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First met Ofer while giving a graduate course in the CMB
We then worked with each other as an early example of
Cavendish/IoA cooperation
First joint paper was

The idea of this was to break the degeneracies inherent in the
CMB alone, or LSS alone, by combining the twoNo. 2, 1998 JOINT ESTIMATION OF COSMOLOGICAL PARAMETERS L67

Fig. 1.— Likelihood function in the {Qm, h}-plane, after marginalization over Q and bIRAS, for (a) CMB alone, (b) IRAS alone and (c) joint CMB and IRAS. The
contours denote the 68%, 90%, 95%, and 99% confidence regions.

TABLE 1
Parameter Values at the Joint Optimum,

with 68% Confidence Limits

Parameter Value Confidence Limits

Qm . . . . . . . . . . . 0.39 0.29 ! Qm ! 0.53
h . . . . . . . . . . . . . 0.53 0.39 ! h ! 0.58
Q (mK) . . . . . . 16.95 15.34 ! Q ! 17.60
bIRAS . . . . . . . . . 1.21 0.98 ! bIRAS ! 1.56

5. RESULTS

The complementary nature of the two data sets is demon-
strated in Figure 1, which shows likelihood contours in the
{Qm, h}-plane after marginalizing over Q and bIRAS. The fun-
damental CMB-side degeneracy in {Qm, h} is seen in the flat
trough running across Figure 1a. The IRAS degeneracy is in a
different direction (Fig. 1b), and the two data sets agree well
in the region in which the lines of degeneracy overlap. Com-
bining the two data sets breaks the degeneracy and leads to a
well-defined joint optimum (Fig. 1c).

The joint likelihood was maximized with respectln (L )joint

to the four free parameters using standard optimizationa joint

techniques (Press et al. 1992), and the best-fit parameters are
shown in Table 1, for which , ,Q 5 0.085 j 5 0.67 j 5b 8 8,IRAS

, , , and the age of the universe is0.81 G 5 0.15 b 5 0.47IRAS

16.5 Gyr. For this set of parameters, we find the values of the
reduced x2 for the IRAS and CMB data, respectively, to be
1.18 and 1.03, confirming that both data sets agree well with
the models used (the number of degrees of freedom is 120 and
20, respectively). Taking the CMB and IRAS data together the
total reduced x2 is 1.16. Recalculating the joint optimum using
the simpler formula in place of that in § 4 had littleG 5 Q hm

effect. Further, the optimum was robust to changes in IRAS lmax

in the range .4 ≤ l ≤ 10max

To obtain 68% confidence limits on each of the free param-
eters, it is necessary to marginalize over the remaining free
parameters. To achieve this, we evaluated the joint likelihood
function on a four-dimensional grid of parameter values. The
range of values and number of grid points in each direction
were , 50 steps; , 50 steps;5 ! Q ! 30 0.3 ! h ! 0.9 0.1 !

, 100 steps; and , 20 steps. For eachQ ! 1.0 0.7 ! b ! 2.0m IRAS

parameter, the corresponding one-dimensional marginalized
probability distribution was calculated by integrating the like-
lihood function over the other variables. The marginalized dis-
tribution for each parameter is shown in Figure 2, in which
the dashed vertical lines denote the 68% confidence limits
quoted above. In general, the peak of the one-dimensional prob-
ability distribution for each variable will differ from the global
optimum across all parameters. However, for all four variables
in this system, the two values are found to be extremely close.

In addition, we evaluated the covariance matrix at the joint

optimum. The most strongly correlated parameters are Qm and
h, with a correlation coefficient of 20.82.

6. DISCUSSION

The results of this joint optimization are in reasonable agree-
ment with other current estimates. The relatively low value of

is close to that found by others (White et al. 1993;Q ≈ 0.4m

Bahcall, Fan, & Cen 1997) and is in line with recent supernovae
results (Perlmutter et al. 1998). However, given the assumption
of a flat universe, it requires a very high cosmological constant
( ). Gravitational lensing measurements have con-Q 5 0.6L

strained (Kochanek 1996; Falco, Kochanek, & MunozQ ! 0.7L

1998). Our value for the Hubble constant, , agreesh 5 0.53
well with several other measurements (Sugiyama 1995;
Lineweaver et al. 1997) but falls at the low end of the generally
accepted range from local measurements (Freedman et al.
1998). Assuming the nucleosynthesis constraint 2Q h 5b

(Tytler et al. 1996; Steigman, Hata, & Felten 1998), the0.024
optimal baryon density is found to be . Our valueQ 5 0.085b

for the combination is lower than the one derived0.6j Q 5 0.388 m

from measurements from the peculiar velocity field, 0.6j Q ≈8 m

(Freudling et al. 1998). Our values are closer to the com-0.8
bination derived from cluster abundance (Eke et0.5j Q ≈ 0.58 m

al. 1998; Bahcall et al. 1997). Finally, for spatially flat uni-
verses, the time since the big bang for the values of our Qm

and h at the joint optimum is 16.5 Gyr.
On the IRAS side, is in agreement with severalb 5 0.47IRAS

other measurements (Strauss 1989; Schlegel 1995; Willick et
al. 1997), although there are other measurements that place
bIRAS much higher (Dekel et al. 1993; Sigad et al. 1998). Willick
et al. (1997) discuss the discrepancies between the various
measurement techniques and why they lead to such different
results. Finally, the IRAS mass-to-light bias is seen to be slightly
greater than unity ( ), suggesting that the IRAS gal-b 5 1.21IRAS

axies (mainly spirals) are reasonable (but not perfect) tracers
of the underlying mass distribution. We also note that our joint
IRAS1CMB optimal values for , bIRAS, and G (Table 1)j8, IRAS

are in perfect agreement with the values derived from IRAS
alone (FSL; Fisher 1994). However, at fixed j 5 0.698, IRAS

based on the IRAS correlation function, FSL found a higher
and . We empha-b 5 0.94 5 0.17 G 5 0.17 5 0.05 (1 j)IRAS

size that the naive linear biasing should be generalized to more
realistic scenarios (e.g., Dekel & Lahav 1998).

