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ABSTRACT 
We present a new method for recovering the cosmological density, velocity and 
potential fields from all-sky redshift catalogues. The method is based on an expansion 
of the fields in orthogonal radial (Bessel) and angular (spherical harmonic) functions. 
In this coordinate system, peculiar velocities introduce a coupling of the radial 
harmonics describing the density field in redshift space but leave the angular modes 
unaffected. In the harmonic transform space, this radial coupling is described by a 
distortion matrix which can be computed analytically within the context of linear 
theory; the redshift space harmonics can then be converted to their real space values 
by inversion of this matrix. Statistical or ‘shot’ noise is mitigated by regularizing the 
matrix inversion with a Wiener filter (roughly speaking, the ratio of the variance in the 
signal to the variance of the signal plus noise). The method is non-iterative and yields 
a minimum variance estimate of the density field in real space. In this coordinate 
system, the minimum variance harmonics of the peculiar velocity and potential fields 
are related to those of the density field by simple linear transformations. Tests of the 
method with simulations of a cold dark matter universe and comparison with 
previously proposed methods demonstrate it to be a very promising new 
reconstruction method for the local density and velocity. A first application to the 1.2- 
Jy IRAS redshift survey is presented. 

Key words: methods: statistical - galaxies: distances and redshifts - large-scale 
structure of Universe. 

1 INTRODUCTION 
Historically, redshift surveys have provided the raw data 
and impetus for much of the research into the nature of the 
three-dimensional galaxy distribution. Redshift surveys pro- 
vide invaluable qualitative cosmographical information and 
have revealed a wide variety of structure, including voids, 
filaments and superclusters. Redshift surveys have also 
greatly increased our quantitative understanding of the 
galaxy distribution, as is evident in the wealth of statistical 
measures that have been applied to them over the last two 
decades. 

Today, cosmologists have at their disposal not only large, 
near-full-sky maps of the galaxy redshift distribution but also 
a growing data base of direct measurements of galaxy dis- 
tances (e.g. Burstein 1990; Bertschinger 1992, and refer- 
ences therein). A large and complete sample of galaxy 
distances would represent a marked improvement over red- 

shift surveys for measuring the properties of the galaxy dis- 
tribution, since the clustering pattern in redshift space can be 
systematically different from the true clustering in real space 
(Kaiser 1987). Unfortunately, despite the heroic efforts of 
researchers in the field, accurate distances are still lacking for 
the vast majority of galaxies with redshifts. Fortunately, how- 
ever, it is possible to reconstruct the peculiar velocity field, 
and hence distance estimates, using only redshift data, if one 
is willing to make assumptions about the underlying dyna- 
mics which have given rise to the velocities. 

In the linear theory of gravitational instability, the gravity 
and velocity vectors are parallel and related to each other by 
a proportionality constant which depends only on the mean 
mass density of the Universe, Q. If one makes the further 
(and crucial) assumption that the galaxy distribution traces 
the underlying mass distribution, then it is possible to deter- 
mine the gravity field from the galaxy distribution and thus 
derive the linear velocity field. Agreement between the pre- 
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In Appendix C (see also FSL; Regôs & Szalay 1989), we show that the radial velocity field (in linear theory) in spherical 
coordinates is given by 

U(r) = ßZ 
Imn 

t/(0)=^ Z ôf, C,„ÔL 
3 Imn 

árji{knr) Y¡m(r). 

Substituting these relations into equation (Dll) and performing the angular integration over dQ, we obtain 

Dimn ß X! C!n>Ôimn' árr <¡)(r) w^j^r) y/(^r) + 
j'ik^r) ôn 1 

k„’r 3 r 
áxji{kn'x) 2 + d ln^(r) 

d Inr 

In our reconstruction, we took w(r) = 1 /^(r). In this case, the monopole contribution is given by 

Mim» — à?rii(knr) Y*m(f) = j4n d3rj,(knr) Y,m(r) Ym(r) 
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which is the result quoted in equation (5). The redshift harmonics of the fluctuation field, <5fmn, are thus given by 

s cS _ Plmn _ Ttyf 0lmn ~ — mlmn- 
P 

(D12) 

(D13) 

(D14) 

(D15) 

This result can be combined with equation (D13) for the distortion term to express equation (D7) in a way which clearly shows 
the coupling of the radial modes in redshift space. Let 

àimn — Yj ÇZl)nn'Ôlmn' �> (D16) 

where we have defined the coupling matrix, for a given / and </>{r) w(r) = 1, as 

(Z^nn’ = öK
nn'-ßCln dr^j^Kr) fi(K>r) + 
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APPENDIX E: MODEL SIGNAL AND NOISE MATRICES 

In evaluating the WF, we need a model for the expected variance in the signal and noise. For the particular case we are 
considering, this amounts to computing the expected signal and ‘shot noise’ of the harmonics given by 

<51 = d3r^(r) w[r) <5R(#•)/,(/:,/) Y*m{r)t (El) 

Unlike previous Appendices, we are treating the fluctuation field in equation (El) as that due to a discrete set of galaxies. Notice 
that we must compute the expectation value of the estimator in real space, since it is the true underlying signal and noise in real 
space that appears in the WF formulation. 

The matrix which appears in the WF is ( This expectation value will contain both the signal and the noise arising 
from the discrete nature of the galaxies. Since we assume full sky coverage, the expectation value is diagonal in (/, m); 
consequently, the matrix for a given value of / is a square matrix with dimensions nmax( /) x nmax( /), where nmax( /) is the number of 
radial modes in the expansion for the given /. 

