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Abstract

Spectral clustering is a prominent approach to clustering
which is fast and scalable. In this project, we take another
look at spectral clustering and evaluate its ability to pre-
serve the modes of multimodal distributions. We perform
numerical experiments which corroborate this idea.

Motivation

The purpose of clustering is to identify groups in a dataset in
the hope of revealing some unforeseen latent discrete variable.
Clustering however, is known to be one of the most difficult
tasks in practice for two main reasons:
- high dimensionality of data which requires appropriate
feature extraction,

- computational complexity of the associated optimisation
problems.

Spectral clustering was designed as a joint embedding and
clustering technique that first embeds the data into a low di-
mensional space, and then delineates between the clusters by
considering the sign of the components of (a linearly trans-
formed version of) the second eigenvector of a similarity ma-
trix. Hence, spectral clustering seemingly solves the two main
challenges associated with clustering problems, at least when
the clusters are well separated.
In this work, we address the question of clustering when clus-
ters overlap. In this regime, one relevant approach to clustering
is to consider the modes of the point cloud distribution, and
in particular, how the modes of the distribution of the raw
data are mapped to the modes of the embedded data via the
Laplacian Eigenmap.
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Contribution

Our main contribution is to provide a simulation study of the
(approximate) mode preserving property of Laplacian Eigen-
maps and how relevant the mode chasing approach is to high
dimensional clustering. As a consequence of the mode preserv-
ing property of Laplacian Eigenmaps, this method is as good
as finding modes in the original high dimensional space but
with much better computational efficiency. The method is il-
lustrated on simulated data and on satellite data relating to
ground movement.

Laplacian eigenmaps

The Laplacian is a fundamental operator in graph theory, data
science and probability. In graph theory, given G = (V,E,A)
where V is the set of vertices and E is the set of edges, and
Ai,i′, (i, i′) ∈ E is a matrix of weights, the Laplacian is defined
as

L = D−A,
where D is a diagonal matrix of row-wise sums of A. Other
types of Laplacians have been proposed in the literature, as
well as their connections to random walks and diffusion. The
normalised Laplacian which is commonly used in practice is
defined as

Ln = D−1/2LD−1/2.

The eigenvectors corresponding to a number of the smallest
eigenvalues of the Laplacian L represent the data in a lower
dimensional space.
In the clustering setting, it is sensible to separate points based
on pairwise distances such that points belong to the same clus-
ter if the distance between them is small and points lie in dif-
ferent clusters if the distance between them is large. Therefore,
the weight matrix can be defined as some function of pairwise
distances. The following choice is often the one made in prac-
tice

Ai,i′ = exp(−β ‖xi − xi′‖2),
for all i, i′ = 1, . . . ,m, where X = {x1,x2, ...,xm} is the data
that we would like to cluster.

Mode preservation

The Laplacian Eigenmap induces a Laplacian transport of
measures. Let Φ denote the Laplacian Eigenmap

x→ Φ(x) ∈ Rd

where the jth component Φj of Φ is the (1 + j)th eigenfunction
of the Laplacian, considered in the increasing order.
Let ν be the distribution of y = ∇Φ(x) with x ∼ µ. As-
sume moreover that µ is absolutely continuous with respect to
Lebesgue’s measure:

dµ(x) = exp(−V (x)) dx.
Then, assuming that ν has representation

dν(y) = exp(−W (y)) dy,
it will be absolutely continuous and the triplet µ, ν,Φ must
satisfy the change of variable equation

e−V (x) = e−(W◦Φ)(x) |det ∇Φ(x)|. (1)
Assume that the sign of det ∇Φ(x) is constant on the domain
of the data. We will assume without loss of generality that this
sign is positive. After taking the logarithm, equation (1) gives

W (φ(x)) = V (x) + log (det(∇Φ(x))) .
Then, taking the gradient of both sides of this last equation,
we get
∇W (Φ(x)) = ∇Φ(x)−1

∇V (x) +∇2Φ
∇Φ(x)−1T


 ,

and since Φ is associated with the small eigenvalues of the
Laplacian on the manifold, we can expect the quantity ∇2Φ to
be small. The eigenfunction of the continuous version of the
Laplacian of the data associated with small eigenvalues should
be also near harmonic, at least around a given x∗. Taking x∗
to be a mode of V gives the result that

∇Φ(x∗)−1
0 +∇2Φ

∇Φ(x∗)−1T


 ≈ 0.
and thus

∇W (Φ(x)) ≈ 0
which shows that the modes should be at least approximately
preserved.

Experiments: Gaussian Mixtures on the
unit sphere

Recall that simulating a multivariate Gaussian vector on a Lie
group such as a sphere can be performed by drawing a Gaussian
vector in the tangent space at the cluster center, and mapping
this vector to the Lie group using the exponential map. Our
experiments show that even in the case where data lie in a man-
ifold, Laplacian Eigenmaps preserve the modes of the original
data. Hence, clustering through mode detection in the lower
dimensional space is as good as clustering in high dimensional
space but at a lower computational cost.

Figure 1:Gaussian mixture data on a unit sphere.

Figure 2:Data embedded using Laplacian Eigenmaps in R2.
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