As discussed in § 5, the total CMB1IRAS reduced x2 at the
joint optimum is 1.16, indicating that the optimum model is a
good fit to both data sets. We may compare this value with
that obtained by Gawiser & Silk (1998). Using several data
sets, Gawiser & Silk (1998) found the reduced x2 for LCDM
to be 1.9, as opposed to a value of 1.2 for their “best”model
of cold1hot dark matter (CHDM). However, using only the
CMB and IRAS x2 values for LCDM in their Table 3, the total

CMB alone IRAS 1.2 Jy redshift survey Combined



Statistics and detecting Lambda II

The Bayesian statistical framework adopted was pretty much
similar to what would be done today - following are 1d
marginalised resultsL68 WEBSTER ET AL. Vol. 509

Fig. 2.— One-dimensional marginalized probability distributions for each of the four parameters. The vertical dashed lines denote the 68% confidence limits.
The horizontal plot limits are at the 99% confidence limits.

reduced x2 is found to be 1.00 as compared to a value of 0.95
for CHDM. (We note that their LCDM model has ,h 5 0.6

, which is different from our joint optimum.) Thus,Q 5 0.5m

using only the CMB and IRAS data sets, LCDM is found to
fit the observations as well as CHDM, and the results quoted
by Gawiser & Silk (1998) are consistent with those presented
here.

The near future will see a dramatic increase in LSS data
(e.g., the IRAS Point Source Catalog redshift survey, Sloan
Digital Sky Survey, and Two-Degree Field survey) and detailed
measurements of the CMB fluctuations on subdegree scales
(e.g., from the Planck Surveyor and Microwave Anisotropy

Probe satellites). These will allow more accurate parameter
estimation and the untying of the various parameters held fixed
in the present work.

We thank our referee, R. Scaramella, and also E. Gawiser,
J. Felten, J. Primack, J. Silk, G. Steigman, K. Wu, and I. Zehavi
for helpful discussions. A. M. W. and S. L. B. acknowledge
Particle Physics and Astronomy Research Council studentships.
G. R. acknowledges a NSF grant EPS-9550487 with matching
support from the State of Kansas and from a K*STAR First
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Supernovae

The Supernovae Cosmology Project results published July 1997
(Perlmutter et al., ApJ, 483, 565) had found

And constraints on ΩΛ from radio-selected gravitational lenses
(Falco, Kockhanek & Munoz, ApJ, 494, 47), published February
1998, gave ΩΛ < 0.62 at 2σ
So our joint CMB and LSS result for Λ came in a context where
people weren’t necessarily expecting a large ΩΛ!
May object that our analysis was limited to flat models
Most were at that time, but in fact we already had pretty good
evidence for high Ωtot from the CMB at the time
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A B S T R A C T
A key prediction of cosmological theories for the origin and evolution of structure in the
Universe is the existence of a ‘Doppler peak’ in the angular power spectrum of cosmic
microwave background (CMB) fluctuations. We present new results from a study of recent
CMB observations which provide the first strong evidence for the existence of a ‘Doppler
peak’ localized in both angular scale and amplitude. This first estimate of the angular position
of the peak is used to place a new direct limit on the curvature of the Universe, corresponding to
a density of Q ¼ 0:7þ0:8

¹0:5, consistent with a flat universe. Very low-density ‘open’ universe
models are inconsistent with this limit unless there is a significant contribution from a
cosmological constant. For a flat standard cold dark matter dominated universe we use our
results in conjunction with big bang nucleosynthesis constraints to determine the value of the
Hubble constant as H0 ¼ 30 ¹ 70 km s¹1 Mpc¹1 for baryon fractions Qb ¼ 0:05 to 0:2. For
H0 ¼ 50 km s¹1 Mpc¹1 we find the primordial spectral index of the fluctuations to be
n ¼ 1:1 6 0:1, in close agreement with the inflationary prediction of n . 1:0.

Key words: cosmic microwave background – cosmology: theory.

1 I N T RO D U C T I O N

Observations of the cosmic microwave background (CMB) radi-
ation provide information about epochs and physical scales that are
inaccessible to conventional astronomy. In contrast to traditional
methods of determining cosmological parameters, which rely on
the combination of results from local observations (Ostriker &
Steinhardt 1995), CMB observations provide direct measurements
(Bond & Eftstathiou 1987; White, Scott & Silk 1994) over cosmo-
logical scales, thereby avoiding the systematic uncertainties and
biases associated with conventional techniques. The principal
cosmological information is contained in the acoustic peaks
(Bond & Eftstathiou 1987; Hu & Sugiyama 1995; Scott, Silk &
White 1995) in the power spectrum, which are generated during
acoustic oscillations of the photon–baryon fluid at recombination
(Efstathiou 1989). The main acoustic peak, sometimes referred to as
‘the first Doppler peak’, is a strong prediction of contemporary
cosmological models with adiabatic fluctuations and is expected to
occur on an angular scale ,18. [In topological defect theories of
structure formation, the first Doppler peak is expected to occur on
smaller angular scales (e.g. Magueijo et al. 1996) or be of much
smaller amplitude (Pen, Seljak & Turok 1997) than in inflationary
theories. This is discussed further below.] The observation of this
peak is thus a major goal of observational cosmology. In the case
that it is not observed, this could imply either that medium-scale
primordial CMB fluctuations have been wiped out by reionization

(Efstathiou 1989), or perhaps that there is a fundamental flaw in our
theory. In contrast, a conclusive observation of the first peak would
provide strong support for current theoretical models and the
determination of its angular position would constitute a direct
probe of the large-scale geometry of the Universe. The angular
scale lp of the main peak reflects the size of the horizon at last
scattering of the CMB photons and thus depends almost entirely
(Hu & Sugiyama 1995; Kamionkowsky, Spergel & Sugiyama
1994a) on the total density of the universe according to
lp ~ 1=