The expectation value can be computed by recalling that for a point distribution the expectation value of the density 
fluctuation is given by 

<<5R(/-,) <3R(r2))‘,= !(|r1-r2|) + - ô(l( (E2) 
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The second set of methods are inherently non-iterative. 
These methods rely on a self-consistent formulation of the 
linear theory equations in redshift space; the reconstruction 
technique outlined in this paper is an example, as is the 
method of ND. Our method differs from that of ND in the 
way in which shot noise is treated; ND adopt a reasonable 
(albeit somewhat ad hoc) smoothing of the density field prior 
to reconstruction, while the WF performs the smoothing in a 
natural way based on prior information. A more technical 
difference concerns the method used to expand the density 
field; ND looked at the angular harmonics on chosen shells 
and performed a spline fit to the radial trend, whereas we 
expand the density field in orthogonal radial basis functions. 
The method of ND involves solving a differential equation 
corresponding to a modified Poisson equation, while our 
method is essentially an algebraic solution to this equation in 
transform space. 

Fig. 5 is a comparison of the reconstructed peculiar velo- 
city field of the mock IRAS CDM catalogue described in 
Section 5 using three different methods: those of the WF pre- 
sented here, YSDH, and ND (kindly provided to us by 
Michael Strauss and Adi Nusser). It is encouraging that the 
different methods agree as well as they do. Linear theory 
seems to be fairly robust to the algorithm which implements 
it, and, while different smoothing methods may optimize the 
solutions, the recovered velocity field does not appear to be 
very sensitive to the exact smoothing technique employed. 
The comparison gives hope that the IRAS density and velo- 
city fields can be reliably estimated out to about 6000 km 
s-1. At larger distances, the sampling in the IRAS surveys 
becomes increasingly dilute, and one would expect the dif- 
ference between methods to become more pronounced as 
regularization in the form of smoothing becomes more 
important. 

Comparison of Different Methods 

True Velocities (kms-1) 
Figure 5. Comparison of different reconstruction techniques for the mock IRAS CDM galaxies with distances less than 60 h~x Mpc. (a) 
Velocities reconstructed using the technique of Nusser & Davis (1994). (b) Velocities reconstructed using the technique of Yahil et al. (1990). (c) 
Velocities reconstructed using the Wiener filter algorithm described in the text, (d) The Wiener method velocities (y-axis) versus those 
reconstructed using the Nusser & Davis (x-axis) method. 
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There is strong evidence that the mass in the Universe is dominated by dark

matter, which exerts gravitational attraction but whose exact nature is un-

known. In particular, all galaxies are believed to be embedded in massive

haloes of dark matter.1,2 This view has recently been challenged by surpris-

ingly low random stellar velocities in the outskirts of ordinary elliptical galax-

ies, which were interpreted as indicating a lack of dark matter.3,4 Here we show

that the low velocities are in fact compatible with galaxy formation in dark-

matter haloes. Using numerical simulations of disc-galaxy mergers,5,6 we find

that the stellar orbits in the outer regions of the resulting ellipticals are very

elongated. These stars were torn by tidal forces from their original galaxies

during the first close passage and put on outgoing trajectories. The elongated

orbits, combined with the steeply falling density profile of the observed trac-

ers, explain the observed low velocities even in the presence of large amounts

of dark matter. Projection effects when viewing a triaxial elliptical can lead to

even lower observed velocities along certain lines of sight.

Introduction

The common spiral galaxies are known to reside in extended dark-matter (DM) haloes.
The rotational speeds of their gas discs do not decline outside the visible body,1 unlike
the expectation from Keplerian circular velocities at a radius r about a mass M , V 2 =
GM/r. Thus, the DM mass within r is growing roughly as M(r) ∝ r and it dominates
the gravitational potential beyond a certain radius. An extrapolation based on the typical
halo density profile7 found in simulations of the standard ΛCDM cosmology predicts an
outer “virial” radius Rvir that is 50-100 times larger than the characteristic stellar radius,
enclosing 10-20 times more DM than luminous matter, now also indicated observationally..8
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10 star clusters as 
mass tracers: 
σu <~10km/s 

Figure 1: HST/ACS image of NGC1052–DF2. NGC1052–DF2 was identified as a large (⇠ 20) low surface object, at ↵ =
2h41m46.8s; � = �8�2401200 (J2000). Hubble Space Telescope imaging of NGC1052–DF2 was obtained 2016 November 10,
using the Advanced Camera for Surveys (ACS). The exposure time was 2,180 s in the V606 filter and 2,320 s in the I814 filter.
The image spans 3.20 ⇥ 3.20, or 18.6 ⇥ 18.6 kpc at the distance of NGC1052–DF2; North is up and East is to the left. Faint
striping is caused by imperfect CTE removal. Ten spectroscopically-confirmed luminous compact objects are marked.

has a radial velocity of 1, 425 km s�1, with a 1� spread of
only ±111 km s�1 (based on 21 galaxies). NGC1052–DF2
has a peculiar velocity of +378 km s�1 (3.4�) with respect
to the group, and +293 km s�1 with respect to NGC 1052
itself (Fig. 3).

Images of the compact objects are shown in Fig. 2 and
their locations are marked on Fig. 1. Their spatial distri-
bution is somewhat more extended than that of the smooth
galaxy light: their half-number radius is Rgc ⇠ 3.1 kpc
(compared to Re = 2.2 kpc for the light) and the outermost
object is at Rout = 7.6 kpc. In this respect, and in their
compact morphologies (they are just-resolved in our HST
images, as expected for their distance) and colors, they are
similar to globular clusters and we will refer to them as such.

However, their luminosities are much higher than those of
typical globular clusters. The brightest (GC-73) has an ab-
solute magnitude of M606 = �10.1, similar to that of the
brightest globular cluster in the Milky Way (! Cen). Fur-
thermore, the galaxy has no statistically-significant popula-
tion of globular clusters near the canonical peak of the lu-
minosity function at MV ⇡ �7.5. The properties of these
enigmatic objects are the subject of another paper (P.v.D. et
al., in preparation).

