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ABSTRACT
The Mean curvature flow evolves a submanifold
by its mean curvature. It is a parabolic PDE that
can be thought of as the L2 gradient flow of the
area functional. Continuation of the flow through
singularities is an active area of research. There
are two important notions of continuation: ‘weak
flows’ and ’surgical solutions’. We outline these
notions, landmark results and the author’s cur-
rent research.
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WEAK FLOWS

A standard way of showing existence and unique-
ness for a PDE is to first look for weak solutions
and to then seek regularity results to show it is a
classical solution. For mean curvature flow there
are two main notions of weak flows:

(i) Level Set [1] [2]: We seek a Lipschitz function
u(x, t) solving the degenerate parabolic PDE

ut =

(
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)
uij in Rn × [0,∞)

u = g on Rn × {t = 0}

in the viscosity sense.

When u is smooth, the above equation has
the interpretation that the level sets of u
evolve by mean curvature.

(ii) Brakke flow [3]: We seek a 1-parameter fam-
ily of n-rectifiable Radon measures µt that
satisfy:∫

φ dµt2 ≤
∫
φ dµt1

+

∫ t2

t1

∫
−φH2 +H ·Dφ dµt dt

i.e. ‘mass drop’ is controlled from above, al-
lowing for vanishing.

ANALYSIS OF SINGULARITIES
Theorem (Huisken’s Monotonicity formula). [4]
Let ρX0 be the backwards heat kernel centred at X0. If
Mt is a mean curvature flow, then

d
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Mt

ρX0dµ = −
∫
Mt
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A similar result holds for Brakke flows.

Definition 1 (Self-Shrinker). A self-shrinker is a
solution of the MCF of the form

Mt =
√
−tM−1

On self-shrinkers, we have the quantity

−→
H =

〈x, ν〉
2t

.

Using the above observations, and noting the
parabolic scaling invariance, one can deduce that
singularities are modelled by self-shrinkers; by
which we mean the parabolic blow-up (a limit of
parabolic scalings) of a singularity will be a self-
shrinker.
In the mean convex case, we have the following
classification of self-shrinkers (and thus singular-
ities) by Huisken [4] and separately Coding and
Minicozzi[5].

Theorem. Let Mn be an embedded hypersurface,
with non-negative mean curvature, satisfying H =
<x,ν>

2 , then M is of the form

Sn−m × Rm.

The above classification provides motivation for
the ‘surgery’ to be defined for a 2-convex flow.
This is because the only singularities possible are
the sphere Sn and cylinder with one flat direction
Sn−1 × R. Such cylinders are naturally replaced
with ‘caps’ to avoid the surface becoming singu-
lar.
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INTRODUCTION
Let Mn be a Riemannian Manifold, and F0 :
Mn → Rn+1 be an isometric immersion. Suppose
further that f : M → R is an L2 function. If one
varies the immersion by the normal vector field
−fν, the first variation of area gives

d

dt

∫
M

dµt = −
∫
M

fHdµt.

Thus, when f = H the value of the area func-
tional is reduced at the greatest rate.
We define the mean curvature flow as follows:

Definition 2. A (smooth) family of immersions
F (M, t) is called a mean curvature flow if

∂F

∂t
= −H · ν =

−→
H (1)

F (·, 0) = F0 (2)

where H is the mean curvature (sum of principle
curvatures of the embedding) and ν is the hyper-
surface normal.

Thus, mean curvature flow is theL2 gradient flow
for the area functional.

SURGICAL SOLUTIONS
Surgical solutions are of interest because at each time of the flow we work with a smooth manifold.
This is not true for the above weak flows, which exhibit singularities. The trade off is that the flow with
surgery has ‘jumps’ at finitely many points in time.
Surgery of 2-convex (λ1+λ2 > 0) flows was first made rigorous for hypersurfaces of dimension n ≥ 3 by
Huisken–Sinestrari [6]. These results have been extended for n ≥ 2 independently in Halshofer–Kleiner
[8] and Brendle–Huisken [7]. We outline the algorithm of Haslhofer–Kleiner:

1. The flow is started from an initial hypersurface, and stopped when at least one point on the surface
achieves H(p) = Htrig.

2. Using the cylindrical estimates, one can identify ‘necks’ of scale Hneck. Roughly speaking the
cylindrical estimate tells us regions of high curvature are ‘close’ to cylinders. The gradient esti-
mates allow us to control their length (the distance between points of curvature Htrig and Hth).

3. The neck is removed, and replaced by ‘caps’. Using the convexity estimate, regions of high curva-
ture are identified as Sn.

4. The flow is then continued until Htrig is reached again. The algorithm will terminate in finitely
many steps.

The current ‘state of the art’ is the following theorem that relates surgical solutions to the level set flow.

Theorem (Lauer/Head). [9][10] Taking the surgery parameters to ∞, the surgery solutions converge to the
level set flow, in the Hausdorff sense.