���

Q
p

. In conventional inflationary theory (Guth 1981), one
expects the universe to be flat with Q ¼ 1:0, which can be achieved
if the total mass density is equivalent to the critical density or if
there is a contribution from a cosmological constant L. The height
of the peak provides additional cosmological information, since it is
directly proportional to the fractional mass in baryons Qb and also
varies according to the expansion rate of the universe as specified by
the Hubble constant H0; in general (Hu & Sugiyama 1995) for
baryon fractions Qb & 0:05, increasing H0 reduces the peak height
whilst the converse is true at higher baryon densities. Furthermore,
by measuring the amplitude of the intermediate-scale CMB fluctua-
tions relative to those on large scales it is possible to place tight
limits on the spectral slope n of the initial primordial spectrum of
fluctuations. The latter is predicted by inflationary theory to be
approximately scale-invariant, in which case n . 1:0, although (in
particular versions of inflationary theory) the presence of a back-
ground of primordial gravity waves would lead to lower values of n,

Mon. Not. R. Astron. Soc. 294, L1–L6 (1998)
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equation (2) to obtain a simulated observation for the ith experi-
ment, before converting to the bandpower equivalent result
DTl½C2;Apeak;QÿðiÞ. The chi-squared for this set of parameters is
given by

x2ðC2;Apeak;QÞ ¼
X

nd

i¼1

ðDTobs
l ðiÞ ¹ DTl½C2;Apeak;QÿðiÞÞ2

j2
i

;

where nd is the number of data points in Table 1 and the relative
likelihood function is formed according to LðC2;Apeak;QÞ~
exp½¹x2ðC2;Apeak;QÞ=2ÿ. We vary the power spectrum normaliza-
tion C2 within the 95 per cent limits for the COBE 4-yr data
(Bennett et al. 1996) and consider Apeak in the range 0 to 30 and
values of the density parameter up to Q ¼ 5. The data included in
the fit are those from Table 1. Because of the 614 per cent
calibration error in the Saskatoon data, the likelihood function is
evaluated for three cases: (i) that the calibration is correct, (ii) that
the calibration is the lowest allowed value; and (iii) that the
calibration is the maximum allowed value. In each case the like-
lihood function is marginalized over C2 before calculating limits on
the remaining two parameters according to Bayesian integration
with a uniform prior.

3 R E S U LT S A N D D I S C U S S I O N

In Fig. 3 the likelihood function obtained from fitting the model Cl

spectra to the data of Table 1 is shown plotted as a function of the
amplitude and position of the Doppler peak. The position is
parametrized via the value of Q, assuming that the cosmological
constant is zero. The highly peaked nature of the likelihood function
in Fig. 3 is good evidence for the presence of a Doppler peak
localized in both position (Q) and amplitude. In Fig. 4 we show the
1D marginal likelihood curve for Q, obtained by marginalizing the
likelihood function over C2 and the peak amplitude, Apeak. The best-
fitting value of Q is 0.7 with an allowed 68 per cent range of
0:2 # Q # 1:5.

In Fig. 2 the best-fitting model, represented by the solid line, is
shown compared with the data points, assuming no error in the
calibration of the Saskatoon observations. The chi-squared per
degree of freedom for this model is 0:9, implying a good fit to the
data. The peak lies at l ¼ 263þ139

¹94 , corresponding to a density
parameter Q ¼ 0:70þ1:0

¹0:4; the height of the peak is Apeak ¼ 9:0þ4:5
¹2:5.

(The errors correspond to the conditional likelihood function for
each of the parameters.) The dashed and dotted lines show the best-
fitting models (Q ¼ 0:70þ0:92

¹0:37, Apeak ¼ 11:0þ5:0
¹4:0 and Q ¼ 0:68þ1:2

¹0:4,
Apeak ¼ 6:5þ3:5

¹2:0 respectively) assuming that the Saskatoon observa-
tions lie at the upper and lower ends of the permitted range in
calibration error.

These likelihood results using the analytic form for the Cl and the
results from a chi-squared goodness of fit analysis using exact
models (see below) imply that, independently of calibration uncer-
tainties in the data, current CMB data are inconsistent with
cosmological models with Q & 0:2.

The analytic approximation to the true Cl, such as we use here, is
a useful general tool, but as a detailed check we have also applied
the chi-squared goodness of fit test to actual COBE-normalized Cl

models. In Fig. 5 the data are compared with exact forms of the Cl

for a standard flat CDM model, an open CDM model, a L-
dominated model and a cosmic string model (Magueijo et al.
1996). Allowing the model normalization to vary within the 2j

COBE limit, we find that the standard CDM model, the non-zero L

model and the string model all offer acceptable [Pðx2Þ $ 0:05] chi-
squared fits, whilst the probability of the open model fitting is

Pðx2Þ < 0:01. Note that the result for the open model (Q ¼ 0:3)
using the true Cl differs from the corresponding result for the
analytic form of the Cl: whilst in the latter case this model is still in
the allowed range of the marginal distribution of Q, in the former
case it is already excluded by the data. Considering a range of CDM
models with varying Q, in order to find the lowest Q compatible with
the observations, we have considered exact models with
H0 ¼ 50 km s¹1 Mpc¹1 and Qb ¼ 0:03 for Q ¼ 0:1 ¹ 0:5 (Kamion-
kowsky et al. 1994b). We find that Q ¼ 0:5 is allowed, Q ¼ 0:3 and
below are completely ruled out (95 per cent confidence) and
Q ¼ 0:4 is excluded unless all the Saskatoon points have the
minimum allowed calibration.

We have also considered a more complete set of open models, for
which partial results can be given here. [Results over a full set of
parameters will be given in Rocha et al. (in preparation).] The grid
considered has h values of 0.3, 0.5, 0.6, 0.7 and 0.8 [where
h ¼ H0=ð100 km s¹1 Mpc¹1Þ], and baryon density Qb values of
0.01, 0.03 and 0.06, together with Qb ¼ 0:0125h¹2 and 0:024h¹2

for each of the above values of h. The Q range considered is 0.1 to
1.0 in steps of 0.1. (These models were kindly provided by N.
Sugiyama.) The unavailability of exact models for Q > 1 limits

L4 S. Hancock et al.
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Figure 3. The likelihood surface for Q and Apeak. (The nominal Saskatoon
calibration is assumed.)