The central observational result of the present study is
the remarkably small spread among the velocities of the
ten clusters (Fig. 3). The observed velocity dispersion is
�obs = 8.4 km s�1, as measured with the biweight estima-
tor (see Methods). This value is much smaller than that in

2

18kpc if D=20Mpc 

size of a big galaxy but 
M* ~10^8 solar masses

UDFs are just at the tail 
of the N(SB)



van Dokkum et al: very little dark matter

σu <10km/s:      Mdyn close to Mstars!  
NO or Very  Little  DM 

DF2

Others



Note:

But this implies a very large peculiar velocity!





     DYNAMICAL FRICTION

MGC ∼ 106M⊙ Mhalo ∼ 108 − 109M⊙in a 



Dynamical friction in NGC1052-DF2 
using simulations 

AN 18

From a simulation:  
Treecode, 

Could it be like Fornax?

2.4 × 105 particles



Fornax is the most massive MW satellite. 
Looks very relaxed.
Distance ~ 130 kpc.
Unlike other MW dwarf satellites, it has (5+1) GCs. 

Puzzle: none of the GCs has settled to the center by 
dynamical friction. 
Possible solutions:  
a. it has a core of constant density at r<1.5kpc (e.g. Cole et al 

2012). Core suppressed dynamical friction!?
b. Special initial configuration for  GCs (Angus & Diaferio 

09, Cole et al 12,  Boldirini, Mohayaee & Silk 19).

The Fornax conundrum



Towards a high mass for 
NGC1052-DF2



Mhalo~109Msun

I will 
challenge that 
conclusion



NGC 1052-DF2 is associated with a larger galaxy, 
NGC 1052, at a projected distance of ~75 kpc

Perhaps it was tidally stripped by the larger 
galaxy!?  

Tidal stripping reduces the velocity dispersion by 
eliminating high velocity particles.

Vrel = |VDF2 − V1052 | ≈ 293kms−1

σlos
1052 ≈ 110kms−1, VHI

c ∼ 200kms−1

So Vrel ∼ Vesc!!!
But SHMR implies larger mass for NGC 1052



From a simulation: tidal stripping and velocity dispersion High mass of NGC1052-DF2 5

0

5
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solid:  u
dotted:  Vr
dashed:  Vt
blue: all
red: trimmed

0 2 4 6 8
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0.2

Figure 2. Top: The variance of velocity, versus the 3D radius, of parti-
cles inside a radius of rtr = 10 kpc in a simulated halo of M200 =
1.3 ⇥ 1010M�. The blue curve is the variance from particles in the pre-
trimmed halo, where the red curve is only for particles with apocenters
smaller than rtr. Solid, dotted and dashed curves correspond to velocities in
l.o.s, radial and tangential directions, respectively. The variance of the tan-
gential velocity is divided by 2. Bottom: Relative reduction of mass within
r due to removal of particles outside 10 kpc.

terms of eu =
p
3u/Vc, where Vc = GM200/r200. The calcula-

tions are done for halo with M200 = 1.3⇥1010 (Vc = 34 km s�1),
C = 0.6C̄ = 7.7 and a power law index of the spatial distribution
of tracers with � = 2.4. This choice for � is motivated by the subse-
quent analysis and is consistent with Trujillo et al. (2018). The trim-
ming radius is rtr = 10 kpc, encompassing ⇠ 4⇥ 109M� in DM
(c.f. Fig. 3), in addition to the stellar content. The set of equations
in §2.1 is then used to calculate the DF under the ergodic assump-
tion. The DF for circular orbits with isotropic angular distribution
is obtained using Eq. 15. We also consider a non-isotropic angular
distribution of orbits corresponding to �2

� = 2�2
✓ and Eq. 16. In all

these three cases, Eq. 5 is employed to obtain the DF in terms of the
projected distance R rather than the 3D distance r. The calculation
of the gravitational potential  is done by numerically integrating
the mass profile on a radial grid and the derivative d⌫/d is then
obtained by means of numerical differences.

8.5 9 9.5 10 10.5 11

10-1

100

NFW

Figure 3. The ratio of the halo mass, M10kpc, contained inside a 10 kpc
(3D) distance, to the mass M = M200 of the halo. The solid and dashed
curves correspond to C = C̄(M) and 0.6C̄(M), respectively. For halos
with M < 108M� (r200 < 10 kpc) we set M10kpc = M .

The figure shows the PDF P (eu) obtained from the DFs at a
projected distance R = 2.4 kpc and 7 kpc, as indicated. The PDFs
are symmetric with respect to the sign of u and hence the figure
refers only to positive velocities. The ergodic DF, shown as the
black solid curve, declines with increasing velocities and matches
a Gaussian for R = 2.4 kpc. However, closer to rtr, at R = 7
kpc, there is a clear deviation from a Gaussian. At this distance,
there is a cutoff at u ⇡ Vc resulting from the maximum velocity
a tracer can have without crossing rtr = 10 kpc. The circular or-
bit PDF with isotropic distribution (dotted blue) has a distinctive
dip at u ⇠ 0, diverges around the circular velocity of the halo, Vc,
and vanishes at larger velocities. The PDF for anisotropic circu-
lar orbits (red dashed) is constant at low velocities, in accordance
with Eq. 16. However, because of the integration over the l.o.s (see
Eq. 5), the PDF declines at large velocities. We already can see that
the mass constraints will be lowest for the assumption the isotropic
circular orbits. For circular orbits, the trimming radius affects F

only through the integration over z in Eq. 5.
Fig. 5 plots the measured NGC1052-DF2 l.o.s. velocities and

