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Last year's annual dinner of the De Morgan Last year's annual dinner of the De Morgan 

at Senate House, University of London.at Senate House, University of London.

unfortunately once again lost an excellent unfortunately once again lost an excellent 

even though they had access to their notes, 

LETTERS FROM THE EDITOR AND THE HEAD OF DEPARTMENT



4
We had a good year for research 

LETTER FROM THE HEAD OF DEPARTMENT
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of a UK researcher to rheology, either 
directly through their research or through 

Gillissen and Wilson have developed a scaling 

The award was presented at the BSR Midwinter 

BRITISH SOCIETY OF RHEOLOGY ANNUAL AWARD 2019
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adults, teenagers and children that range 

lectures in front of several hundred people.  

        

DE MORGAN ASSOCIATION DINNER
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WHAT BIOLOGY CAN DO FOR MATHS

∂t
2u=

c2∂x
2u

u(x, t) = f(x− ct)

u(x, t) = f(x− ct) + f(x+ ct).

u(x, t) =A(x− ct)B(x+ ct).
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DR ANGELIKA MANHART
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WHAT BIOLOGY CAN DO FOR MATHS

u0 + u1 + v0 +
v1

u0(x, t) u1(x, t)
v0(x, t) v1(x, t) 0 1

1 0
1/γ

ρ �→
λ(ρ)

c

∂tu0 + c ∂xu0 = −γu0 + λ(u0 + u1)v1,

∂tu1 + c ∂xu1 = γu0 − λ(v0 + v1)u1,

∂tv0 − c ∂xv0 = −γv0 + λ(v0 + v1)u1,

∂tv1 − c ∂xv1 = γv0 − λ(u0 + u1)v1.

u0→
u1→ v0→ v1→ u0 u0
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u0→ u1

u1→ v0 v0→
v1 v1→ u0

λ(ρ)

f(x− vt)
ξ= x− vt

f(ξ)

v0 v1

u0(x, t) = P (x− ct)[1−A(x+ ct)], u1(x, t) = P (x− ct)A(x+ ct)

v0(x, t) = M(x− ct)[1−B(x+ ct)], v1(x, t) = M(x− ct)B(x+ ct).

u0(x, t) + u1(x, t) = P (x− ct), v0(x, t) + v1(x, t) =M(x+ ct),

ξ = x− ct η = x+ ct

−2cP (ξ)A′(η) = −γP (ξ)[1−A(η)] + λ(P (ξ))M(η)B(ξ),

2cP (ξ)A′(η) = γP (ξ)[1−A(η)]− λ(M(η))P (ξ)A(η),
2cM(η)B′(ξ) = −γM(η)[1−B(ξ)] + λ(M(η))P (ξ)A(η),

−2cM(η)B′(ξ) = γM(η)[1−B(ξ)]− λ(P (ξ))M(η)B(ξ).

DR ANGELIKA MANHART
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u0 u1 v0 v1

u = u0+u1 v = v0+v1 u1/(u0+u1) v1/(u0+u1)

P (ξ) M(η)

2cA′(η) = γ[1−A(η)]− λ(M(η))A(η),

−2cB′(ξ) = γ[1−B(ξ)]− λ(P (ξ))B(ξ),

0 = λ(P (ξ))M(η)B(ξ)− λ(M(η))P (ξ)A(η)

⇐⇒ P (ξ)

λ(P (ξ))B(ξ)
=

M(η)

λ(M(η))A(η)
≡ k,

ξ η
ξ η

k

M(η)
A(η)

WHAT BIOLOGY CAN DO FOR MATHS
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4th FLOOR OPENING 
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ICDEA 2019

25th International Conference for  
Difference Equations and Applications  
 
UCL, June 24 – 28, 2019. 
 
Over 120 researchers from over 35 countries participated in the 2019 International 
Conference for Difference Equations and Applications, hosted by the UCL Mathematics 
Department. 

 

This was the 25th anniversary of the meeting of the International Society of Difference 
Equations (ISDE). Since its conception at Trinity University in Texas in 1994, the annual 
event has been hosted worldwide, including in Germany, Romania, Japan, Poland, China, 
Oman, Spain, Latvia, Canada, Chile, and many other countries. 
 
There was a very busy program with 8 plenary talks and over 90 contributed talks spread 
over 4½ days. The plenary speakers were Paul Glendinning (UK), Horst Thieme (USA), Adina 
Lumini a Sasu (Romania), Andrey Shilnikov (USA), Ewa Schmeidel (Poland), Patricia Wong 
(Singapore), Mats Gyllenberg (Finland) and Mihály Pituk (Hungary). 
 
