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HERMITIAN YANG-MILLS EQUATIONS

Let (M, g,Ω, ω) be a Calabi-Yau 3-fold (CY3) with com-
patible metric g, Kähler form ω, and holomorphic vol-
ume form Ω. These manifolds are an important part
of the programme initiated by Donaldson and others
(see [DT98], [DS11]), to find invariants by investigat-
ing the moduli space of solutions to certain gauge-
theoretic equations. One such equation is the Hermi-

tian Yang-Mills Equation (HYM) on a Calabi-Yau 3-fold
(M, g,Ω, ω):

FA ∧ ω2 = 0 FA ∧ Ω = 0 (1)

Here, A is a connection on some fixed principal bundle
P →M , and FA is the curvature of this connection.

AC GEOMETRY
In general, (irreducible) Calabi-Yau manifolds with a co-
dimension one symmetry will be non-compact. Thus, it
is natural to talk of fixing the geometry at infinity for
these manifolds. Of particular importance is asymptot-
ically conical (AC) geometry, i.e. writing the metric g
onM in terms of t, where t denotes the direction orthog-
onal to the action of the symmetry group g = dt2 + gt,
and we have as t→∞:

gt → t2gN

where gN is some fixed metric over a 5-dimensional
hyper-surface N ⊂M .

SYMMETRIES

Eq. (1) is a non-linear PDE in A, and the moduli space
can have complicated global behaviour (e.g. singular-
ities, non-compactness). To simplify things, one could
look at cases with lots of symmetry.
One of the simplest non-trivial cases of symmetry of CY3
(M, g,Ω, ω) is that we have an isometric group action
with generic orbit co-dimension one. We refer to this
situation as co-homogeneity one. We also impose the
same symmetry on A (i.e. that A is invariant under this
isometric action), which will limit the choice of connec-
tions, and bundles P → M . In this invariant setting, eq.

(1) becomes an ODE.
The current work of the author has produced a fairly ex-
tensive description of the structure of the space of solu-
tions to (1) in the invariant setting for the three known
AC cohomegienety-one Calabi-Yau 3-folds: the Stenzel
metric, Candelas/De La Ossa metric, and the Pando-
Zayas/Tseytlin metric, all of which have an SU(2)2 sym-
metry. The choice of structure group for the bundle is
SU(2), and below we will describe the irreducible (non-
abelian) solutions to (1).

STENZEL

The Stenzel metric ([CdlO90],[Ste93]) is defined over
the manifold T ∗S3, the (trivial) cotangent bundle of the
three-sphere. In form that makes the SU(2)2-action ex-
plicit, this is the vector bundle SU(2)2 ×4SU(2) su(2), i.e.
the quotient of SU(2)2 × su(2) by SU(2), acting as the
diagonal on SU(2)2, and as SU(2) on its lie algebra on
su(2).
Let v± be the 1-form dual to v± = v1 ± v2, respectively
w±, u±, then away from the zero-section S3, we can
write the metric in the form:

g = dt2 + (
4

3
)2λ2(u−)2 +

4

3
(f3 − f0)

(
(v−)2 + (w−)2

)
+

4

3
(f3 + f0)

(
(v+)2 + (w+)2

)

Here f0, f3, λ are functions of geodesic parameter t. We
find invariant HYM connections A on T ∗S3 are, up to
invariant gauge symmetry, in a one parameter family
Aξ(t) = (a0, a+, a−) (t) satisfying an ODE of the form:

ȧ0 =
4λ

µ
(a+a− − a0)

ȧ+ =
3(f3 + f0)

2λµ
(a0a− − a+)

ȧ− =
3(f3 − f0)

2λµ
(a0a+ − a−)

(2)

Here µ =
√
f23 − f20 . Aξ is bounded and asymptotic to 0

for |ξ| < 1, while A1 is the static solution to (1).

Figure 1: Solutions Aξ(t) = (a0, a+, a−) (t) to (2) start on the
red line representing Aξ(0) = (0, ξ, 0), and either fall into the
green region, in which case they remain there and exist for
all forward time, or into the yellow region where they are un-
bounded.

CANDELAS/DE LA OSSA

The metric described by Candelas/de la Ossa in
[CdlO90] is defined over the manifold O(−1) ⊕ O(−1),
the direct sum of two copies of the canonical bundle of
CP1. In form that makes the SU(2)2-action explicit, this
is the vector bundle SU(2)2 ×U(1)×SU(2) H, i.e. the quo-
tient of SU(2)2 × H, where H denotes the quaternions,
by U(1) × SU(2), acting via the natural embedding on
SU(2)2 and as

(
eiθ, q

)
.h 7→ qhe−iθ on h ∈ H.