the predicted velocity dispersion, �2
u, from the ergodic DF for an

NFW mass profile with 3 different masses, as indicated in the fig-
ure. The prediction depends on � and hence we plot results for two
values of � for the most massive halo considered in the figure. As
expected, the large trimming radius, rtr = 20 kpc, (right panel) is
associated with a higher �2

u than rtr = 10 kpc (left panel). Com-
parison between the two panels, reveals that trimming has a sub-
stantially more pronounced effect on the more massive halos. For
the halo with M200 = 6.3⇥ 1010M�, the dispersion at R = 6 kpc
drops from 30 km s�1 (left panel) to 22 km s�1 (right) for � = 2.4
(see dashed curves). For smaller halos, the trimming radius is closer
to the virial radius resulting in a much smaller effect. The reduction
in �u is almost unnoticeable for M = 109M� (red dash-dotted),
where, according to Fig. 3, M10kpc is as high as 80% as the origi-
nal mass, M . The dependence on � is actually significant, as seen
by comparing the dashed and dotted curves in each panel.

MNRAS 000, 000–000 (0000)
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10 star clusters- could be Globular Clusters with unusual properties
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ABSTRACT
Under the assumption of an ergodic phase space distribution function (isotropic velocity dispersion), we

present a convenient relation fro analyzing a system with mass tracers with observed line of sight velocities and
projected distances. We apply the relation to the galaxy NGC1052-DF2 and compute the allowed parameter
space for halo mass and concentration parameter. We contrast the result with tracers assumed to follow purely
circular orbits. We find that a mass of >⇠ 1010M� is consistent at the 2� level with the observed distribution
of the measured velocities and projected distance of the 10 Globular clusters used as tracers of the gravitational
potential well of the galaxies. Our finding implies that NGC1052-DF2 can be only moderately dark matter
deficient- in contrast top initial reports.

Keywords: galaxies: halos - cosmology: theory, dark matter

1. INTRODUCTION

Small galaxies with shallow potential wells are an inter-
esting probe of the nature of dark matter (DM). The sheer
existence of DM in these objects has long ago allowed a
constraint on the mass of neutrinos as candidates for DM
(Tremaine & Gunn 1979). Further, their observed abundance
is sensitive to both the power spectrum of the initial mass
fluctuations (Lovell et al. 2013) and energetic feedback asso-
ciated with star formation and Supernovae feedback (Pontzen
& Governato 2012). The ratio of DM to stellar mass of these
galaxies is >⇠ 100 (Behroozi et al. 2010; Moster et al. 2013).
Therefore, the discovery of a galaxy, NGC1052-DF2, with
very little or no DM content at all is particularly intriguing
(van Dokkum et al. 2018b). A DM deficiency in NGC1052-
DF2 in conjunction with the low acceleration can in prin-
ciple constrain modifications to Newtonian dynamics (e.g.
van Dokkum et al. 2018b; Famaey et al. 2018; Moffat &
Toth 2018). A lack of DM could serve as an indication of
dark sector breaking of the equivalence principle and viola-
tion of Lorenz invariance (e.g. Frieman & Gradwohl 1991;
Kesden & Kamionkowski 2006; Keselman et al. 2009; Bet-
toni et al. 2017). Indeed, an additional fifth force in the dark
sector could completely segregate the stellar and DM com-
ponents due to the gravitational force field of a more massive
host, such as the large elliptical NDF1052 in the vicinity of
NGC1052-DF2.

adi@physics.technion.ac.il

The analysis of NGC1052-DF2 is based on the measured
radial velocities of ten compact objects which are similar to
Galactic Globular Clusters (GCs) van Dokkum et al. (2018b).
The 90% confidence limit on the line of sight velocity disper-
sion of these star clusters iss estimated as � < 10.5 km s�1

van Dokkum et al. (2018b). Martin et al. (2018) have ar-
gued that the small number of tracers used to constrain the
kinematics of the galaxy could be associated with poorly de-
termined velocity dispersion and hence is the cause of the
apparent lack of DM.

2. OBSERVABLES AND DISTRIBUTION FUNCTIONS

We take the line-of-sight in the z direction. The mass of
the galaxy is probed by a sample of tracers with measured ve-
locity components, u0, along the line-of-sight and projected
distances, R0, with respect to the galaxy center. The true val-
ues of these observables are denoted simply by u and R. We
assume that the measurement errors (assuming a known dis-
tance to the system) in R0 are negligible. As in Wasserman
et al. (2018), we introduce usys to allow for uncertainties in
the determination of the systemic velocity. Thus, we write,
for each tracer i,

R0i = Ri , (1)

and
u0i = ui + usys + �ui, (2)

where �ui are the individual measurement errors assumed to
be distributed according to a Gaussian with zero mean and
scatter �u. Following Wasserman et al. (2018), we assume
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dark sector breaking of the equivalence principle and viola-
tion of Lorenz invariance (e.g. Frieman & Gradwohl 1991;
Kesden & Kamionkowski 2006; Keselman et al. 2009; Bet-
toni et al. 2017). Indeed, an additional fifth force in the dark
sector could completely segregate the stellar and DM com-
ponents due to the gravitational force field of a more massive
host, such as the large elliptical NDF1052 in the vicinity of
NGC1052-DF2.
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The analysis of NGC1052-DF2 is based on the measured
radial velocities of ten compact objects which are similar to
Galactic Globular Clusters (GCs) van Dokkum et al. (2018b).
The 90% confidence limit on the line of sight velocity disper-
sion of these star clusters iss estimated as � < 10.5 km s�1

van Dokkum et al. (2018b). Martin et al. (2018) have ar-
gued that the small number of tracers used to constrain the
kinematics of the galaxy could be associated with poorly de-
termined velocity dispersion and hence is the cause of the
apparent lack of DM.

