is that in Rayleigh limit Z should be the same, independent of the wavelength chosen

• Various elaborations (scattering at different transmitted and received polarisations for 
particle shape and orientation; phase changes from pulse to pulse for particle speeds)



Geometry of natural ice particles
• Need constraints on this to interpret scattering
• Monocrystals

• Hexagonal prisms
• Dendritic forms of above (“christmas card” branched planar 

crystals; sheaths/needles)
• Polycrystals

• Very common below -20°C
• Multiple hexagonal crystals sprouting from same centre (e.g. 

frozen droplet or ice nucleus aerosol)
• Aggregates

• Aggregation is often the most efficient mechanism for 
growing large (mm – cm sized) particles

• Individual crystals fall at different speeds, collide and stick 
together

• Tend to dominate higher moments of particle size 
distributions, e.g. precipitation rate or radar reflectivity

• Process itself is very poorly understood
• (highly simplified) models of differential sedimentation 

predict these aggregates are fractal, with a fractal dimension 
close to 2 (controlled by scaling of terminal velocity with 
mass) [Westbrook et al 2004, Phys Rev E]

• Therefore we want to (a) test this prediction somehow and 
(b) quantify the scattering properties of these complex 
fractal aggregates
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Figure 2. Example CPI images of ice crystals: (a) bullet rosette, (b) columns, and (c) plates taken during SPARTICUS. The projected
maximum dimension (D0, red), projected width (W 0, yellow), and projected length (L0, green), are indicated in the first crystal in each
panel. For each crystal, temperature (T , �C) and projected maximum dimension (D0, µm) are listed. For columns, the upper three images are
columns with orientations, whereas the lower three are horizontally oriented with respect to the imaging plane.

Figure 3. A comparison between the projected maximum dimen-
sion (D0) of columns (black) and plates (red) measured using the Ice
Crystal Ruler (IC-Ruler) and those obtained from CPIView. Corre-
lation coefficient (r) and slope of best fit line of CPIViewD0 against
D0 from IC-Ruler embedded in the panel. The black dashed line is
a 1 : 1 line.

than columnar crystals at T <⇠ �55 �C during TWP-ICE.
Of course, the analysis is complicated by the fact that crys-
tals are observed at locations where they did not necessarily

form, and have grown or sublimated on paths taking them
through different regimes.
During TWP-ICE, Um and McFarquhar (2009) showed

much higher occurrence of plates and their aggregates on
2 February compared with the other 2 days, 27 and 29 Jan-
uary, when aged cirrus were sampled. The analyzed plates at
T <⇠ �55 �C were sampled within convective anvils on 2,
6, 10, and 12 February during TWP-ICE (see Table 4). They
were most likely generated at higher temperatures under dif-
ferent environmental conditions and subsequently raised to
lower temperatures by convection. Thus, transport (e.g., con-
vection, advection, and sedimentation) as well as environ-
mental conditions govern the relation between temperature
and crystal habit. Because of this, Bailey and Hallett (2004)
indicated that in situ aircraft observations of ice crystals
could lead to a skewed view of correlation between tempera-
ture and habit. However, knowledge of correlations between
microphysical properties (e.g., habit and size) of ice crystals
and environmental conditions at a sample location is just as
important as with properties at the place of crystal origin for
verification of numerical models and retrieval algorithms.

Atmos. Chem. Phys., 15, 3933–3956, 2015 www.atmos-chem-phys.net/15/3933/2015/
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Fig. 3. (Continued)

ment with the result by Auer and Veal (1970) but 
not with those by Ono (1969, 1970) and Hobbs et 
al. (1974). 
C. Basal plane area, perimeter and crystal density 

  Figure 8 shows the variations of basal plane area 
and perimeter with time for the shape-enhanced pla-
nar crystals. Both relationships at each temperature 
can be represented by one or two straight lines. The 
slopes became steeper after shape enhancement had 
started at -12.2, -14.4 and -16.5*. The slope for 
the basal plane perimeter after the onset of shape 
enhancement at these temperatures was larger than 
that for the length along the a-axis (see Fig. 7). This 
indicates that crystal shape becomes more complex 
with growth. 

