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INTRODUCTION
Mean curvature flow is the gradient flow for submanifolds of a Riemannian manifold, i.e. the flow
which decreases the surface area of a submanifold in the most efficient way possible. Explicitly, if
Ft : N

n → Mm is a family of immersions of a smooth manifold into a Riemannian manifold, then one
may define the mean curvature vector as the trace of the second fundamental form, ~Ht = gij(∇∂i∂j)⊥,
and then the family is a mean curvature flow if

dF

dt
= ~Ht.

Unfortunately, the flow does encounter singularities, due to the nonlinearities in the PDE. Understand-
ing the structure of these singularities, and when they occur, is of the utmost importance if we wish to
use the flow in practice.

ANALYSING SINGULARITIES
To investigate a singularity at a spacetime point
(x0, T ), we can use a blowup procedure. The
rescaled family of immersions (with factor λ)

Fλs := λ (FT+λ−2s − x0) ,

is also a mean curvature flow, due to the way we
have scaled. Intuitively, it is the same flow but
‘zoomed in’ on the spacetime point (x0, T ). If we
consider a limit of these as λ → ∞, then we can
pass to a limit known as the tangent flow - a model
of the singularity. In some cases we must perform
a more careful blowup where we track the point
of highest curvature - see the Figure 8 example.

APPLICATIONS OF MCF
Mean curvature flow is a useful tool for image
processing. In particular, numerical formulations
of mean curvature flow can reduce noise from im-
ages [1], and segment images into homogeneous
regions [2].
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MY WORK - SINGULARITIES OF EQUIVARIANT MCF
My work [3] is in analysing singularities of a
special class of mean curvature flows - equivari-
ant flows in R2n. An n-dimensional submanifold
Ln ⊂ R2n is equivariant if it may be parametrised
in the form

F (s, α) = (a(s)α, b(s)α) ∈ Rn × Rn,

for a, b real functions and α a parameter ranging
over the n − 1-sphere, Sn−1. An equivariant sub-
manifold is completely determined by the curve
(a(s), b(s)) ∈ R2, known as the profile curve, and
we may study the flow of this curve in place of
the entire submanifold.
I demonstrated that, if we assume another natural,
open condition known as ‘almost-calibratedness’,
then a flow of this form can only form one type
of singularity. In particular, the tangent flow of
a singularity is always a pair of planes, and a
smooth blowup is a special, static flow known as
the Lawlor neck. I also showed when singulari-
ties form - this depends only on the angle of the
asymptotic lines of the profile curve.

EMBEDDED PLANE CURVE

Here is the flow of a closed curve in R2, along
with its tangent flow at the singularity - the
shrinking circle. Singularity models are quite
rigid in general - for example, embedded curves
in R2 always form circular singularities.

FIGURE 8 CURVE
In contrast, here is a flow with a different singu-
larity. The tangent flow is just a double-density
line, but if we rescale around the point of highest
curvature instead of at the singularity, we see that
the singularity is actually modelled by a translat-
ing flow - the grim reaper.
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