2. OBSERVABLES AND DISTRIBUTION FUNCTIONS

We take the line-of-sight in the z direction. The mass of
the galaxy is probed by a sample of tracers with measured ve-
locity components, u0, along the line-of-sight and projected
distances, R0, with respect to the galaxy center. The true val-
ues of these observables are denoted simply by u and R. We
assume that the measurement errors (assuming a known dis-
tance to the system) in R0 are negligible. As in Wasserman
et al. (2018), we introduce usys to allow for uncertainties in
the determination of the systemic velocity. Thus, we write,
for each tracer i,

R0i = Ri , (1)

and
u0i = ui + usys + �ui, (2)

where �ui are the individual measurement errors assumed to
be distributed according to a Gaussian with zero mean and
scatter �u. Following Wasserman et al. (2018), we assume

unknown systemic vel.
to within 5km/s

true vel.observed velocity

error in vel.

true projected
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Figure 1: HST/ACS image of NGC1052–DF2. NGC1052–DF2 was identified as a large (⇠ 20) low surface object, at ↵ =
2h41m46.8s; � = �8�2401200 (J2000). Hubble Space Telescope imaging of NGC1052–DF2 was obtained 2016 November 10,
using the Advanced Camera for Surveys (ACS). The exposure time was 2,180 s in the V606 filter and 2,320 s in the I814 filter.
The image spans 3.20 ⇥ 3.20, or 18.6 ⇥ 18.6 kpc at the distance of NGC1052–DF2; North is up and East is to the left. Faint
striping is caused by imperfect CTE removal. Ten spectroscopically-confirmed luminous compact objects are marked.

has a radial velocity of 1, 425 km s�1, with a 1� spread of
only ±111 km s�1 (based on 21 galaxies). NGC1052–DF2
has a peculiar velocity of +378 km s�1 (3.4�) with respect
to the group, and +293 km s�1 with respect to NGC 1052
itself (Fig. 3).

Images of the compact objects are shown in Fig. 2 and
their locations are marked on Fig. 1. Their spatial distri-
bution is somewhat more extended than that of the smooth
galaxy light: their half-number radius is Rgc ⇠ 3.1 kpc
(compared to Re = 2.2 kpc for the light) and the outermost
object is at Rout = 7.6 kpc. In this respect, and in their
compact morphologies (they are just-resolved in our HST
images, as expected for their distance) and colors, they are
similar to globular clusters and we will refer to them as such.

However, their luminosities are much higher than those of
typical globular clusters. The brightest (GC-73) has an ab-
solute magnitude of M606 = �10.1, similar to that of the
brightest globular cluster in the Milky Way (! Cen). Fur-
thermore, the galaxy has no statistically-significant popula-
tion of globular clusters near the canonical peak of the lu-
minosity function at MV ⇡ �7.5. The properties of these
enigmatic objects are the subject of another paper (P.v.D. et
al., in preparation).

The central observational result of the present study is
the remarkably small spread among the velocities of the
ten clusters (Fig. 3). The observed velocity dispersion is
�obs = 8.4 km s�1, as measured with the biweight estima-
tor (see Methods). This value is much smaller than that in
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that usys has a Gaussian distribution with the mean of the
observed velocities and a standard deviation of 5 km s�1.

The likelihood function, L(u0, R0) for observing u0 and
R0 is then written as

L =

Z
dusys

Y

i

Z
duiG(u0i|ui + usys)F (ui, R0i) , (3)

where G is a Gaussian with mean ui + usys and rms scatter
�ui representing the random error �ui in measuring u0i and
F is the distribution function (hereafter DF) of the underlying
quantities u and R. We describe below our derivation of F
from a given a mass model for the galaxy. Constraints on
the mass model will then be obtained by maximizing L with
respect to the parameters of this model.

The unknown velocity in the projected plane (perpendicu-
lar to the z axis) is denoted by w with an amplitude w. Thus
the 3D velocity of a tracer is v ⌘ w + uẑ. Also, let ⌫(r)
be the three-dimensional (3D) number density of the tracers
at a 3D distance, r, from the center. We will assume below
that ⌫ is isotropic, i.e. ⌫(r) = ⌫(r) depends only on r = |r|.
The DF F (u,R) will be derived from the DF, f , of the full
phase space information of 3D velocities and positions. This
is done first by computing the DF, fu(u, r), of the line-of-
sight velocity component and the the 3D distance r. Then F

is obtained using

F (u,R) =

Z
dzfu(u, r =

p
R2 + z2) . (4)

2.1. The ergodic DF

Define f(E) and assume that f(E) = 0 for E � 0. Follow-
ing Binney & Tremaine (2008) we define

E =  � v
2
/2 and  = �� . (5)

where v
2 = u

2 + w
2 and � is the gravitational potential

generated by all the massive The function f(E) obeys (e.g.
Binney & Tremaine 2008),

f(E) = 1p
8⇡2

d
dE

Z E

0

d p
E� 

d⌫
d . (6)

In application, the scaled potential  will be given from
model for the mass distribution and ⌫(r) will assume a form
that can describe the distribution of the tracers in the obser-
vations. The DF, fu is obtained by integrating f over the
projected velocity components w. Hence,

f(u, r) = 2⇡

Z
wdwf(E) . (7)

Since v2 = w
2+u

2, then at fixed r and u we have dE = wdw
and thus,

fu(u, r) = 2⇡

Z Em

0
dEf(E) (8)

where
Em =  (r)� u2

2 (9)

corresponds to w = 0. Using Eq. 6 we then arrive at

fu(u, r) =
1p
2⇡

Z Em

0

d p
Em� 

d⌫
d . (10)

This offers a convenient form for deriving fu from  and ⌫

in the case of an ergodic DF, f .