Figure 4. The 1D marginal likelihood curve for Q.
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Cl under test. However, in most cases the form of Cl can be
represented by a flat spectrum Cl ~ C2=½lðl þ 1Þÿ over the width of
a given experimental window, so that the bandpower is
DTl=T ¼

��������������������������

Cobsð0Þ=IðWlÞ
p

, where we define IðWlÞ according to
Bond (1995a,b) as IðWlÞ ¼

P∞
l¼2ðl þ 0:5ÞWl=½lðl þ 1Þÿ. This band-

power estimate is centred on the effective multipole
le ¼ IðlWlÞ=IðWlÞ. In many instances experimenters now report
results directly for a flat spectrum, and when this is not so we
have converted the quoted power in fluctuations into the equivalent
flat-band estimate. Each group has obtained limits on the intrinsic
anisotropy level using a likelihood analysis (see e.g. Hancock et al.
1994), which incorporates uncertainties due to random errors,
sampling variance (Scott, Srednicki & White 1994) and cosmic
variance (Scaramella & Vittorio 1990, 1993). The errors in DTl

quoted in column 3 of Table 1 are at 68 per cent confidence and have
been obtained by averaging the difference in the reported 68 per
cent upper and lower limits and the best-fitting DTl. Since the form
of the likelihood function is in general only an approximation to a
Gaussian distribution, this averaging introduces a small bias into the
results (Rocha et al., in preparation). With the exception of
Saskatoon the errors include uncertainties in the overall calibration.
There is a 614 per cent calibration error in the Saskatoon data, but
since the Saskatoon points are not independent this will apply
equally to all five points (Netterfield et al. 1997). We discuss below
how this is included in the analysis. It is not possible to ascribe an
error to each experiment to represent the likely degree of residual
Galactic contamination present in its results, since this is not known
at present. However, as emphasized above, if there is any evidence
that the degree of contamination in an experimental point could be
significant, we have not used that point.

Results from the MSAM experiment are not included here,
because they do not provide an independent measure of the power
spectrum since their angular sensitivity and sky coverage are
already incorporated within the Saskatoon measurements. Netter-
field et al. (1997) report good agreement between the MSAM
double-difference results and Saskatoon measurements, although
the discrepancy with the MSAM single-difference data is yet to be
resolved. The window functions for the COBE and Tenerife

experiments are independent at the half-power points, thus justify-
ing their joint use even though their sky areas overlap.

The data points from Table 1 are plotted in Fig. 2, in which the
horizontal bars represent the range of l contributing to each data
point. There is a noticeable rise in the observed power spectrum at
l . 200, followed by a fall at higher l, tracing out a clearly defined
peak in the spectrum. In the past, several groups (Scott et al. 1995;
Kamionkowsky et al. 1994b; Ratra et al. 1997) have attempted to
determine the presence of a Doppler peak, but only now are the data
sufficient to make a first detection and to put constraints on the
closure parameter Q. As a first step, we adopt a simple three-
parameter model of the power spectrum, which we find adequately
accounts for the properties of the principal Doppler peak for both
standard cold dark matter (CDM) models (Davis et al. 1992;
Efstathiou 1989) and open universe (Q < 1) models (Kamion-
kowsky et al. 1994b). The functional form chosen is a modified
version of that used by Scott et al. (1995) – we choose the
following:

lðl þ 1ÞCl ¼ 6C2 1 þ
Apeak

1 þ yðlÞ2

� �

.

1 þ
Apeak

1 þ yð2Þ2

� �

; ð3Þ

where yðlÞ ¼ ½log10 l ¹ log10ð220=
���

Q
p

Þÿ=0:266. In this representa-
tion C2 specifies the power spectrum normalization, whilst the first
Doppler peak has height Apeak above C2, width log10 l ¼ 0:266 and
for Q ¼ 1:0 is centred at l . 220. By appropriately specifying the
parameters C2, Apeak and Q it is possible to reproduce to a good
approximation the Cl spectra corresponding to standard models of
structure formation with different values of Q, Qb and H0. Such a
form will not reproduce the structure of the secondary Doppler
peaks, but we have checked the model against the overall form of
the Q ¼ 1 models of Efstathiou and the open models reported in
Kamionkowsky et al. (1994b), and find that this form adequately
reflects the properties of the main peak. This satisfies our present
considerations, since the current CMB data are not yet up to the
task of discriminating the secondary peaks. Varying the three
model parameters in equation (3) we form Cl spectra corresponding
to a range of cosmological models, which are then used in

Constraints on cosmological parameters L3
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Figure 1. The window functions for the experiments listed in Table 1.

Figure 2. The data points from Table 1 are shown compared with the best-
fitting analytical CDM model. The dotted and dashed lines show the best-
fitting models which are obtained when the Saskatoon calibration is adjusted
by 614 per cent. The data points from the MAX experiment are shown offset
in l for clarity.
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A B S T R A C T

Recently several studies have jointly analysed data from different cosmological probes with

the motivation of estimating cosmological parameters. Here we generalize this procedure to

allow freedom in the relative weights of various probes. This is done by including in the joint

x2 function a set of `hyper-parameters', which are dealt with using Bayesian considerations.

The resulting algorithm, which assumes uniform priors on the log of the hyper-parameters, is

very simple: instead of minimizing
P

x2
j (where x2

j is per data set j) we propose to minimizeP
Nj ln�x2

j � (where Nj is the number of data points per data set j). We illustrate the method

by estimating the Hubble constant H0 from different sets of recent cosmic microwave

background (CMB) experiments (including Saskatoon, Python V, MSAM1, TOCO and

Boomerang). The approach can be generalized for combinations of cosmic probes, and for

other priors on the hyper-parameters.

Key words: methods: statistical ± cosmic microwave background ± cosmology:

observations.

1 I N T R O D U C T I O N

Several groups (e.g. Bond & Jaffe 1998; Gawiser & Silk 1998;

Lineweaver 1998; Bridle et al. 1999; Bahcall et al. 1999;

Eisenstein, Hu & Tegmark 1999) have recently discussed the

estimation of cosmological parameters by joint analysis of data

sets [e.g. cosmic microwave background (CMB), supernovae

(SNe) Ia, redshift surveys, cluster abundance and peculiar

velocities]. A conventional approach does not take into account

the fact that different systematics may affect each data set. The

problem arises when data sets are inconsistent with one another.

