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a b s t r a c t

The vibration–rotation tunnelling (VRT) spectra for the water dimer obtained by

vibrationally averaging the dimer potential over accurate water monomer wavefunc-

tions is reported. The vibrational averaging requires evaluation of the 12D dimer

potential energy surface at more than 1012 distinct geometries. The resulting vibrational

spectra of the low-lying dimer states are presented and compared with both less

computationally expensive methods based on fixed nuclei approximations and the

recent (6+6)d adiabatic calculations of Leforestier et al. [38] (2009). The procedure gives

some modest improvement in the agreement with experimental values for the

vibration–rotation tunnelling (VRT) states of (H2O)2 and (D2O)2. This approach can be

extended to treat dimer states involving monomer overtone excitations, which is

important in obtaining water dimer spectra at infrared and visible wavelengths at

atmospheric temperatures, and in characterizing the dimer contribution to the so-called

water continuum absorption at these wavelengths.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

The water molecule is one of the most simple and
important molecules in nature. However, the molecule
has unusual properties which make many characteristics
difficult to investigate theoretically. Research into water is
wide ranging: from the simulation of liquid water and ice
[1–5], to small water clusters [6,7] and spectroscopy. The
latter is extremely important in both our understanding of
the Earth’s atmosphere and that of extra-terrestrial bodies
[8,9]. One question which remains unresolved is whether
there is a contribution from water dimer to the water
vapour continuum absorption spectrum in the atmo-
sphere. Experimental evidence in small spectroscopic
regions suggest that the dimer contribution is possible
[10–12]. However, this may simply be an artefact of the

monomer absorption [13], or the far wing hypothesis [14],
or even other collision-induced absorption [15–17].

Theoretical understanding of the water dimer problem
at solar radiation wavelengths is difficult since a direct
solution of the full 12D nuclear motion problem for the
water dimer problem is not currently feasible. Therefore,
theoretical work in this area relies on approximations
which make the calculations tractable. Examples include
the MULTIMODE approach of Bowman and co-workers
[18] or the harmonically coupled anharmonic oscillator
(HCAO) methods of Kjaergaard et al. [19–24]. The latter
studies provide evidence which suggests, in particular,
that the OH stretching fundamentals and overtones of the
water dimer contribute to the water continuum spectra
[15,16,22–24]. To improve our current theoretical under-
standing of the water dimer spectroscopy, both new
spectroscopic methods and development of a highly
accurate water dimer potential surface are required.

Theoretical studies based on the rigid dimer Hamilto-
nian of Brocks et al. [25] have been used extensively for
investigating the far infrared spectral region [26–28].
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Most work in this area has studied the low lying
states which are probed in low temperature experiments
[1,28–38]. A crucial factor in these calculations is the
accuracy of the (6D) water dimer potential. One of the
most reliable tests of the accuracy of a dimer surface is its
ability to reproduce the tunnelling splittings of the water
(and D2O) dimer which have been observed with high
resolution microwave and far-infrared spectroscopy
[39–45,31,30].

Development of a 12D flexible water dimer potential
energy surface (PES) is an important step in creating
accurate water dimer spectra. There are many character-
istics that the water dimer surface should contain [46–50]
which makes development of a good dimer potential
difficult. However, much progress has been made in this
area with the construction of fully ab initio 6D CCpol
potentials of Szalewicz et al. [1,35–37] and 12D potentials
of Huang et al. [51,28]. The advantage of the fully flexible
nature of the 12D potentials is that they may be used for
full dimensional calculations on the water dimer [18].
However, when compared to the CCpol 6D set of
potentials they have a lower relative grid coverage. The
CCpol potentials also include an extrapolation to the
complete basis set (CBS) limit and additional sites in
the potential expression which systematically improve
the accuracy of the potentials when compared to
experiment. We note that the original Huang et al.
potentials (HBB0 and HBB) were found to reproduce the
tunnelling splittings observed in the H2O and D2O dimers
[28,38] well. Recently, a hybrid potential which combines
contributions of both dimer and water PESs has been
reported [52]. This relies on the HBB potentials to describe
the dimer interaction and the Partridge–Schwenke
(PS) [55] surface for the description of the monomer
behaviour.

Allowing for monomer motions within the dimer is
essential for modelling dimer absorption spectra at
shorter wavelengths. The question is how to do this
without compromising the accuracy of the potentials
discussed above, since 12D nuclear motion calculations
are not feasible without further approximations. In this
paper, we outline an approach that involves an effective
6D potential energy surface obtained by vibrational
averaging of the 12D potential over monomer modes,
which may then be used as input for 6D dimer calcula-
tions. Since we require an accurate description of the
water monomers in such an approach, we combine a
recent, spectroscopically determined monomer potential
[56] with the HBB dimer potential to create a transferable
potential energy surface that is capable of reproducing the
monomer band origins to high accuracy. We check that
this has no adverse effect on the dimer stationary points,
and the zero point energy (ZPE) of the dimer using the
diffusion Monte Carlo (DMC) method. Vibration–rotation
tunnelling (VRT) levels of the H2O and D2O dimers are
calculated using the averaging approach and compared to
more standard 6D calculations which use monomers
frozen in their equilibrium or their vibrational ground
state geometries. These VRT states are sensitive to the
quality of the PES and thus allow us to evaluate the
vibrational averaging methodology employed here.

