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Motivation
Symmetric positive-de�nite matrices (SPDs)
manifest as covariance matrices in numerous
technical applications, e.g. brain-computer in-
terfaces, radar data processing, and di�usion-
tensor MRI (pictured). In all cases, it is critical
to perform interpolation, sensible centroids, and
accurate clustering of SPD datawhile respect-
ing non-positively curved geometry.

Problem: Midrange Statistics
The arithmetic midrange of vector data yi is the
unique solution x to the optimisation problem:

min
x

max
i
|x− yi|.

We seek to extend this computationally-e�cient
centroid, calculable from extremal values, to
data in the cone Pd of d× d real SPDs.

A�ne-Invariant Riem. Geom.
A metric is said to be a�ne-invariant if dis-
tances are isometric under congruence transfor-
mations:

d2(AΣ1A
T , AΣ2A

T ) = d2(Σ1,Σ2) ∀Σ1,Σ2 ∈ Pd

where A ∈ GL(d). The Riemannian metric
〈V,W 〉Σ = tr(Σ−1V Σ−1W ) on tangent vectors
V,W ∈ TΣPd naturally satis�es the above prop-
erty, and induces a distance function
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which is the L2 norm on generalised eigenvalues
λi of pencil (Σ1,Σ2). A unique minimal-path
geodesic is also induced:
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Thompson Geometry
Another a�ne-invariant metric may be de�ned
[3] in terms of extremal eigenvalues λM and λm
of (Σ1,Σ2), which computes constant with d:

d∞(Σ1,Σ2) = log max{λM , λm}.

Although an in�nite class of geodesics minimise
d∞ between any two SPDs [4], including the Rie-
mannian geodesic, we study the choice:
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which coincides with #t for d = 2.
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Inductive Midrange Algorithm
The inductive midrange (IMR) algorithm is designed to approximate a solution to the Thompson-

midrange optimisation problem minX∈Pd
max1≤i≤N ‖ log(Y

−1/2
i XY

−1/2
i )‖∞ for N SPD data Yi.

Taking an initialization point which may or may not be a member of the data set, a sequence (Xk)
is generated according to the following farthest-point process:

1. Choose a point Y ↑k ∈ {Yi} such that d∞(Xk, Y
↑
k ) ≥ d∞(Xk, Yi) for all i ∈ [1, N ].

2. Set Xk+1 := Xk ∗ 1
k+1

Y ↑k .

Following extensive numerical simulation, we claim the following convergence results [2]:

1. The IMR algorithm converges at a rate of 1
k regardless of the size or matrix dimensionality

of the data set, shown in (a) for d = 2, N = 5 and (b) for d = 100, N = 5.

2. The IMR convergence-point is initialisation-invariant, shown in (c) for d = 2, N = 10.

3. The IMR convergence-point is dependent exclusively on an active-data subset A ⊆ E ⊆ Y ,
where E is the external-data, the subset of all data points Di ∈ D that for some choice of
initialization X1 and k ≥ 1, Xk+1 = Xk ∗ 1

k+1
Di.

That is, not all external data E which appear as a Y ↑k during runtime necessarily in�uence the result,
and the maximum size of A is determined by dimensionality d.

Application to K-/X-Means Clustering
K-means clustering has previously been applied to the a�ne-invariant Riemannian (AIRM) and log-
Euclidean metrics [6]. In this work, we consider (a) X-means++ [5] and (b) K-means++ clustering
[1] with the Thompson distance d∞ as the similarity measure, and employ the IMR to calculate
centroids for clusters. The examples shown for d = 2, N = 10 · 20 are indicative of point-labelling
accuracy measured in excess of 95% precision as high as d = 100 for both algorithms [2], for
disjoint clusters sampled from d∞-sphere distributions, and K-means++ more consistent for low d.
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