
SU(2)2× U(1)-invariant G2-instantons
Matt Turner
University of Bath

Background
G2-instantons
Let (M,ϕ) be a G2-manifold, and let P → M
be a principal G-bundle, where G is assumed to
a be a compact and semisimple Lie group. A
connection A on P is a G2-instanton if

FA ∧ ∗ϕ = 0
or equivalently, if

FA ∧ ϕ = − ∗ FA.
This second equation is analogous to the notion
of an anti-self-dual (ASD) connection A on a
4-manifold, defined as satisfying FA = − ∗ FA.

Cohomogeneity One Manifolds
Let M be any Riemannian manifold and G be a
Lie group. M is a cohomogeneity one manifold
if G acts isometrically on M where the generic
orbits have codimension one.
We consider such manifolds M which are com-
plete noncompact irreducible and Ricci flat; then
M has one end and soM/G is a half line [0,∞).
We say that the orbits over points in (0,∞) are
principal orbits, while the orbit corresponding to
0 is called the singular orbit.
We can encode the cohomogeneity one structure
of M in its group diagram K0 ⊂ K ⊂ G, where
the principal orbits are hypersurfaces diffeo-
morphic to G/K0, and the lower-dimensional
singular orbit is diffeomorphic to G/K.

AC G2-Manifolds
A G2-manifold (M,ϕ) is asymptotically conical
(AC) ifM is complete with one non-compact end
where the G2-structure ϕ is asymptotic to a coni-
cal G2-structure ϕC on R+

t ×N 6, for some nearly
Kähler manifold (N,ω,Ω). More precisely, there
is a compact subset Y ⊂ M , an R > 1 and a
diffeomorphism f : (R,∞) × N → M\Y such
that f ∗(ϕ) approaches ϕC with rate ν < 0:
|∇j(f ∗(ϕ)− ϕC)| = O(tν−j), ∀ j ≥ 0

on (R,∞)×N .

–

Infinite Family of AC
G2-manifolds

We consider the existence of invariant G2-instantons
on the manifolds Mm,n of [1]. These manifolds can
be viewed in two ways, namely
• as the total space of a circle bundle on KCP1×CP1

with
c1(Mm,n|CP1×CP1) = m[ω1] + n[ω2],

where ω1, ω2 are the Kähler forms of the standard
Kähler-Einstein metrics on the two CP1 factors
and m,n are coprime positive integers;
• as a cohomogeneity one manifold with group
diagram

K0 ⊂ Km,n ⊂ SU(2)× SU(2).
Here, Km,n := {(eiθ1, eiθ2) ∈ T 2 : ei(mθ1+nθ2) = 1}
and K0 := Km,n ∩K2,−2 is isomorphic to Z2(m+n).
This cyclic group is embedded in the maximal
torus T 2 ⊂ SU(2)× SU(2) via ζ 7→ (ζn, ζ−m), for
a primitive 2(m + n)th root ζ . The principal
orbits are S3 × S3/K0 while the singular orbit is
S3 × S3/Km,n

∼= S2 × S3.

K1,3 ∩K2,−2 embedded in T 2

For specific initial conditions described in [1], there
exists a complete SU(2)2 × U(1)-invariant torsion-
free AC G2-structure onMm,n. This G2-structure is
asymptotic to the cone over the Z2(m+n)-quotient of
the homogeneous nearly Kähler structure on S3×S3

with rate −3.

Invariant Instantons
Lotay and Oliveira set up a framework in [2] for
studying invariant instantons on cohomogeneity one
G2-manifolds. They exploit the orbit structure by
writing a generic connection form as a 1-parameter
family of connections on the principal orbits.
This transforms the G2-instanton equations into
evolution equations for functions on the orbit space.
The one caveat is the behaviour of these functions
in a neighbourhood of the singular orbit; indeed,
there are conditions for a connection form to extend
smoothly over this orbit.

Applying this framework, we search for solutions to
the evolution equations. We start with the more
trivial solutions, namely those which are flat and
those which are abelian. The former are simple to
find, since the curvature of the connection can be
written in terms of the curvature of the 1-parameter
family A(t) of connections on the principal orbits:

F = dt ∧ ∂tA + FA(t).
The latter can be more complicated: while choosing
the principal bundle to be a circle bundle forces the
evolution equations to be linear, the coupled nature
of the equations complicates the situation.

Lotay and Oliveira implement the above to the case
of the Bryant Salamon AC metric on S3×R4. They
make significant progress in finding all invariant in-
stantons on SU(2)-bundles. On the other hand,
there is a classification in [1] of simply connected
SU(2)2 × U(1)-invariant AC G2-metrics; the only
such metrics are the Bryant Salamon metric and the
infinite family described above. Thus, it is a natural
question to ask what invariant instantons exist on
SU(2)-bundles over Mm,n.

Invariant G2-instantons
on Mm,n

Firstly, there are flat G2-instantons on Mm,n,
with gauge group SU(2), given by taking the
defining functions of the connection form to be
constant on the orbit space.

In the abelian case, there is a 1-parameter family
of solutions on M1,1, while on Mm,n, there is a
1-parameter family of local solutions local to the
singular orbit. It remains to show whether these
local solutions extend globally. Such solutions,
together with the flat instantons described above,
are the only possible instantons on Mm,n with m
and n distinct.

The main opportunity for solutions is on the
manifold M1,1. Here, there is a 2-parameter
family of solutions local to the singular orbit,
while there is also at least a 2-parameter family
of solutions asymptotic to the G2-cone to which
M1,1 is itself asymptotic. It remains to show
which of these local solutions smoothly extend
and join together.

Further questions concern the topology of the
moduli space of such instantons and their lim-
iting behaviour.
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