 Figure 9 shows the variation of apparent crystal 
density with the maximum dimension. The appar-
ent density is defined as the ratio of the crystal mass 
to the volume of the circumscribing hexagonal cylin-

der, as in Eq. (1) of TF. In the case of the planar 
crystal, except for the thick plate, the value was es-
timated as the ratio of the basal plane area to the 
area of the circumscribing hexagonal plate having 
an equal diameter. 

 At -14.4*, the density decreased during the ini-
tial stage of growth. After the snow crystal grew 
more than 0.9 mm, the density became constant. 
Although the data were scattered, the density at 
-5 .3* stayed constant as the crystal grew. This 
was probably because the value had already de-
creased in the initial 3 min of growth owing to the 
development of a hollow structure. At -12.2, -16.5 
and -18.2*, the densities continued to decrease 
after the crystals grew to 0.3 mm in size, because 
shape enhancement commenced. For the isomet-
ric crystal, the density decreased slightly with in-
creasing crystal size, which indicated that the hollow 
structure developed gradually.

December 1988 T. Takahashi and N. Fukuta 845

the coincidence of particles in the laser beam of 
FSSP (Baumgardner, 1983). Peak diameter 
measured by the FSSP was 25*m for a liquid 
water content of 2gm-3. There were no 
noticeable changes in the size distribution 
throughout the experiment. 

  Experiments were carried out at the Univer-
sity of Utah, Salt Lake City, whose altitude is 
about 1300m above mean sea level and pressure 
at about 860mb.

3. Results 
a. Crystal habit 

  Figure 4 shows examples of the snow crystals 
obtained in these experiments: the photographs 
shown for the same temperature are different 
crystals grown for respective periods of time. 
Habit variation with different temperatures was 
observed: columns (-4*-10*) and plates (-10 

*-20*). Shape enhancement occurred at 
around -5.5* and between -14 and -16*: 
needles grew at around -5.5*. Between -14 
and -16*, the crystal shape changed in time

Fig. 4. Snow crystals grown at different temperatures. The growth time of each snow crystal is 

  shown in each photograph.
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Figure 6. Examples of cloud particles imaged by CPI in mixed-
phase clouds (a) between 17:39:45–17:50:43 and 21:09:39–
21:11:25UTC on 16 April 2010 (SPARTICUS) at �8.0< T <

�2.4 �C and (b) between 19:59:30 and 20:00:16UTC on 4 April
2008 (ISDAC) at �2.6< T < �1.9 �C. In each panel, measured
columns (left) and other particles (right) are divided with a red line.
A 200 µm scale bar is embedded in each panel.

tion, it successfully separates thick and thin plates with bet-
ter correlation coefficients. Thick plates include solid thick
plates (C1g) and thick plates of skeleton form (C1h), whereas
thin plates are hexagonal plates (P1a) according to the iden-
tification codes of Magono and Lee (1966). Plates show an
increase in dimension as T increases for all campaigns. The
variations in L0 are much smaller compared to those in D0,
and less correlation between T and L0 is shown compared to
that between T and D0.
The dimensions (i.e., D0 and W 0) of bullets also increase

with T as shown in Fig. 8. The third and fourth rows of Fig. 8
show the relationship between temperature and the dimen-
sions of the bullet rosettes, where the dimension of a bul-
let rosette is the average of the dimensions of the branches.
The dimensions of bullet rosettes also show a dependence on
T . The bottom row of Fig. 8 shows that there is no distinct
dependence on the number of branches of the bullet rosette
with T . The mean number of branches during the three cam-
paigns was 5.5, with more branches measured during TWP-
ICE (6.3) compared to SPARTICUS (5.5) and ISDAC (5.0).