In addition to the plenary and contributed talks, for the first time in the history of the 

conference we ran a series of tutorial style lectures, including 
from our own Prof Rod Halburd who spoke on Discrete 
Integrable Systems, and Prof Steven Bishop who spoke on 
Agent-based Modelling. 
 
There was a huge variety of topics covered at the conference. 
Difference equations pervade Mathematics and we covered 
chaos, bifurcation theory, renormalization theory, exponential 
dichotomies, dynamical systems on timescales, monotone 
systems theory, and many other areas.  

Applications ranged from ecology, neuroscience and epidemiology to economics and 
control theory. Thanks to Rod there were also special sessions of more of a pure flavour 

Mihály Pituk presenting his plenary 
lecture Asymptotic Behavior of the 
Solutions of Linear Difference 
Equations. 
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organized for Nevanlinna Theory and Discrete Integrable Dynamics. 

Several prizes were awarded at the conference. The best student presentation was 
awarded to Tim Russell (Royal Holloway, UK) for his talk `Difference equations in population 
genetics’, and best student poster was awarded to Mauricio Diaz (Bio-Bio, Chile) for his 
`Relation between Sensitive systems and MDS using Furstenberg family’. The 2018 prize for 
the best paper in Journal of Difference Equations and Applications was awarded to R. 
Bouyekhf & L. T. Gruyitch for their paper `An alternative approach for stability analysis of 
discrete time nonlinear dynamical systems’, JDEA Vol 24(1) (2018). 
 
The society’s prestigious prize, the Bernd Aulbach Prize, 
which is bestowed biennially by the ISDE for significant 
contributions to the areas of difference equations and/or 
discrete dynamical systems, was presented to Professor 
Allan Peterson from Nebraska University. 
 
As is traditional for the ICDEA, there was a conference 
excursion. Delegates took a Thames Clipper trip to 
Greenwich, where through a guided tour they visited well-
known attractions such as the National Maritime Museum, the Royal Observatory, and the 
Cutty Sark.  

 
The weather was kind to us, and we finished the day with a 
trip across the Thames on the Emirates Air Line and 
enjoyed dinner of stone-baked pizzas in a converted 
Double Decker bus in Docklands, before taking the River 
Cruiser back to the Embankment.  
 

On the penultimate night, the conference dinner was held 
at the Imperial Hotel in Russell Square. Professor Saber 
Elaydi, who organised the first ICDEA meeting in Trinity 
University, and who is now President of ISDE, treated 
diners to a special powerpoint presentation to celebrate 
25 years of the conference.  

Any international conference of this size takes a fair amount of organization. So, it is 
entirely appropriate to wrap up with thanks to all those that contributed to the success of 

Jason Vittis and Jordan Hofmann who helped with the day-to-day running of the 
conference, and finally Soheni Francis who patiently watched over the whole event, booked 
and orchestrated all the refreshments, and much more, and prompted or rescued us where 
necessary. 

Finally, we would like to acknowledge the generous support of our sponsors, the UCL 
Mathematics Department and the Taylor & Francis group.  

Steve Baigent, Chair of Organising Committee 

Professor Allan Peterson (Nebraska) 
receiving the Bernd Aulbach Prize from 
Professors Elaydi and Bohner. 

The ICDEA2019 Dinner at the Imperial Hotel 

ICDEA 2019
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INAUGURAL LECTURE - PROFESSOR YIANNIS PETRIDIS 

d ∈ {1, . . . , 9}
P (d) = 10(d+ 1)− 10(d)

A,B A−1, B−1

g = A−1BA2B2A3 (g)
(g) =

1 + 1 + 2 + 2 + 3 = 9 A(g)
A A A(g) =

−1+2+3 = 4

x→∞

{
g : (g) ≤ x, 1√

(g)
A(g) ∈ [a, b]

}

{g : (g) ≤ x} =
1√
2π

∫ b

a

e−
u2

2 du.
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INAUGURAL LECTURE - PROFESSOR YIANNIS PETRIDIS 

a/c

c
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astonishing role that Mary played in the 

SUSAN BROWN DAY - INTERNATIONAL WOMEN'S DAY
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into her centennial years. 

Sheard

SUSAN BROWN DAY – INTERNATIONAL WOMEN'S DAY
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researchers. 