One approach is to combine inconsistent data sets in the hope that

the various systematic effects will tend to cancel out. However,

this can lead to problems if all of parameter space is ruled out by

one data set or another. The orthogonal approach is to choose,

somewhat ad hoc, a mutually consistent group of data sets to

combine. Here we present a more objective method for dealing

with disagreement between data sets. Some previous approaches

to this problem of assigning the relative weights of different

measurements have been suggested in the astronomical literature

(e.g. Godwin & Lynden-Bell 1987; Press 1996). Here we propose

a related method by utilizing `hyper-parameters' (hereafter HPs).

Assume that we have two independent data sets, DA and DB

(with NA and NB data points respectively), and that we wish to

determine a vector of free parameters w (such as the density

parameter Vm, the Hubble constant H0 etc.). This is commonly

done by minimizing

x2
joint � x2

A � x2
B �1�

(or maximizing the sum of log likelihood functions). Such

procedures assume that the quoted observational random errors

can be trusted, and that the two (or more) x2s have equal weights.

However, when combining `apples and oranges' one may wish to

allow freedom in the relative weights. One possible approach is to

generalize equation (1) to be

x2
joint � ax2

A � bx2
B; �2�

where a and b are `Lagrange multipliers' or HPs, which are to be

dealt with in a Bayesian way. There are a number of ways to

interpret the meaning of the HPs. One way is to understand a and

b as controlling the relative weight of the two data sets. It is not

uncommon for astronomers to accept and discard measurements

(e.g. by assigning a � 1 and b � 0� in an ad hoc way. The

procedure we propose gives an objective diagnostic as to which

measurements are problematic and deserve further understanding

of systematic or random errors. A simple example of the HPs is

the case in which

x2
A �

X 1

s2
i

�xobs;i 2 xpred;i�w��2; �3�

q 2000 RAS
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This results from generalising the
usual equation for combining two
data sets A and B

χ2
joint = χ2

A + χ2
B

We include
hyperparameters α
and β in the form

χ2
joint = αχ2

A + βχ2
B

which are then
marginalised over with
a uniform log prior



Hyperparameters — the (year 2000) results for H0

value of h, as are the `Other' data. TOCO and Saskatoon both

agree on a relatively high first acoustic peak and so on a low h.

The MSAM1 points are quite low and thus fit a high value of h.

The PythonV points are fitted best by a value of h greater

than 1. The x2 value for h , 1 is very high, indicating a bad fit

(the value of h for PythonV corresponds to the end of the range

explored, and hence is a lower limit).

Clearly there are a large number of possible groupings of the

data subsets. We show in Table 2 the results from just five

groupings, which are a fair sample and also highlight some of the

properties of HPs. First we consider the case of two relatively

discrepant data sets, Saskatoon and BOOMERANG/NA; the h

values that they prefer do not overlap significantly. Combining

their x2 values for each h in the conventional manner (equation 1)

yields the likelihood function plotted with the dotted line in Fig. 3

(upper panel). An intermediate value of h is preferred, and in fact

the best-fitting h values for each data set alone are essentially

ruled out. In contrast, when HPs are used, i.e. the x2 values are

combined using equation (17), the dotted line in Fig. 3 (lower) is

obtained (see also Table 3). There are two peaks in the probability

distribution corresponding to the two different values of h

preferred by each data set alone. This is perhaps closer to what

we would actually believe given just these two data subsets.

Next we consider the effect of adding in a data subset that

agrees strongly with one of the above two data subsets. That is, we

consider TOCO with Saskatoon and BOOMERANG/NA. The

probability distribution calculated using HPs now loses its second

peak, retaining the one that agrees with TOCO and Saskatoon. The

Table 1. Conventional x2 analysis using each
data subset alone. For each data subset the
number of data points, Nj, the best-fitting value
of h and the x2 value at this point is shown. The
full likelihood distributions in h are shown in
Fig. 2. The value of h for PythonV corresponds to
the end of the range explored, and hence is a
lower limit.

Data Nj Best h x2
j

BOOMERANG/NA 7 0.75 1.5
TOCO 9 0.47 10.5
MSAM1 3 0.92 2.1
PythonV 7 .1.00 ,48.3
Saskatoon 5 0.46 0.5
Other 16 0.65 16.3

Table 2. Conventional x2 analysis. Best-fitting values of h
and x2 values at this best-fitting point, which can be
compared with the total number of data points, Nj.

Data Nj Best h x2
j

BOOM=NA� Sask 12 0.58 11.3
BOOM=NA� TOCO� Sask 21 0.53 25.6
BOOM=NA�Other 23 0.70 18.6
BOOM=NA� PythonV�Other 30 0.95 81.2
All data 47 0.68 152.6

Table 3. The five different combinations used in the hyper-
parameter analysis. In each case a separate hyper-parameter
was given to each data subset; the number of data points in
each data subset, Nj, is shown. The best-fitting value of h, the
x2 value for each data subset for this best-fitting h and the
effective HP �Nj=x

2
j � at this h are calculated.

Data Nj Best h x2
j Effective HP

BOOMERANG/NA 7 0.47 18.5 0.4
Saskatoon 5 0.5 10.2

BOOMERANG/NA 7 0.47 18.5 0.4
TOCO 9 10.5 0.9
Saskatoon 5 0.5 10.2

BOOMERANG/NA 7 0.73 1.5 4.5
Other 16 17.4 0.9

BOOMERANG/NA 7 0.74 1.5 4.5
PythonV 7 73.1 0.1
Other 16 17.6 0.9

BOOMERANG/NA 7 0.70 1.8 3.9
TOCO 9 34.9 0.3
MSAM1 3 5.4 0.6
Python V 7 79.6 0.1
Saskatoon 5 14.9 0.3
Other 16 16.8 1.0
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Figure 3. The probability of the Hubble constant h as a function of h from

different subsets of CMB data (as indicated in the legend), resulting from a

conventional x2 analysis (upper panel) and the hyper-parameter analysis

(lower panel), in which P�hjDA;DB;¼� � exp�2 1
2

P
Nj ln�x2

j ��:
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value of h, as are the `Other' data. TOCO and Saskatoon both

agree on a relatively high first acoustic peak and so on a low h.

The MSAM1 points are quite low and thus fit a high value of h.

The PythonV points are fitted best by a value of h greater

than 1. The x2 value for h , 1 is very high, indicating a bad fit

(the value of h for PythonV corresponds to the end of the range

explored, and hence is a lower limit).