4.3 L–W relationships and aspect ratios of ice crystals

There have been few studies that investigated L–W relation-
ships or ARs of ice crystals over the wide range of temper-
atures. Therefore, the large data set created here is used to
stratify L–W relationships according to T and geophysical

location. There have been several definitions used to define
an aspect ratio (AR) of ice crystals (e.g., Korolev and Isaac,
2003). In this study, the AR of an ice crystal is defined as
the ratio between the dimension along the c axis and the di-
mension along the a axis of the crystal. The AR of a col-
umn is thus defined as D0/W 0 or L0/W 0 for HCOLs only, as
L0/D0 for plates, and as D0/W 0 for individual bullets. Thus,
columnar crystals (i.e., columns and bullets) have AR> 1.0,
whereas plates have AR< 1.0.
Figures 9–11 show L–W relationships and ARs of

columns, plates, and bullet rosettes, and corresponding best
fits to the plotted variables when more than 39 samples
were available. To determine the influence of T , measure-
ments were sorted according to five ranges: �10< T <

0 �C, �30< T < �10 �C, �40< T < �30 �C, �52< T <

�40 �C, and �85< T < �52 �C. These ranges were se-
lected to maintain similar numbers of crystals in each sam-
ple. Sensitivity studies showed derived relationships were not
sensitive to the exact selection of temperature ranges.
The top row in Fig. 9 shows the D0–W 0 relationship for

all columns. The solid colored best fit lines show larger W 0

as T increases for a given D0 regardless of campaign, except
for �10< T < 0 �C, where narrower columns and needles
were frequent, as shown in Figs. 5 and 6. This trend is also
shown in D0–W 0 relationships of OCOLs (second row) and
HCOLs (third row). The L0–W 0 relationship of HCOLs (bot-
tom row) also shows the same trend. Lamb and Hobbs (1971)
showed that the linear growth rate of the basal and prism
faces of hexagonal crystals decreased as T decreased below
T ⇠ �13 �C. Thus, the larger dimensions (i.e., W 0) of the
minor axis (i.e., a axis) for a given dimension (i.e., D0 or L0)
of the major axis (i.e., c axis) as T increased is consistent
with the previous laboratory measurements. However, Lamb
and Hobbs (1971) measured the linear growth rates only for
T > �18 �C, which was controlled by molecular events on
the surfaces of the crystal. Thus, further experiments measur-
ing crystal growth by the rate of supply of water molecules
from the vapor phase and by the rate at which latent heat of
deposition removed are required at colder temperatures.
This same dependence of the D0–L0 relationship on T is

not seen for plates in Fig. 10. Both thick and thin plates do
not show any systematic dependence on how L0 varies with
T for a given value of D0. This might occur due to the rela-
tively small number of samples compared with columns and
bullets, or due to the smaller variations in L0 of plates.
Figure 11 shows theD0–W 0 relationship of bullets and bul-

let rosettes. As for columns, there are larger W 0 for higher
temperatures for a givenD0, regardless of the campaign. Fur-
thermore, ARs of columns and bullets increase with the mi-
nor (i.e., W 0) and major (i.e., L0 or D0) axes, albeit at a re-
duced rate for larger W 0, L0, or D0. The dependence of the
D0–W 0 relationship for bullets on the number of branches is
also shown in Fig. 11, with theW 0 of bullets decreasing with
the number of branches for a given D0.

www.atmos-chem-phys.net/15/3933/2015/ Atmos. Chem. Phys., 15, 3933–3956, 2015
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Figure 6. Examples of cloud particles imaged by CPI in mixed-
phase clouds (a) between 17:39:45–17:50:43 and 21:09:39–
21:11:25UTC on 16 April 2010 (SPARTICUS) at �8.0< T <

�2.4 �C and (b) between 19:59:30 and 20:00:16UTC on 4 April
2008 (ISDAC) at �2.6< T < �1.9 �C. In each panel, measured
columns (left) and other particles (right) are divided with a red line.
A 200 µm scale bar is embedded in each panel.

tion, it successfully separates thick and thin plates with bet-
ter correlation coefficients. Thick plates include solid thick
plates (C1g) and thick plates of skeleton form (C1h), whereas
thin plates are hexagonal plates (P1a) according to the iden-
tification codes of Magono and Lee (1966). Plates show an
increase in dimension as T increases for all campaigns. The
variations in L0 are much smaller compared to those in D0,
and less correlation between T and L0 is shown compared to
that between T and D0.
The dimensions (i.e., D0 and W 0) of bullets also increase

with T as shown in Fig. 8. The third and fourth rows of Fig. 8
show the relationship between temperature and the dimen-
sions of the bullet rosettes, where the dimension of a bul-
let rosette is the average of the dimensions of the branches.
The dimensions of bullet rosettes also show a dependence on
T . The bottom row of Fig. 8 shows that there is no distinct
dependence on the number of branches of the bullet rosette
with T . The mean number of branches during the three cam-
paigns was 5.5, with more branches measured during TWP-
ICE (6.3) compared to SPARTICUS (5.5) and ISDAC (5.0).

