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ABSTRACT
We study properties of non-minimal biharmonic
hypersurfaces of spheres. The main result is a
CMC Unique Continuation Theorem for bihar-
monic hypersurfaces of spheres. We then deduce
new rigidity theorems to support the Conjec-
ture that biharmonic submanifolds of Euclidean
spheres must be of constant mean curvature.

INTRODUCTION
The first example of a non-minimal biharmonic
hypersurface (due to G.-Y. Jiang in [5]) is the
Generalized Clifford torus Sm1( 1√

2
)× Sm2( 1√

2
) in

Sm1+m2+1, with m1 6= m2.
In [4], the authors observed that the 45-th parallel
Sm( 1√

2
) in Sm+1, is another non-minimal bihar-

monic hypersurface. These two examples have
constant mean curvature (CMC) and motivate the
following Conjecture [2]: Any biharmonic subman-
ifold in an Euclidean sphere is CMC.
This Conjecture was settled for spheres of dimen-
sions 3 and 4, and for arbitrary dimensions with
additional conditions on the scalar curvature and
the number of principal curvatures.
This work is a contribution to this Conjecture and
gives rigidity results based on a new technique of
unique continuation theorem (UCT). In [3], a sim-
ilar approach was used to prove that if a bihar-
monic map is harmonic on an open subset, then it
must be harmonic everywhere.
Inspired by this work of V. Branding and C. Oni-
ciuc, and relying on the UCT of N. Aronszajn [1],
our objective in this work is not to show mini-
mality, but rather to prove the weaker condition
of CMC. Using a gradient inequality between the
norm of A and the mean curvature we show that,
for proper-biharmonic hypersurfaces (i.e. non-
minimal) in a sphere, locally CMC implies glob-
ally CMC.
Later we exploit this UCT property to prove new
rigidity results, and we use an integral condi-
tion involving both the scalar and the mean cur-
vatures to force biharmonic hypersurfaces to be
CMC. This extends the main result of S. Maeta
and Y.-L. Ou [6] to non-constant scalar curvature,
while relying on a different technique of proof.

THEOREM 1
Let ϕ : Mm ↪→ Sm+1 be a proper-biharmonic
hypersurface. Assume that there exists a non-
negative function h on M such that | grad |A|2| ≤
h | grad f | on M. If grad f vanishes on a non-
empty open connected subset of M, then M has
constant mean curvature.

COROLLARY 1
Let ϕ : Mm ↪→ Sm+1 be a proper-biharmonic
hypersurface. Assume that there exists a non-
negative function h on M such that | grad |A|2| ≤
h| grad f | on M . Then, either M has constant
mean curvature, or the set of points where
grad f 6= 0 is an open dense subset of M .

COROLLARY 2
Let ϕ : Mm ↪→ Sm+1 be a proper-biharmonic
hypersurface with |A|2 constant. Then, either M
has constant mean curvature, or the set of points
where grad f 6= 0 is an open dense subset of M .

COROLLARY 3
Let ϕ : Mm ↪→ Sm+1 be a proper-biharmonic hy-
persurface with constant scalar curvature. Then,
either M has constant mean curvature, or the set
of points where grad f 6= 0 is an open dense sub-
set of M .
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PROPOSITION 1
Let ϕ : Mm ↪→ Sm+1 be a proper-biharmonic
hypersurface with constant scalar curvature. As-
sume that there exists a connected component of
MA, where MA is the set of points where the num-
bers of distinct principal curvatures is locally con-
stant and is open and dense in M . On this con-
nected component of MA we have the number of
distinct principal curvatures is at most six. Then
M has constant mean curvature.

COROLLARY 4
Let ϕ : Mm ↪→ Sm+1 be a proper-biharmonic
hypersurface. Assume that there exists a non-
negative function h such that | grad |A|2| ≤
h| grad f |, and M is not CMC. Denote by U an
open connected component of MA. Then, on U
we have:

1. −m
2 f is a principal curvature with multi-

plicity equal to 1;

2. grad f
| grad f | is a vector field defined on an open
dense subset of U and its integral curves are
geodesics;

3. the number of distinct principal curvatures
is at least 3 and |A|2 > m2(m+8)

4(m−1) f2 on an
open dense subset of U (see [2]).

CONCLUSION AND FUTURE WORK
In conclusion, we deduce that the conditions in
Theorems 2 and 3 are satisfied by the 45th-parallel
Sm( 1√

2
) ↪→ Sm+1 (m ≥ 2), and by the generalized

Clifford torus Sm1( 1√
2
) × Sm2( 1√

2
) ↪→ Sm1+m2+1

(m1 < m2), thus they have constant mean curva-
ture. This in turn supports the Conjecture given
in the introduction.
As for our future work, we’re looking forward
to work on biharmonic hypersurfaces in complex
projective spaces, and to study their properties.

COROLLARY 5
Let ϕ : Mm ↪→ Sm+1 be a proper-biharmonic hy-
persurface. Assume that | grad |A|2| ≤ h | grad f |
on M, where h is a non-negative function on M .
If M is not CMC, then J.-H. Chen’s Inequality

|A|2 ≥ m2(m+ 8)

4(m− 1)
f2

is valid everywhere on M.

THEOREM 2
Let ϕ : Mm ↪→ Sm+1 be a compact
proper-biharmonic hypersurface. Assume that
| grad |A|2| ≤ h | grad f | on M , where h a non-
negative function on M , ScalM ≥ 0 and∫
M

[
m(m+ 8)f2 − 4(m− 1)

]
ScalM f2 dvg ≥ 0.

Then M has constant mean curvature.

THEOREM 3
Let ϕ : Mm ↪→ Sm+1 be a compact proper-
biharmonic hypersurface. Assume that there ex-
ist a non-negative function h on M such that
| grad |A|2| ≤ h | grad f | on M , and a real number
a > 0 such that:

1. RicciM (X,X) ≥ a > 0, for all X ∈
TpM, |X| = 1 and for all p ∈M ;

2.
∫
M
[m2(m+ 8)af2 − 4(m− 1)s]f2 dvg ≥ 0.

Then M has constant mean curvature.

CONTACT INFORMATION
Emails

• Hiba.Bibi@etudiant.univ-brest.fr

• Eric.Loubeau@univ-brest.fr

• oniciucc@uaic.ro