Clearly there are a large number of possible groupings of the

data subsets. We show in Table 2 the results from just five

groupings, which are a fair sample and also highlight some of the

properties of HPs. First we consider the case of two relatively

discrepant data sets, Saskatoon and BOOMERANG/NA; the h

values that they prefer do not overlap significantly. Combining

their x2 values for each h in the conventional manner (equation 1)

yields the likelihood function plotted with the dotted line in Fig. 3

(upper panel). An intermediate value of h is preferred, and in fact

the best-fitting h values for each data set alone are essentially

ruled out. In contrast, when HPs are used, i.e. the x2 values are

combined using equation (17), the dotted line in Fig. 3 (lower) is

obtained (see also Table 3). There are two peaks in the probability

distribution corresponding to the two different values of h

preferred by each data set alone. This is perhaps closer to what

we would actually believe given just these two data subsets.

Next we consider the effect of adding in a data subset that

agrees strongly with one of the above two data subsets. That is, we

consider TOCO with Saskatoon and BOOMERANG/NA. The

probability distribution calculated using HPs now loses its second

peak, retaining the one that agrees with TOCO and Saskatoon. The

Table 1. Conventional x2 analysis using each
data subset alone. For each data subset the
number of data points, Nj, the best-fitting value
of h and the x2 value at this point is shown. The
full likelihood distributions in h are shown in
Fig. 2. The value of h for PythonV corresponds to
the end of the range explored, and hence is a
lower limit.

Data Nj Best h x2
j

BOOMERANG/NA 7 0.75 1.5
TOCO 9 0.47 10.5
MSAM1 3 0.92 2.1
PythonV 7 .1.00 ,48.3
Saskatoon 5 0.46 0.5
Other 16 0.65 16.3

Table 2. Conventional x2 analysis. Best-fitting values of h
and x2 values at this best-fitting point, which can be
compared with the total number of data points, Nj.

Data Nj Best h x2
j

BOOM=NA� Sask 12 0.58 11.3
BOOM=NA� TOCO� Sask 21 0.53 25.6
BOOM=NA�Other 23 0.70 18.6
BOOM=NA� PythonV�Other 30 0.95 81.2
All data 47 0.68 152.6

Table 3. The five different combinations used in the hyper-
parameter analysis. In each case a separate hyper-parameter
was given to each data subset; the number of data points in
each data subset, Nj, is shown. The best-fitting value of h, the
x2 value for each data subset for this best-fitting h and the
effective HP �Nj=x

2
j � at this h are calculated.

Data Nj Best h x2
j Effective HP

BOOMERANG/NA 7 0.47 18.5 0.4
Saskatoon 5 0.5 10.2

BOOMERANG/NA 7 0.47 18.5 0.4
TOCO 9 10.5 0.9
Saskatoon 5 0.5 10.2

BOOMERANG/NA 7 0.73 1.5 4.5
Other 16 17.4 0.9

BOOMERANG/NA 7 0.74 1.5 4.5
PythonV 7 73.1 0.1
Other 16 17.6 0.9

BOOMERANG/NA 7 0.70 1.8 3.9
TOCO 9 34.9 0.3
MSAM1 3 5.4 0.6
Python V 7 79.6 0.1
Saskatoon 5 14.9 0.3
Other 16 16.8 1.0
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Figure 3. The probability of the Hubble constant h as a function of h from

different subsets of CMB data (as indicated in the legend), resulting from a

conventional x2 analysis (upper panel) and the hyper-parameter analysis

(lower panel), in which P�hjDA;DB;¼� � exp�2 1
2

P
Nj ln�x2
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Recent Bayesian work I
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ABSTRACT
We present a principled Bayesian framework for signal reconstruction, in which the signal
is modelled by basis functions whose number (and form, if required) is determined by the
data themselves. This approach is based on a Bayesian interpretation of conventional sparse
reconstruction and regularization techniques, in which sparsity is imposed through priors via
Bayesian model selection. We demonstrate our method for noisy one- and two-dimensional
signals, including astronomical images. Furthermore, by using a product-space approach, the
number and type of basis functions can be treated as integer parameters and their posterior
distributions sampled directly. We show that order-of-magnitude increases in computational
efficiency are possible from this technique compared to calculating the Bayesian evidences
separately, and that further computational gains are possible using it in combination with
dynamic nested sampling. Our approach can also be readily applied to neural networks, where
it allows the network architecture to be determined by the data in a principled Bayesian manner
by treating the number of nodes and hidden layers as parameters.

Key words: methods: data analysis – methods: numerical – methods: statistical – techniques:
image processing.

1 I N T RO D U C T I O N

Both sparse signal processing and Bayesian inference are well-
established methods for data analysis and have a considerable
amount in common. However, these two approaches are often con-
sidered somewhat distinct from one another, and this is often re-
flected in the relatively small overlap of the communities who de-
velop and apply each technique. Nevertheless, Bayesian interpre-
tations of sparse signal processing techniques have been pursued
by a number of authors in the signal processing community – see
for example Ji, Xue & Carin (2008), Tipping (2001), and Wipf &
Rao (2004). In addition, Bayesian inference with imposed sparsity
has been applied to astronomical problems (such as in Warren, By-
ers & Crump 2017; Jones & Heavens 2018; Sciacchitano, Lugaro &
Sorrentino 2018).

In this paper we outline a principled Bayesian approach for si-
multaneously imposing sparsity and performing dictionary learning
to determine the optimal basis set for representing the signal, and
discuss how Bayesian inference provides a very natural framework
for sparsity. In our method a signal is modelled as the superposition
of a set of basis functions, whose number and form are deter-
mined by the data themselves. Sparsity can be imposed directly via
the prior on the number of basis functions N, while simultaneous

� E-mail: e.higson@mrao.cam.ac.uk

dictionary learning is performed through the estimation of parame-
ters describing the location and shape of the basis functions.