STEM for BRITAIN
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as those talented researchers progress in 

DR RYAN PALMER
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COLLOQUIUM
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represented groups. Also, as Ada Lovelace 

WIKITHON
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THOMAS HARRIOT - ENGLAND'S LEADING MATHEMATICIAN 
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                                 DR JON V. PEPPER 
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THOMAS HARRIOT - ENGLAND'S LEADING MATHEMATICIAN 
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a great opportunity so early on, and it really 

CHALKDUST
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friends.

all the issues. 

CHALKDUST 
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Scaling, PDEs and Iceberg Melting

1 Stefan problem

Stefan problem i s one of the best known f ree boundary problems. I t was i ntroduced by the
Slovenian physicist Jožef Stefan at the end of the 19th century with the aim of describing i ce
melting/freezing. I t i s one of the best-known phase t ransitionmodels, where the two phases, e.g.
water and i ce are separated by an i nterface which i s allowed to move. I t i s also one of the early
examples of a f ree boundary problem i n the world of partial differential equations.

Figure 1: Jožef Stefan, 1835-1893
(photo from Wikipedia)

The goal of this article is to give an informal statement of one of the results from [1] about the
rate of melting of perfectly round ice blocks and explain its significance. Assume that a round
disk of ice of radius λ(t) > 0 is kept at a constant temperature 0. It is surrounded by an infinite
body of water at a warmer temperature, which starts to melt it and consequently the radius
λ(t) starts to shrink. If we denote the temperature of the water at time t and radial distance
r > 0 from the origin by v(t, r), the Stefan problem takes the form

SCALING, PDEs AND ICEBERG MELTING
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∂tv(t, r)− (∂rr +
1

r
∂r)v(t, r) = 0, r > λ(t) (1.1)

v(t, r) = 0, r = λ(t) (1.2)

−∂rv(t, x) = λ̇(t), r = λ(t). (1.3)

Equation (1.1) is natural and tells us that the temperature of the water evolves by the well-
known heat equation, which we are likely to have encountered in a course on basic PDEs. The
boundary condition (1.2) simply states that at the interface between the water and ice the tem-
perature has to be exactly 0. Finally, the second boundary condition (1.3) is crucial - it states
that the heat flux through the boundary determines the speed of the moving interface!

v ≡ 0

Ice

λ(t)
Water

v > 0

Water

v > 0

Assume that initially the water temperature v0(r) is strictly positive, i.e.

v0(r) > 0 for all r > λ(0). (1.4)

A standard maximum principle argument shows that v(t, r) remains strictly positive for all
r > λ(t) for as long as the solution to (1.1)–(1.3) exists. This has a simple consequence: since
v(t, λ(t)) = 0, we must have −∂rv(t, λ(t)) ≤ 0 and consequently λ̇(t) ≤ 0. The ice has started to
melt! In fact it will melt after some finite amount of time T and the question we are interested
in is the following:

Question 1.1. What is the generic rate of melting, i.e. can we express λ(t) as a function of
T − t at the leading order, as t approaches the melting time T? If so, is such a behaviour stable
in some precise sense?

The above question is really about relating the spatial scale determined by the radius λ(t) of
the melting block of ice to the time scale in the problem. The hope is that on approach to the
“singular” time T , there would be some universal law dictating to the leading order a functional
relationship

λ(t) = f(T − t) + lower order corrections. (1.5)

Such universal laws are usually encoded in the symmetries or invariances of a problem at hand.
In that regard, self-similarity is one of the most striking features of many problems one encoun-
ters in mathematics and nature alike. It roughly corresponds to the ability of a given system to
replicate the same behaviour on “ever smaller scales”, where the correct notion of scale can be
deduced by studying the scaling invariances of the equation. In the physics literature this corre-
sponds to the so-called dimensional analysis.
To make some educated guesses, let us turn to the heat equation for a moment.