Leforestier et al. [29] developed a (6+6)d model that
adiabatically separates the six high-frequency intramole-
cular modes from the six low-frequency intermolecular
modes. This adiabatic approach differs from our method
in the sense that they averaged the full 12D potential over
the vibrational states of perturbed monomers computed
at each given dimer geometry, whereas our 6D potential
was obtained by averaging over the vibrational states of
the free monomers. We note that the simplicity of the PES
used in Ref. [29] greatly facilitated the calculation. Very
recently Leforestier et al. [38] applied their adiabatic
separation method to the (uncorrected) HBB potential.
The calculation was kept tractable by computing the
vibrational wavefunctions of the perturbed monomers for
each monomer separately, so the method could be
formally described as an adiabatic (3+3+6)d model, but
they had shown in Ref. [29], that the differences with a
full (6+6)d treatment are minimal. Detailed comparisons
with the results of Leforestier et al. are given below.
Similar adiabatic separation methods were applied in
lower dimensionality in Refs. [53,54].

2. Method

The two water monomers in a dimer have intramole-
cular coordinates Q1 and Q2 which provide us with six
coordinates. Additionally, the intermolecular configura-
tion is given by geometry R, corresponding to three Euler
angles for each monomer (o1 � fa1;b1; g1g and o2 �

fa2;b2; g2g) and a distance R between the centre-of-mass
(COM) of each monomer. However, only five Euler angles
are necessary to describe the orientation of one monomer
with respect to the other, therefore, in total we have 12
internal degrees of freedom (simply 3N�6).

Any 12D water dimer (VD
12D) surface can be corrected to

produce a nearly exact asymptotic description of the six
monomer modes using

V12D
DþMCðQ 1;Q 2;RÞ ¼ V12D

D ðQ 1;Q 2;RÞþðVMðQ 1Þ

þVMðQ 2Þ�2VMðQ eÞÞ�ðV
12D
D ðQ 1;Q 2;1Þ

�V12D
D ðQ e;Q e;1ÞÞ ð1Þ

where VM is the free monomer potential function and
the monomer equilibrium configuration is denoted Qe;
the constant vector1 is a dimer configuration where the
distance between the monomers COM’s approaches
infinity. Here we use a distance of 100.0a0 to represent
the asymptote.

Here we used the HBB [28] potential as the full 12D
dimer potential and the Shirin et al. (SHI08) [57] potential
for the monomer contribution (VM). The SHI08 PES is the
most accurate water potential published to date: it is able
to reproduce experimentally determined monomer bands
up to 25,468 cm�1 for Jr10 with a standard deviation of
only 0.1 cm�1 [57]. Shank et al. [52] recently corrected the
HBB potential using the Partridge–Schwenke (PS) [55]
monomer PES. The difference between using the PS or
SHI08 monomer potential should be minimal for the
energies considered here, but may become significant for
higher monomer overtones the study of which is our
ultimate aim.
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The DVR3D software suite [58] and Radau coordinates
were used to calculate vibrational wavefunctions and
energies for the water monomer. Good convergence for
energies up to 20 000 cm�1 is found with a discrete
variable representation (DVR) grid based on nr=29 radial
points and ny ¼ 40 angular points [8,57,56]. In the DVR
approximation the expectation value of an arbitrary,
polynomial function f is simply given as

/ci
jf ðQ ÞjciS¼

X
wi

jf ðQ jÞ ð2Þ

where the sum runs over all DVR points and the weights,
wj, are given by the square of the amplitude of the
wavefunction at the DVR point. This is important when
considering the vibrational averaging approach proposed
below.

The calculation of the dimer VRT levels can be
performed using a rigid monomer Hamiltonian of Brocks
et al. [25]

H¼ TAþTBþTABþVint ð3Þ

where TX (X is either monomer A or B), and TAB correspond
to the monomer and dimer kinetic energy operators,
respectively, and are standard [25,32]. There are six
intermolecular degrees of freedom ðR¼ fR;a1�a2;b1; g1;

b2; g2gÞ, whose motions are considered variationally. The
methodology is explained in some detail elsewhere [32],
however, we outline some key features here.