4.3 L–W relationships and aspect ratios of ice crystals

There have been few studies that investigated L–W relation-
ships or ARs of ice crystals over the wide range of temper-
atures. Therefore, the large data set created here is used to
stratify L–W relationships according to T and geophysical

location. There have been several definitions used to define
an aspect ratio (AR) of ice crystals (e.g., Korolev and Isaac,
2003). In this study, the AR of an ice crystal is defined as
the ratio between the dimension along the c axis and the di-
mension along the a axis of the crystal. The AR of a col-
umn is thus defined as D0/W 0 or L0/W 0 for HCOLs only, as
L0/D0 for plates, and as D0/W 0 for individual bullets. Thus,
columnar crystals (i.e., columns and bullets) have AR> 1.0,
whereas plates have AR< 1.0.
Figures 9–11 show L–W relationships and ARs of

columns, plates, and bullet rosettes, and corresponding best
fits to the plotted variables when more than 39 samples
were available. To determine the influence of T , measure-
ments were sorted according to five ranges: �10< T <

0 �C, �30< T < �10 �C, �40< T < �30 �C, �52< T <

�40 �C, and �85< T < �52 �C. These ranges were se-
lected to maintain similar numbers of crystals in each sam-
ple. Sensitivity studies showed derived relationships were not
sensitive to the exact selection of temperature ranges.
The top row in Fig. 9 shows the D0–W 0 relationship for

all columns. The solid colored best fit lines show larger W 0

as T increases for a given D0 regardless of campaign, except
for �10< T < 0 �C, where narrower columns and needles
were frequent, as shown in Figs. 5 and 6. This trend is also
shown in D0–W 0 relationships of OCOLs (second row) and
HCOLs (third row). The L0–W 0 relationship of HCOLs (bot-
tom row) also shows the same trend. Lamb and Hobbs (1971)
showed that the linear growth rate of the basal and prism
faces of hexagonal crystals decreased as T decreased below
T ⇠ �13 �C. Thus, the larger dimensions (i.e., W 0) of the
minor axis (i.e., a axis) for a given dimension (i.e., D0 or L0)
of the major axis (i.e., c axis) as T increased is consistent
with the previous laboratory measurements. However, Lamb
and Hobbs (1971) measured the linear growth rates only for
T > �18 �C, which was controlled by molecular events on
the surfaces of the crystal. Thus, further experiments measur-
ing crystal growth by the rate of supply of water molecules
from the vapor phase and by the rate at which latent heat of
deposition removed are required at colder temperatures.
This same dependence of the D0–L0 relationship on T is

not seen for plates in Fig. 10. Both thick and thin plates do
not show any systematic dependence on how L0 varies with
T for a given value of D0. This might occur due to the rela-
tively small number of samples compared with columns and
bullets, or due to the smaller variations in L0 of plates.
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let rosettes. As for columns, there are larger W 0 for higher
temperatures for a givenD0, regardless of the campaign. Fur-
thermore, ARs of columns and bullets increase with the mi-
nor (i.e., W 0) and major (i.e., L0 or D0) axes, albeit at a re-
duced rate for larger W 0, L0, or D0. The dependence of the
D0–W 0 relationship for bullets on the number of branches is
also shown in Fig. 11, with theW 0 of bullets decreasing with
the number of branches for a given D0.
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crystal aggregates, dominated by sticking upon en-
counter. Further details of the sticking mechanism
(which we did not include) appear not to be impor-
tant for the cluster geometry, and the excellent scal-
ing superposition of the experimental cluster size
distributions suggests sticking efficiency does not
favour aggregation at particular sizes. The sim-
plest interpretation of these observations is that al-
though the sticking probability might be low for a
single microscopic event, many such contacts will
be attempted during a cluster-cluster encounter so
that eventual escape is unlikely. The actual sticking
mechanism between ice crystals remains an intrigu-
ing open question, particularly for the low temper-
atures of figure 1.