2.2. DF for circular orbits

An ergodic DF corresponds to isotropic velocity disper-
sion. In complete contrast, is the case where particles move
on circular orbits where the velocity of a tracer is perpendic-
ular to the radius vector r and has a magnitude Vc = GM(<
r)/r. Let ✓ be the angle between between r and the z axis
and � be the azimuthal angle between the x axis and the pro-
jection of r onto the xy plane. We also take ⌘ to be the angle
between v and the azimuthal direction. Thus,

u = Vc sin ✓ sin ⌘ (11)

Assuming a PDF, P⌘ , for ⌘ we get

P (u|r) = P⌘

d⌘
du . (12)

for the PDF of u at a given r. Clearly P (u|r) = 0 for |u| >
Vc sin ✓. Otherwise,

P (u|r) = P⌘p
V 2
c sin2 ✓�u2

(13)

where we have used cos ⌘ =
q
1� u2/V 2

c sin2 ✓. A uni-
form P⌘ = const, yields isotropic velocity dispersion in the
tangential direction, i.e. �2

� = �
2
✓ and corresponds to

P (u|r) = 1
⇡

1p
V 2
c sin2 ✓�u2

, (14)

which has a minimum of P (u|r) at u = 0 and is maximal at
|u| ! Vc sin ✓. Alternatively, the choice P⌘ / | cos ⌘| leads
to �

2
� = 2�2

✓ and

P (u|r) = 1
2Vc sin ✓ , (15)

which is uniform for |u|  Vc sin ✓ and zero otherwise. For
P⌘ / cos2 ⌘ we obtain �

2
� = 3�✓ and

P (u|r) = 2
⇡

p
1�u2/V 2

c sin2 ✓

Vc sin ✓ . (16)

Using sin ✓ = R/
p
R2 + z2 we write the DF, fc =

⌫P (u|r) as

fc(u|r) = ⌫(R, z)P (u|R, z) . (17)

Note that although ⌫ can be spherically symmetric, it is only
required to satisfy azimuthal symmetry.
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Figure 3. 10 kpc.

and Trujillo et al. (2018), the distribution of the 10 tracer GC
in NGC1052-DF2 is represented as a power law where the
cumulative distribution up-to a distance r is n(r) / r

3��

corresponding to ⌫ / r
�� . We follow these authors and

adopt this form.

4. RESULTS

The DF, Fu(u,R) of the true u and projected distance is
the most important quantity in the calculation of the likeli-
hood L in Eq. 3. It is thus instructive to examine its be-
haviors in some detail. Fig. 4 shows Fu as a function of u
for a M200 = 1.3 ⇥ 1010 halo with an Einasto profile with
CE = 0.6C̄E = 11.2. The power law index of the spa-
tial distribution of tracers is � = 2.45. The trimming radius
is rtr = 10 kpc, encompassing ⇠ 4 ⇥ 109M� in DM (c.f.
Fig. 3), in addition to the stellar content. The set of equations
in §2.1 is then used to calculate the DF under the ergodic
assumption. The DF for circular orbits with isotropic angu-
lar distribution is obtained using Eq. 14. We also consider
a non-isotropic angular distribution of orbits corresponding
to �

2
v� = 2�2

v✓
and Eq. 15. In all these three cases, Eq. 4 is

employed to obtain the DF in terms of the projected distance
R rather than the 3D distance r. These three DFs are rep-
resented in Fig. 4. Defining eu =

p
3u/Vc, the figure shows

the normalized probability distribution (PDF) P (eu) obtained
from the DFs at a projected distance R = 2.4 kpc and 7
kpc, as indicated in the figure. The PDFs are symmetric
with respect to the sign of u and hence the figure refers only
to positive velocities. The ergodic DF, shown as the black
solid curve, declines with increasing velocities and matches
a Gaussian for R = 2.4 kpc. However, R = 7 kpc closer
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Figure 4. The PDF of the l.o.s velocity u for tracers at projected
distances R = 2.4 kpc (left) and 7 kpc (right). Three models are
plotted: ergodic (black solid), circular orbits with isotropic angular
distribution (dotted blue) and a non-isotropic distribution (dashed
red). For comparison, a Gaussian PDF is also shown (solid green).
See text.

to rtr, there is a clear deviation from a Gaussian. At this
distance, there is a clear cutoff in u at about u ⇡ Vc sim-
ply because tracers faster than that cannot bee round to the
galaxy. The circular orbit PDF with isotropic distribution
(dotted blue) has the opposite behavior of a dip at u = 0.
It diverges around the circular velocity of the halo, Vc and
vanishes at larger velocities. The PDF for anisotropic cir-
cular orbits (red dashed) is constant at low velocities, in ac-
cordance with Eq. 15. However, because of the integration
over the l.o.s (see Eq. 4, the PDF declines at large velocities.
We already can see that the mass constraints will be lowest
for the assumption the isotropic circular orbits. For circular
orbits, the trimming radius affects Fu only through the inte-
gration over z in Eq. 4. However, as we have seen above, it
has a more profound effect in the ergodic case, through the
reduction of the 3D velocity dispersion.