The optimum number of basis functions N with which to model
a signal can be determined using Bayesian model selection by cal-
culating the Bayesian evidence for each value. However, it is equiv-
alent (and often more computationally efficient and convenient) to
treat N as an integer parameter, and sample directly from the joint
posterior of N and the other parameters describing the N basis func-
tions. The final inference may then be obtained by either by choosing
the maximum a posteriori value of N or, better, by marginalizing
over N to give a multimodel solution (Parkinson & Liddle 2013)
with the fit for each number of basis functions weighted by its pos-
terior probability. This method can be further generalized to select
from a variety of types of basis functions T (such as Gaussians,
Fourier modes, wavelet families, shapelets, etc.), with the full ver-
sion involving inference over the joint space of T, N, and the basis
functions’ parameters.

While our principled approach is computationally expensive, we
show that it is practical in the low data regime using current nu-
merical methods at reasonable computational cost (see Table B1 in
Appendix B for details of the number of core hours used to produce
our results). In addition, this paper is intended as a proof of principle
for applications where our method is not currently feasible but will
be made so in the future by advances in numerical methods and
increases in computational power.

C© 2018 The Author(s)
Published by Oxford University Press on behalf of the Royal Astronomical Society
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Idea here is to explore a fully Bayesian approach to fitting
functions and machine learning
Moreover one in which we can ensure sparsity via choices of
prior
Model a signal as a sum of N basis functions, of a type T
belonging to discrete classes and with a set of continuous
controlling parameters
Sparsity can be enforced e.g. by a prior on N
Full exploration of the posterior allows one to carry out the
equivalent of ‘dictionary learning’



Recent Bayesian work II

Implied ‘trans-dimensional’ sampling is dealt with by a product
space approach, and ‘Evidence’ not needed as such — we get
directly the posterior ratios of different models as subsets of the
total space
This is computationally pretty heavy, so have only applied to toy
problems so far
But qute interesting nevertheless — e.g. one application in paper
is to neural network architecture

Input

Hidden Layer

Output

x1

x2 y

a
[1]
1

a
[1]
3

a
[1]
2

+1

+1

We can let the parameters
of this architecture, such as
the number of nodes in a
hidden layer, be part of the
parameters of our problem

Can then ‘marginalise’ over
these — quite novel



2-D examples: generalised Gaussians & HST images
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Recent Bayesian work I

Note the computational side of this was made possible by using
the new slice-sampling replacement for MultiNest, called
Polychord and a Dynamic Nested Sampling program called
DyPolyChord

See Handley, Hobson & Lasenby, MNRAS, 450, L61 (2015), and
MNRAS, 453, 4384 (2015) for PolyChord

And Higson et al. Astrophysics Source Code Library, record
ascl:1902.010 for the DyPolyChord program (significant
speed-ups with both)



Closed universes

For some while have been interested in a closed model of the
universe satisfying a particular boundary condition
This is that the total elapse of conformal time, as t goes from a
big bang start to t =∞, should be η = π/2
Can think of this condition as being ’half’ of what a photon would
do in pure de Sitter space, but where midpoint of the embedding
has been replaced by the big bang
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Closed universes I

This very simple requirement (which can be motivated in a
variety of alternative ways), when coupled with inflation, has
some surprising effects
This is because inflation ‘eats up’ some conformal time, but then
makes it difficult for the universe to achieve more conformal time
except by lasting a very long (cosmic) time

η =
∫

dt/R(t) increases rapidly then saturates at about 0.967
Therefore need about 0.604 in η to be made up in rest of
development of universe



Closed universes II

But the R(t) by this stage (end of plot) is already 2.44× 1022!
So universe is going to have to last a very long time further to
make up the deficit in η
Assume evolution from t = t0 = 14.56 onwards satisfies a
R ∝ (t − t0)2/3 behaviour (crude approx but ok order of
magnitude)
Equation need to solve to find the age T of the rest of the
universe is then:

(100− 14.56)2/3

2.44× 1022 3T 1/3 = 0.604

Therefore need the universe to exist for a time equivalent to
1.63× 1061 Planck lengths to build up the rest of η (this is about
2.8× 1010 years).
This gives a good illustration of how large numbers, such as the
age of the universe in Planck times, can come out of inflation
plus our boundary condition



Closed universes III

This has implications for the cosmological constant, and in fact
can show that

Λ ≈ e−6N l−2
pl

Here N is the number of e-folds
N ≈ 46 (typical for closed universe inflation and nothing to do
with our boundary condition) implies Λ ∼ 10−122l−2

pl , exactly in
the right ball park!
So all of this was first gone through in the 2005 paper Lasenby &
Doran, Phys.Rev.D 71, 063502
First full Bayesian comparison with the observations (in which it
did quite well!) in Bridges et al. (2007) (MNRAS, 381, 68)
Then further tests in Vazquez et al., MNRAS 442, 1948 (2012)
and JCAP, 08, 001 (2013)
Again did well, but more recently model is in trouble, since based
on φ2 potential and this now effectively ruled out by current
B-mode constraints



Closed universes IV

You are probably thinking isn’t curvature itself now ruled out?

Planck 2018 Parameters
paper gives results at right:
But CAMSPEC for same
data gives ΩK = −0.037+0.019

−0.014

And if add CMB lensing and
then BAO get successively
ΩK = −0.0106± 0.0065 and
ΩK = 0.0007± 0.0019 though
clearly there is some tension
underneath this increase in
precision

In examples below will use
what we can call a ‘CMB
value’ of ΩK = −0.01



Planck 2018 curvature constraintsPlanck Collaboration: Cosmological parameters

tailed discussion of the implications for specific inflation models
see Planck Collaboration X (2018).

If we allow running of the spectral index in addition to ten-
sor modes, the constraint on r0.002 weakens if we use only the
Planck likelihood; a negative running allows ns at large scales to
shift to higher values, lowering the large-scale scalar amplitude,
and hence allowing a larger tensor contribution. Inclusion of the
BK14 likelihood significantly reduces the extent of this degen-
eracy by constraining the tensor amplitude more directly, giving

r0.002 < 0.16,

dns/d ln k = −0.008+0.014
−0.015,


95 %, TT,TE,EE+lowE
+lensing, (45a)

r0.002 < 0.072,

dns/d ln k = −0.007+0.013
−0.014,


95 %, TT,TE,EE+lowE
+lensing+BK14+BAO. (45b)

The combination of Planck and BK14 robustly constrain the
tensor ratio to be small, with r0.002 <∼ 0.07. The implications
for inflation are slightly more model dependent as a result of
degeneracies between ns and additional parameters in extended
ΛCDM models. However, as shown in Table 5, the extensions
of ΛCDM that we consider in this paper cannot substantially
shift the value of the spectral index when the tensor amplitude is
small, so the overall conclusions are unlikely to change substan-
tially in extended models.