The fact that the same evolution is seen for differ-
ing initial monomer populations (rods and rosettes)
suggests that a single set of geometric relationships
for ice aggregates can successfully be applied in a
wide range of cloud conditions. This would lead
to greater accuracy in retrieving cloud properties
such as precipitation rate and predicting the radia-
tive affect of ice crystal aggregates upon the climate
system.

Figure 1: (a) Ice crystal aggregates images ob-
tained from an aircraft flight through cirrus cloud,
at temperatures from −44◦C to −47◦C (∼9 km al-
titude), using a cloud particle imager (CPI, SPEC
Inc., USA). The pictures shown are aggregates of
rosette ice crystal types. (b) Aggregates as simu-
lated by our computer model which assumed rigid
joining when clusters collide under differential sed-
imentation.
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Images from: Um et al 2015 doi:10.5194/acp-15-3933-2015
Takahashi et al 1988, 1991 10.2151/jmsj1965.66.6_841 and 10.2151/jmsj1965.69.1_15
(and my back garden)



What do I mean by fractal?
• Power law scaling of two point density correlation function 𝐶(𝑟) on 

length scales 𝑟 which lie between: 
• size of monomer (say 0.5mm, which is < λ)
• size of overall aggregate 𝐿 (which may be < λ	or > λ)

• 𝐶(𝑟) is the probability that if I put a point on the snowflake, and put 
another point at random some distance 𝑟 away, then that point is also 
part of the snowflake
• 𝐶 𝑟 ∝ 𝑟DEFG for a fractal in 3D, where 𝑑I < 3
• Almost impossible to directly verify experimentally
• Also implies that the overall mass 𝑚 ∝ 𝐿DE

• This property is of practical importance because in-situ aircraft measurements 
(which are used to parameterise numerical models and remote-sensing 
retrieval algorithms) can only measure the distribution of 𝐿 in a cloud, not of 𝑚

• We therefore need to know how 𝐿 is related to 𝑚	to calculate ice water 
content, precipitation rate etc

• Can be measured by capturing ice particles falling at the ground and 
melting them to estimate their mass – but very laborious –realistically 
can only sample small numbers of particles this way



Scattering methods + input geometry
• No exact solution for complex geometries like the ones I have shown you. 

• Common approach therefore is to turn approximate these complex particles as spheres (or 
spheroids) 
• can solve that problem very accurately using easily available Mie or T-matrix codes
• but lots of studies have shown that this is a pretty poor approximation to scattering from a complex 

particle

• Next level of sophistication: RGA, the Rayleigh-Gans approximation (aka Born approximation)
• Split up particle with arbitrary geometry into small volume elements (polarisable dipoles)
• Illuminate dipoles with incident plane wave
• Calculate net scattered field from adding up all the contributions from all the dipoles, accounting for phase 

differences
• Pros: very cheap, completely flexible for geometry; Cons: ignores interactions between dipoles

• DDA – the discrete dipole approximation
• Like RGA except now we allow each dipole to see incident wave + scattered field from all other dipoles
• Coupled system of equations to solve numerically --- much more expensive (CPU and memory)

• For complex geometries / short wavelengths, often a supercomputer job

• Number of researchers producing results with this method for various ice particle shapes has exploded in 
past 5 years – numerous data bases of numerical results available on web

• Some people generating highly simplified particles; others devising idealised aggregation algorithms which 
produce fractal clusters. Which model should I choose??!!