We compute L in Eq. 3 for an array of � and M values for
a given choice of the concentration, as just described. Con-
fidence levels (CLs) are then defined according to the likeli-
hood ratio in terms of ��̃

2 = �2lnL/Lmin, where Lmin is
the minimum over all pairs of � and M . The lowest M we
consider is 108M�, close to the stellar mass. Before present-
ing the results for the CLs, we examine whether the param-
eters � and M corresponding to Lmin are indeed a good fit
to the data- otherwise the whole framework is questionable.
This is done by drawing random u from the DF F (u,R) as-
suming the � = 2.3 and M = 5 ⇥ 1010M� very close to

distribution of tracers

Ergodic (isotropic vel. dispersion)
phase space DF

potential from mass model

3D  to 1D
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several methods for inferring mass from projected phase space data
(e.g. Courteau et al. 2014). Here we employ certain assumptions
that will allow us to express the distribution function of projected
phase space variables in a simple and compact form. The DF allows
a construction of a likelihood function of data, without invoking ad-
ditional assumptions on moments of the true l.o.s velocities.

The distance to NGC1052-DF2 is required to convert mea-
sured angular separations into projected distances of tracers and
to derive the stellar mass from the 2D stellar distribution. There
is an ongoing debate regarding the distance to NGC1052-DF2.
The distance of D = 19 ± 1.7 Mpc reported by van Dokkum
et al. (2018a), has been disputed by Trujillo et al. (2018) who ar-
gue in favor of D ⇡ 13 Mpc. More recently, a new distance of
D = 18.7 ± 1.7 Mpc is provided by van Dokkum et al. (2018b),
consistent with their original estimate. Deeper observations the
color magnitude diagram should yield a complete resolution to the
distance conundrum. The nearer distance leads to a smaller stellar
mass (⇠ 6 ⇥ 107M�) and, thus, brings NGC1052-DF2 closer
to the standard SHMR (Trujillo et al. 2018). Therefore, the main
interest is in the mass models for D = 20 Mpc and here we opt
to present results for this distance only. We only mention that the
actual constraints on the virial halo mass are not significantly dif-
ferent from D = 13 Mpc.

The outline of the remainder of the paper is as follows. The
methodology of constructing the DFs of the observables is de-
scribed in §2. In §3, the mass model of NGC1052-DF2 is pre-
sented in terms of a stellar component embedded in a DM halo.
This section also includes a detailed description of the effect of
tidal stripping. The §4 gives the upper limits obtained from our DF
based likelihood function. The paper is concluded with a discussion
in §5.

2 OBSERVABLES AND DISTRIBUTION FUNCTIONS

We assume that the galaxy is in a steady state where the mass dis-
tribution is probed by a sample of tracers with measured l.o.s. ve-
locity, u0, and projected (perpendicular to the l.o.s) distances, R0,
with respect to the galaxy center. The true values of these observ-
ables are denoted simply by u and R. We assume that the measure-
ment errors in R0 are negligible. As in Wasserman et al. (2018), we
introduce usys to allow for uncertainties in the determination of the
systemic velocity. Thus, we write, for tracer i,

R0i = Ri , (1)

and

u0i = ui + usys + �ui, (2)

where �ui are the individual measurement errors.
The likelihood function, L(u0, R0) for observing u0 and R0

is then written as

L =

Z
dusysP (usys)

Y

i

Z
duiG(u0i|ui + usys)F (ui, R0i) .

(3)
We take the probability distribution function P (usys) to be a Gaus-
sian with the mean of the observed velocities and a standard devi-
ation of 5 km s�1 (Wasserman et al. 2018) . Also G is a Gaussian
with mean ui + usys and rms scatter �ui representing the random
error �ui in measuring u0i. The main challenge in computing L is
the distribution function (hereafter DF), F , of the underlying quan-
tities u and R. We describe below our derivation of F from a given
mass model for the galaxy. Constraints on the mass model will then

be obtained by maximizing L with respect to the parameters of this
model.

The unknown velocity in the projected plane is denoted by
w with an amplitude w. Thus the 3D velocity of a tracer is v ⌘
w + uẑ, where the l.o.s is arbitrarily chosen as the positive z axis.
Assuming azimuthal symmetry, F (u,R) will be derived from a
model for the DF, f(v, r), of the full phase space information of
3D velocities and positions. This is done, first by computing the
DF, fu(u, r), of the line-of-sight velocity component and the 3D
distance r,

fu(u, r) =

Z
d2wf(v, r) . (4)

Then F is obtained using

F (u,R) =

Z
dzfu(u,R, z) . (5)

2.1 The ergodic (isotropic) DF

We adopt the definitions

E =  � v
2
/2 and  = �� , (6)

where v
2 = u

2 + w
2 and � is the gravitational potential gener-

ated by all components of the system. We assume now that the full
phase space DF is of the form f(v, r) = f(E). This form of the
steady state DF implies spherical symmetry as well as isotropic ve-
locity distribution and is appropriately termed “ergodic” by Binney
& Tremaine (2008). We further impose  ! 0 as r ! 1 and
f(E) = 0 for E 6 0. Then, the function f(E) obeys (e.g. Edding-
ton 1916; Binney & Tremaine 2008),

f(E) = 1p
8⇡2

d
dE

Z E

0

d p
E � 

d⌫
d 

, (7)

where ⌫(r) is the distribution of mass tracers and d⌫/d =
(d⌫/dr)(d /dr)�1.

The DF, fu is obtained from Eq. 4, by integrating f over the
projected velocity where d2w = 2⇡wdw,

fu(u, r) = 2⇡

Z
wdwf(E) . (8)

At fixed r and u we have dE = wdw and thus,

fu(u, r) = 2⇡

Z Em

0

dEf(E) , (9)

where

Em =  (r)� u
2

2
(10)

corresponds to w = 0. Together with Eq. 7 we then arrive at (c.f.
Dejonghe & Merritt 1992)

fu(u, r) =
1p
2⇡

Z Em

0

d p
Em � 

d⌫
d 

, (11)

offering a convenient form for deriving fu from  and ⌫ under the
assumption of ergodicity.