Let su(2) ⊕ su(2) be given in a basis u1, v1, w1, u2, v2, w2

such that [ui, vi] = 2wi, (and cyclic permuations of
(u, v, w)). Denote the dual basis ui, vi, wi. Then away
from the zero-section CP1, we can write the metric as:

g = dt2 +

(
2

3

)2

λ2
(
u1 − u2

)2
+

2

3
(g1−g0)

(
(v1)2 + (w1)2

)
+

2

3
(g1+g0)

(
(v2)2 + (w2)2

)

Here g0, g1, λ are functions of geodesic parameter t. We
find that invariant HYM connections A on O(−1) ⊕
O(−1) are, up to invariant gauge symmetry, in two
distinct one-parameter families Aε(t) = (a0, a2) (t) and
A′ε′(t) = (a0, a2) (t), satisfying an ODE of the form:

ȧ0 =
4λ

µ2
((a22 − 1)u0 − (a22 + a0)u1)

ȧ2 = − 3

2λ
a2(a0 + 1)

(3)

where µ =
√
g12 − g02. For Aε we have bounded be-

haviour for ε > 0 asymptotic to zero, whereas forA′ε′ we
have bounded behaviour asymptotic to zero for |ε′| < 1,
with their intersection (up to an isometry) A0 = A′1 be-
ing the static solution to (1).
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Figure 2: Solutions A′ε′ = (a0, a2) (t) to (3) start on the red
line representing A′ε′(0) = (−1, ε′), and either fall in to the
green region, in which case they remain there and exist for all
forward time, or the yellow region where they are unbounded.
The black dot represents the static solution. The other solutions
Aε to (3) all start from this point, but fall into the green region
iff ε > 0.

PANDO-ZAYAS/TSELTYIN

The metric described by Pando-Zayas/Tseltyin/Calabi
([Cal79],[PZT01]) is defined over the manifold
O(−2,−2), the canonical bundle of CP1 × CP1. In a
form that makes the SU(2)2-action explicit, this is the
vector bundle SU(2)2 ×U(1)2 C2,−2, i.e. the quotient of
SU(2)2×C byU(1)2, whereU(1)2 acts on C with weights
2 and −2 in each factor of U(1).

The metric, away from the zero-section CP1 × CP1, has
the same form as with Candelas/de la Ossa, and we get
the same form of ODEs for the HYM equations (of course
g0, g1, λ will be different functions of t).
We find that invariant HYM connectionsA onO(−2,−2)
are, up to invariant gauge symmetry, in infinitely many
distinct one-parameter families Anεn(t) = (a0, a2) (t) for

n ∈ Z+. For A1
ε1 we have bounded behaviour for

|ε1| < 1 asymptotic to zero, whereas for Anεn for n > 1
we have bounded behaviour asymptotic to zero for |εn|
sufficiently small, but we have yet to describe the large
εn limit fully.

FUTURE WORK
One immediate question is a generalisation of the HYM
equations, called the monopole equations, which can
also be analysed in the invariant context. The author has
some preliminary results in this direction. This could
further connect this work with gauge theory on the in-
variant G2-metrics in [FHN17], which are asymptotic to
circle bundles over these three CY3-folds.

REFERENCES

[Cal79] Eugenio Calabi. Métriques kählériennes et fibrés holomorphes. Annales scientifiques de l’École Normale
Supérieure, 4e série, 12(2):269–294, 1979.

[CdlO90] Philip Candelas and Xenia C. de la Ossa. Comments on conifolds. Nuclear Physics B, 342(1):246 – 268,
1990.

[DS11] Simon Donaldson and Ed Segal. Gauge theory in higher dimensions, II. In Surveys in differential geom-
etry. Volume XVI. Geometry of special holonomy and related topics, volume 16 of Surv. Differ. Geom., pages
1–41. Int. Press, Somerville, MA, 2011.

[DT98] S. K. Donaldson and R. P. Thomas. Gauge theory in higher dimensions. In The geometric universe
(Oxford, 1996), pages 31–47. Oxford Univ. Press, Oxford, 1998.

[FHN17] Lorenzo Foscolo, Mark Haskins, and Johannes Nordström. Complete non-compact G2-manifolds
from asymptotically conical Calabi-Yau 3-folds. 2017.

[PZT01] Leopoldo A. Pando Zayas and Arkady A. Tseytlin. 3-branes on spaces with R×S2×S3 topology.
Phys. Rev., D63:086006, 2001.

[Ste93] Matthew B. Stenzel. Ricci-flat metrics on the complexification of a compact rank one symmetric space.
Manuscripta Math., 80(2):151–163, 1993.