• Spheres and spheroids of air/ice mixture

A	selection	of	contemporary	scattering	models	for	
snowflakes	[geometry	+	numerical	scattering	method]

• Westbrook et al (2006, 2008, QJRMS) aggregates
ensemble scattering behaviour of 1000s of synthetic (fractal) aggregates generated by a 
physical model of the aggregation process; scattering using RGA

• Petty and Huang (2010, JAS) aggregates
four idealised aggregate geometries with scattering calculated using DDA
large particles are just scaled up copies of small ones (so not fractal)

•The “Finnish” aggregates (Leinonen)
Ensemble of fractal aggregates (similar to Westbrook model); scattering calculations =
DDA

• Nowell et al (2013, JGR) aggregates
aggregates of bullet rosettes produced by random attachment on lattice
scattering by DDA

• Ori et al (2013, JGR) aggregates
heuristic particle-cluster aggregation algorithm, aggregates of hexagonal columns. 
calculations performed using DDA

b

aa/b=0.6used in many many studies
use “effective permittivity” for air/ice mixture

…many more variations on the theme in the literature…



Scattering regimes
Simplest case – Rayleigh scattering 𝐿 ≪ 𝜆
• Scale of snowflake L much smaller than wavelength
• All parts of flake scatter coherently (in phase) – E fields just add 

up, so total field proportional to mass of ice, and hence
𝜎 ∝ 𝑚L

Ø note therefore large particles strongly influence radar reflectivity!
Non-Rayleigh scattering 𝐿~𝜆 or 𝐿 > 𝜆
• Now scattered waves from different parts of the snowflake 

have different phases as they arrive at the antenna
• Need to add some kind of factor 𝑓(𝐿 𝜆⁄ ) to account for this, ie

we now have  𝜎 ∝ 𝑚L×𝑓(𝑥)
• When 𝑥 = 𝐿 𝜆⁄ is small 𝑓 ≈ 1 − 𝑎𝑥L (Guinier regime) *
• When 𝑥 is large enough 𝑓 ∝ 𝑥FDE as a result of the form of 𝐶(𝑟) *
• Well-known results in small-angle scattering world for colloids/aerosols

* Implicit assumption in these arguments is that all parts of snowflake see an electric field which is 
similar to the incident plane wave --- ie RGA



Measuring f(x) – or something like it
• From radar we can measure 𝑍 ∝ ∑𝜎��
• In the Rayleigh regime we have 𝑍T = ∑𝑚L�

�
• Outside the Rayleigh regime we have 𝑍 = ∑𝑚L𝑓(𝐿/𝜆�

� )
• If we know something about the likely shape of the particle 

size distribution then can write this as 𝑍T/𝑍 = 𝑔 𝐿 𝜆⁄
• As the average particle size 𝐿 goes up, so does 𝑍T/𝑍, in a 

manner that depends on the particle geometry (scattering)
• So if we measure radar reflectivity at a few different 

wavelengths, ideally one of which is in the Rayleigh limit, we 
can constrain what 𝑔(𝑥′) is and hence what 𝑓(𝑥) is
• Experiment: wavelengths of 10cm (Rayleigh limit for all 

particles), 9mm, 3mm 
• Calculate “dual wavelength ratios” for 10cm-9mm and 

9mm-3mm measurement pairs



• Black dots and grey shading 
indicate where radar data lie
1. Spheres and spheroids (orange) 
do not fit the observations!
2. Some of the more ‘realistic’-
looking (complex) models (blue 
and green) do not match either
3. The models that do fit well (red 
and purple) are those that have a 
fractal geometry, with dimension 
close to 2Z	(9mm)	/	Z	(3mm)	in	dB

Z	
(1
0c
m
)	/
	Z
	(9

m
m
)	i
n	
dB



Estimating the fractal dimension of the snowflakes

implies	fractal	dimension	
very	close	to	2

• The ratio Z (9mm) / Z (3mm) approaches a constant value of about 8.5 dB as 
the particles get big. Why?

• When particles get really big, 𝐿 > 𝜆 at both 3mm and 9mm wavelengths
• That means that we are in the regime where 𝑓(𝑥) ∝ 𝑥FDE

• So then we approach a value of 𝑑I×10 log\] (𝜆\ 𝜆L)⁄

• Means we can measure the fractal dimension of 
the snowflakes --- close to 2 in this case

• Offers support for idealised aggregation 
models which also predict 𝑑I close to 2

• Also an important practical conclusion which 
is that for very large snowflakes Z (9mm) / Z 
(3mm) contains no useful information on 𝐿
(because both reflectivities have same 
weighting on particles of a given size)