2.2 DF for circular orbits

An ergodic DF corresponds to an isotropic velocity dispersion. In
complete contrast, is the case of particles moving on circular orbits
where the velocity of a tracer is perpendicular to r, with a magni-
tude Vc(r) =

p
GM(r)/r. Let ✓ be the angle between r and the z
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3. MASS MODEL

The distance to NGC1052-DF2 is required to convert
measured angular separations into projected distances of
tracers and to derive the stellar mass of the galaxy. the 2D
stellar distribution into physical There is an ongoing debate
regarding the distance to NGC1052-DF2. The distance of
D ⇠ 18 Mpc reported by van Dokkum et al. (2018b) has
been disputed by Trujillo et al. (2018) who argue in fa-
vor of D ⇠ 13 Mpc. More recently, a new distance of
D = 18.7 ± 1.7 Mpc is provided by van Dokkum et al.
(2018a). Deeper observations the color magnitude diagram
should yield a complete resolution to the distance conun-
drum. The nearer distance leads to smaller stellar mass
(⇠ 6 ⇥ 107M�) and, thus, brings NGC1052-DF2 close to
the the standard SHMR (Trujillo et al. 2018). Therefore, the
main interest is in the mass models for D = 20 Mpc and
here we opt to present results for this distance only. We only
mention that the actual constraints on the virial halo mass are
not significantly different from D = 13 Mpc.

We model the galaxy as a two component system of stars
and DM, both assumed spherical. Our analysis will be per-
formed with DM halo profiles corresponding to an NFW and
Einasto forms, with parameters derived from halos identi-
fied in large high-resolution cosmological simulations (e.g.
Gao et al. 2008; Ludlow et al. 2013; Dutton & Maccio 2014;
Diemer & Kravtsov 2015). We define the mass M200 of a
halo as the mass within a spherical region of radius r200,
where the average density is 200 times the critical density
⇢c = 3H2

/8⇡G. We refer to this radius as the virial ra-
dius. For a given halo mass, M , the only other parameter
needed to specify the NFW profile is the concentration pa-
rameter. We adopt the fitting formula for the concentration-
mass relation, C̄NFW(M), found by Gao et al. (2008) for
halos identified in simulations. We will provide results for
CNFW = C̄NFW(M) and also for lower values 0.6C̄NFW.
The Einasto profiles requires, in addition to the correspond-
ing concentration, the power index ↵E as a second param-
eter.. For the relevant mass range, ↵E has a very weak de-
pendence on mass, converging to ↵E = 0.167. We thus use
this value to specify all Einasto profiles, while adopting the
concentration-mass relation C̄E(M) provided in Dutton &
Maccio (2014). Like, for NFW profiles, we show results for
a low concentration of 0.6C̄E(M), as well. The 40% lower
concentration, for NFW and well as Einasto, are roughly
within a 1� scatter from the corresponding mean relations,
as seen for simulated halos (e.g. Gao et al. 2008; Ludlow
et al. 2013). The stellar component is assumed to be embed-
ded in a spherical DM halo. As shown in (Nusser 2018), an
Einasto profile with parameters r200 = 10 kpc, CE = 8.1
and ↵E = 0.4 yields an excellent fit to the observed two-
dimensional (2D) structure of NGC1052-DF2 represented
as a Sérsic profile with index nS = 0.6 and half-light ra-
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Figure 1. Mass profiles for NFW and Einasto forms, with different
concentration parameters. The higher concentration values corre-
spond to the average value obtained in N-body simulations while
the lower values are 40% lower.

dius Re ⇡ 2.2 kpc. The stellar mass is is normalized to
2⇥ 108M�, as in the observations.

It is useful to have an idea of the difference between the
NFW and EInasto mass profiles in the relevant mass range.
In Fif. 1 we plot the NFW and Einasto density profiles for
a halo with M200 = 1010M� for two concentration values
in each case. The high concentrations are obtained from
the concentration-mass, C(M), relations corresponding to
the two profiles, respectively. The lower value are 40%
lower than the values given by C(M). The virial radius is
r200 = 46 kpc but the profiles are close to each other down
to r ⇠ 5 kpc. The high concentration NFW matches the
low concentration Einasto profile reasonable well at all radii
plotted. Typically, for the concentrations used here, the NFW
contains less mass in the inner regions.

3.1. Tidal stripping/trimming

At D ⇡ 20 Mpc, the NGC1052-DF2 system is subject to
the external field of a nearby larger galaxy NGC1052. Cru-
cial to the mass modeling is the assumption that NGC1052-
DF2 had been stripped of matter outside a radius of ⇠ 10
kpc, by the tides of external gravitational forces. As we
will see below, the effect we seek is a reduction in the ve-
locity dispersion while maintaining the same amount of in-
terior mass. It should be pointed out that the relative ra-
dial velocity of NGC1052-DF2 relative to NGC1052 is
293 km s�1 (van Dokkum et al. 2018b), while the line-of-
sight velocity dispersion of the NGC1052 group is only

We compute  L as a function of virial mass for NFW and Einasto profiles

Two values of halo concentrations: C(M) and 0.6C(M)

Tidal stripping radius is fixed at 10kpc



M in 1010 Msun     Vc in km/s
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109M⊙



-2logL/Lmin vs Mass only



This talk

90%

95%

90%



BUT,



And THEN, 





Some thoughts: 
❖ Criticism of Wasserman et al and van Dokkum et al based 

on bias in v-disp from GCs is largely unjustified.
❖ Similarity to Fornax! Maybe not too similar.
❖ Could DF2 have a core of constant density for R<2.4kpc ? 

A core could greatly suppress dynamical friction, but there 

is a caveat.
❖ Stellar velocity dispersion?
❖ Is DF2 really affected by strong tides?
❖ Suppose the galaxy has no DM at all. Is it a problem? What 

does it mean?