7.3. Spatial curvature

The base-ΛCDM model assumes that the spatial hypersurfaces
are flat, such as would be predicted (to within measurable pre-
cision) by the simplest inflationary models. This is a prediction
that can be tested to high accuracy by the combination of CMB
and BAO data (the CMB alone suffers from a geometric degener-
acy, which is weakly broken with the addition of CMB lensing).
This is illustrated in Fig. 29.

The combination of the Planck temperature and polarization
power spectra give

ΩK = −0.056+0.028
−0.018 (68 %, Planck TT+lowE), (46a)

ΩK = −0.044+0.018
−0.015 (68 %, Planck TT,TE,EE+lowE), (46b)

an apparent detection of curvature at well over 2σ. The 99 %
probability region for the TT,TE,EE+lowE result is −0.095 <
ΩK < −0.007, with only about 1/10000 samples at ΩK ≥ 0. This
is not entirely a volume effect, since the best-fit χ2 changes by
∆χ2

eff
= −11 compared to base ΛCDM when adding the one ad-

ditional curvature parameter. The reasons for the pull towards
negative values of ΩK are discussed at length in PCP15 and
Sect. 6.2. They are essentially the same as those that lead to the
preference for AL > 1, although slightly exacerbated in the case
of curvature, since the low multipoles also fit the low-` temper-
ature likelihood slightly better if ΩK < 0. As with the AL > 1
preference, the joint Planck polarization result is not robust at
the approximately 0.5σ level to modelling of the polarization
likelihoods, with the CamSpec TT,TE,EE+lowE likelihood giv-
ing ΩK = −0.037+0.019

−0.014.
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Fig. 29. Constraints on a non-flat universe as a minimal ex-
tension to the base-ΛCDM model. Points show samples from
the Planck TT,TE,EE+lowE chains coloured by the value of
the Hubble parameter and with transparency proportional to the
sample weight. Dashed lines show the corresponding 68 % and
95 % confidence contours that close away from the flat model
(vertical line), while dotted lines are the equivalent contours
from the alternative CamSpec likelihood. The solid dashed line
shows the constraint from adding Planck lensing, which pulls the
result back towards consistency with flat (within 2σ). The filled
contour shows the result of also adding BAO data, which makes
the full joint constraint very consistent with a flat universe.

Closed models predict substantially higher lensing ampli-
tudes than in ΛCDM, so combining with the lensing reconstruc-
tion (which is consistent with a flat model) pulls parameters back
into consistency with a spatially flat universe to well within 2σ:

ΩK = −0.0106 ± 0.0065 (68 %, TT,TE,EE+lowE
+lensing). (47a)

The constraint can be further sharpened by combining the Planck
data with BAO data; this convincingly breaks the geometric de-
generacy to give

ΩK = 0.0007 ± 0.0019 (68 %, TT,TE,EE+lowE
+lensing+BAO). (47b)

The joint results suggests our Universe is spatially flat to a 1σ
accuracy of 0.2 %.

7.4. Dark energy and modified gravity

The late-time accelerated expansion of the Universe (Riess et al.
1998; Perlmutter et al. 1999) is still considered one of the most
mysterious aspects of the standard cosmology. In the base
ΛCDM model the acceleration is driven by a cosmological con-
stant, added into the Einstein equations of General Relativity
(GR, Einstein 1917). Although ΛCDM fits the data well, Λ is
a phenomenological parameter without an underlying theoret-
ical basis to explain its value (though see Weinberg 1987). In
addition, the empirically required value of Λ marks our epoch
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` ≥ 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-ΛCDM cosmology. In the multipole range 2 ≤ ` ≤ 29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-ΛCDM theoretical spectrum best fit to the Planck
TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1σ diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` ≥ 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

the best-fit temperature data alone, assuming the base-ΛCDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization efficiencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization efficiency at 143 × 143, cEE

143, derived
from the EE spectrum is about 2σ lower than that derived from
T E (where the σ is the uncertainty of the T E estimate, of the
order of 0.02). This difference may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters differently in EE and T E. We have investi-
gated ways of correcting for effective polarization efficiencies:
adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent

estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization efficiencies fixed to the efficiencies ob-
tained from the fits on EE:

(
cEE

100

)
EE fit

= 1.021;
(
cEE

143

)
EE fit

=

0.966; and
(
cEE

217

)
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based effective polar-
ization efficiency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization efficiency estimates
(which essentially differs by applying to EE the efficiencies
given above, and to T E the efficiencies obtained fitting the T E
spectra,

(
cEE

100

)
TE fit

= 1.04,
(
cEE

143

)
TE fit

= 1.0, and
(
cEE

217

)
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ΛCDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization efficiencies, we find small shifts in the base-ΛCDM
parameters compared with ignoring spectrum-based polariza-
tion efficiency corrections entirely; the largest of these shifts
are +0.5σ in ωb, +0.1σ in ωc, and +0.3σ in ns (to be com-

7

Generally somewhat low in the low-` region and a possible
feature around ` = 20− 30 — signs of curvature?



Cutoff in power spectrum versus Ωk
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(Lukas Hergt et al., in preparation)

This computed using slow roll approximation for spectrum and
with φ2 inflaton potential (same as for previous studies)
Need to extend to integrating full Mukhanov-Sasaki mode
equations and to more general potentials



r versus ns for φ2 and φ4 combinations
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Primordial power spectrum shape versus curvature
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(Will Handley et al., in preparation)

This uses full Mukhanov-Sasaki mode evolution in closed case
(however still for φ2 potential)
Bunch-Davies initial conditions are set at peak curvature



Effect on CMB power spectrum
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Worth noting that a free-form reconstruction of the primordial
power spectrum from the data, and then transferring this through
to the C`s, indicates a lower amplitude of feature favoured in any
case
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