Limitations of RGA for ice
• These results support a fractal geometry for snow aggregates, allow us 

to estimate their fractal dimension and give us some other useful 
information
• But we have made a significant approximation in our analysis, which is 

that there is minimal “interaction” between the different parts of the 
aggregate – ie scattered waves from one monomer do not contribute 
to the E field incident on the others
• This is the Rayleigh Gans Approximation and the implication is that 𝜖 is 

close to 1 
• In practice, this is not fulfilled for ice, where 𝜖 = 3.15
• Justification in past has been that aggregates are fluffy and have a net 

density ≪ solid ice, therefore the ‘effective permittivity’ of the mixture 
is close to 1
• But of course the fact that these particles are fractal tells you that ice is 

not uniformly diluted by air throughout the aggregate, but clustered, 
and hence we should expect somewhat stronger interactions between 
various bits of ice
• Increasing evidence from numerical DDA ↔ RGA comparisons that 

RGA systematically underestimates 𝜎 by about 1/3



Understanding the missing physics in RGA

x #10-3
-1 -0.5 0 0.5 1 1.5 2 2.5

y

#10-3
-1

-0.5

0

0.5

1

1.5

2

2.5

M
ag

ni
tu

de
 o

f E
le

ct
ric

 fi
el

d

0

0.5

1

1.5

2

2.5

3

3.5

4

• To dig deeper into the physics of the scattering process, Karina Mccusker has started doing 
DDA (and BEM++) calculations of the internal electric fields of various idealised ice particles

• If RGA was true, then this field is just the incident plane wave, in this case with unit amplitude
• Can see here that the magnitude of the field is generally higher (leading to more far field 

scattering) and has a rich structure in space, with energy focussed into specific regions

	 7	

In order to obtain a better understanding of the internal fields, I plotted the field of a slice through the centre 
of a thin hexagonal plate geometry. Looking at a thin plate rather than a prism enabled a greater number of 
dipoles per wavelength to be used. A coarser resolution would be required to do the same calculations with 
a taller prism. Here I have used a plate of aspect ratio 0.05. 
 
Fig. 6 shows the magnitude of the electric field through ` = 0 for particles of 3 different size parameters. In 
the top row the incident wave reaches the particle at a pointy edge first, and in the bottom row the wave hits 
a flat side first.  
 
For smaller size parameters (% = 3.1), the magnitude of the internal field increases towards the centre of 
the particle, and is slightly lower close to the boundaries. The greatest field is seen at the opposite side from 
where the incident wave reaches the particle. Overall, the field variability is quite low with values ranging 
from approximately 1 to 2.5. As the size parameter increases, either due to a decrease in wavelength or 
increase in particle size, a very complex internal structure develops as a result of interference of the 
scattered waves from each of the dipoles. The focusing of the field towards the back of the particle remains 
apparent. For % = 12.6	the field values range from approximately 1 to 5.5. Rotating the particle so that the 
wave hits a flat side first results in similar patterns, as seen in the second row of Fig. 6. It is important to 
note that none of this structure is captured in RGA which assumes that the magnitude of the electric field is 
1 everywhere. 
 
 
 
 

Figure j: Magnitude of the electric field through the middle layer of a hexagonal plate (` = 0) for 3 different size 
parameters. Incident wave is O-polarized and travelling in the ] direction (from top of page to bottom of page). Top 
row: incident wave hitting pointy edge first; bottom row: incident wave hitting flat side first. 
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X = 12.6
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Hexagonal	plate,	𝐿 𝜆 = 4⁄ Simple	aggregate,	𝐿 𝜆 = 7⁄



Conclusions & Future work
• Measurements --- have a field campaign this winter to make 

many more of these measurements, in conjunction with 
instrumented aircraft
• Theory --- we want to understand the limitations of RGA and 

find a way to move beyond it without
• The computational cost of DDA
• The loss of simple physical intuition and scaling arguments that RGA 

makes possible
• Do scaling arguments like 𝑓 ∝ 𝑥FDE hold up when we move 

beyond RGA? 
• What is the simplest approximation we can make to capture 

the far-field scattering from complex ice particles?
• Mean field ”intra-aggregate multiple scattering” (Berry & Percival)
• “Second order RGA” – very simple iterative calculation
• Localisation of interactions between dipoles? 

• Focus of Karina McCusker’s PhD