DR MAHIR HADZIC
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and we conclude that α = −d is the unique choice that allows the scaling invariance to be com-
patible with “mass”-conservation. The scaling transformation

uλ(t, x) := λ−du

(
t

λ2
,
x

λ

)
(1.11)

is therefore aptly termed to be mass-critical.
What does all of this have to do with the heat kernel introduced in (1.8)? Let us provide a
“complicated” derivation of G, one which is typically not found in most textbooks on partial
differential equations. Let t �→ λ(t) be a time-dependent and for the moment unknown function.
Motivated by (1.9) let us introduce new variables

u(t, x) = λ(t)−dv(s, y),
ds

dt
= λ(t)−2, y = xλ(t)−1. (1.12)

We have thereby introduced the self-similar time variable s. As a result, a simple change of vari-
ables turns (1.6) into

∂sv − ∂sλ

λ
(dv + y · ∇v)−Δv = 0. (1.13)

Exact self-similar solutions correspond to special solutions of the form

v(s, y) = φ(y) and − ∂sλ

λ
= b = const.

Plugging it back into (1.13) we obtain the stationary problem

Δφ+ b (dφ+ y · ∇φ) = 0, (1.14)

which can be equivalently written in the form

div

(
e−

b|y|2
2 ∇φ

)
+ bde−

b|y|2
2 φ = 0. (1.15)

It is now easy to check that a particularly easy solution of (1.15) is given by

φb(y) = e
b|y|2

2 . (1.16)

Normalising
∫
Rd φb(y) = 1, gives b = −2π and from −∂sλ

λ = b and ds
dt = λ(t)−2, we easily

conclude

λ(t) = (4πt)
1
2 . (1.17)

Combining (1.16)–(1.17) and going back to (t, x) coordinates using (1.9) and (1.12) we finally
obtain a mass-critical self-similar solution to the heat equation

G(t, x) =
1

(4πt)
d
2

e−
|x|2
4t , (1.18)

which of course is the heat kernel from (1.8). Remark√ ably G(t, x) is manifestly not smooth at
t = 0 and along any parabola of the form x(t) = c t, we have limt→0+G(t, x(t)) = ∞. This is
therefore also a prime example of a self-similar singular solution to an evolutionary PDE! What
we have learned is that

DR MAHIR HADZIC
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• The heat kernel corresponds to a steady state of a suitably rescaled version of the heat
equation.

• Dependence on the self-similar variable y translates into a functional dependence on x√
t
.

This in turn reflects the scaling invariance of the problem.

• Nature likes to honour the invariances.

1.2 Stefan problem and scaling

Motivated by the above analysis we may study the scaling invariances of the Stefan problem.
After a little bit of algebra, we conclude that there is a unique scaling invariant transformation
for the Stefan problem. For any μ > 0 the pair (vμ, λμ) defined by

vμ(t, r) = v

(
t

μ2
,
r

μ

)
, λμ(t) = μλ(t) (1.19)

also solves the Stefan problem. The heat-like scaling (1.19) suggests that a reasonable guess for
the functional relation (1.5), if it is to be consistent with self-similarity, should be

λ(t) ∼t→T

√
T − t. (1.20)

The central result of [1] is that the prediction (1.20) is wrong!

Theorem 1.2 ([1]). There exists an open set of initial data (v0, λ0) in a suitable topology such
that λ(t) vanishes at a finite time T > 0 and moreover

λ(t) =
√
T − te−

√
2

2

√
log |T−t| + ot→T (1). (1.21)

In addition, this behaviour is stable with respect to small perturbations.

The existence of initial data that lead to the asymptotic behaviour (1.21) was first predicted in
a beautiful work of Herrero and Velazquez [2]. The proof of both the existence and stability is
contained in [1].
From (1.21) we see that on approach to singularity (λ(t) → 0) we have

λ(t) � √
T − t as t → T . (1.22)

This remarkable departure from self-similarity can, in a nutshell, be attributed to the nonlinear
character of the Stefan problem (1.1)–(1.3). This explanation is vague, but suggestive as related
phenomena are encountered in a number of different nonlinear problems coming from maths,
physics, even biology [3, 4, 5]. The proof of Theorem 1.2 is intricate as it combines ideas from
spectral theory and nonlinear energy methods. We will not attempt to swamp the reader with
technical details, but instead give a one paragraph overview of the main idea. After a rescaling
analogous to (1.12), if we set b = −∂sλ

λ the dynamics in the rescaled coordinates splits into two
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“orthogonal” components. One of them is a finite-dimensional dynamical system, which at the
leading order is given by

∂sb+
2b2

| log b| = 0, b+
∂sλ

λ
= 0,

ds

dt
=

1

λ2
.

The solution of this system of ODEs leads precisely to the rate (1.21)! The remainder of the
dynamics is infinite-dimensional, but considerably less scary since that part is dynamically dissi-
pated away, much like one would expect from a heat-like equation. For all the details see [1].
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