An angular basis is employed which is constructed as a
product of coupled symmetric rotor functions DðjAÞ

mAkA
ðx1Þ

�

and DðjBÞ

mBkB
ðx2Þ

� for both the monomer rotations, where jX
corresponds to the angular momentum of monomer X,
and functions DðJÞMK ðXÞ

�, for the overall dimer rotation. The
angular coordinates x1 and x2 define the orientations of
the monomers in the dimer, and X are the overall rotation
angles. For H2O, energy convergence of the dimer levels
was found for a maximum jX value of 11, whereas for the
D2O dimer the levels were converged at jX=12 [32,28]. The
PES itself is expanded in symmetric rotor functions
[32,28] and the R-dependent expansion coefficients are
given by

vKðRÞ ¼
ð2LAþ1Þð2LBþ1Þð2Lþ1Þ

64p4

X
MA

ð�1ÞLAþLBþ L

�
LA LB L

MA �MA 0

 !Z
DðLAÞ

MAKA
ðx1Þ

�DðLBÞ

�MAKB
ðx2Þ

�

�VðR;x1;x2Þdx1 dx2

where the compound index K runs over all values of (LA,
KA, LB, KB, L) allowed by angular momentum coupling, up
to some maximum value of LA and LB. The angular
integrals in the above equation required to compute the
expansion coefficients, vKðRÞ, are performed using LA

max+1
quadrature points in each coordinate: LA

max+1 point
Gauss–Legendre quadrature is used for b1 and b2,
while 2LA

max+1 point Gauss–Chebychev quadrature is used
for a1�a2, g1, and g2. For the Gauss–Chebychev grid,
symmetry implies that only LA

max+1 potential calls are
actually needed. Here these quadratures were truncated
at LA

max= LB
max=8, which has been shown previously to give

converged eigenvalues for the full Hamiltonian [32].

For the radial basis, three contracted DVR functions
create well converged low temperature spectra [32]. They
were obtained on a grid containing nR=49 equally spaced
R points between 4 and 9a0. A single, well-converged 6D
dimer calculation requires the evaluation of a total of
nR(L A

max + 1)5 = 2 893 401 potential points.
Symmetry can be used to reduce the size of the

eigenvalue problems. The water dimer has feasible
quantum mechanical tunnelling paths, whereby inter-
change of nuclei results in equivalent minima which can
be represented by the permutation-inversion (PI) group
G16. There are three type of these tunnelling paths (see
Fig. 3, Ref. [44]): (a) acceptor tunnelling, (b) donor–
acceptor interchange and (c) donor bifurcation tunnelling,
which lead to splittings in the observed spectra of the
water dimer. The irreducible representations of G16,
namely A7

1 , A7
2 , B7

1 , B7
2 and E7 , are therefore used to

label the water dimer VRT energy levels. Symmetry
adapted basis sets for the G16 group are described
elsewhere [32].

Three methods for dealing with monomer effects are
considered: (I) with the intramolecular coordinates fixed
at the equilibrium (EQ) geometry of the water monomers,
(II) with these coordinates fixed at the average monomer
vibrational ground state (VGS) geometry; and (III) by
explicit vibrational averaging of the potential (VAP). For
(III) we vibrationally average the monomer potentials at
each intermolecular grid point:

V6D
ij ðRÞ ¼/ci

1c
j
2jV

12D
DþMCðQ 1;Q 2;RÞjc

i
1c

j
2S ð4Þ

where cn are the monomer wavefunctions of monomers
1 and 2, in vibrational states i and j, respectively. When
averaging the monomer corrected potential, the problem
can be split into several averages and constants:

/ci
1c

j
2jV

12D
DþMC ðQ 1;Q 2;RÞjc

i
1c

j
2S

¼/ci
1c

j
2jV

12D
D ðQ 1;Q 2;RÞjc

i
1c

j
2S

þ½/ci
1jVMðQ 1Þjc

i
1Sþ/c

j
2jVMðQ 2Þjc

j
2S

�2VMðQ eÞ��½/c
i
1jV

12D
D ðQ 1;Q e;1Þjc

i
1S

þ/cj
2jV

12D
D ðQ e;Q 2;1Þjc

j
2S�2V12D

D ðQ e;Q e;1Þ� ð5Þ

which reduces the computational cost by avoiding
unnecessary averaging over the full potential. Addition-
ally, since the input for the 6D calculations is the
interaction energy, Vint, several constants cancel, leaving

Vij
int ¼/ci

1c
j
2jV

12D
D ðQ 1;Q 2;RÞjc

i
1c

j
2S

�½/ci
1jV

12D
D ðQ 1;Q e;1Þjc

i
1S

þ/cj
2jV

12D
D ðQ e;Q 2;1Þjc

j
2S�V12D

D ðQ e;Q e;1Þ� ð6Þ

so that all monomer corrections are removed. However,
the monomer PES still contributes since the monomer
wavefunctions depend on it.

The monomer wavefunctions ðcnÞ can either take the
form of: (I) a single set of monomer wavefunctions for the
whole averaging procedure, as in this work, or (II)
perturbed monomer wavefunctions computed at each
intermolecular grid point, as in the work of Leforestier
et al. [38]. Since a typical intermolecular grid is around
3� 106 points, the latter approach would be significantly
more expensive if the perturbed wavefunctions of both
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monomers were computed simultaneously. In Ref. [38]
they were obtained for each monomer separately, while
the other monomer was frozen at its equilibrium
geometry for a given intermolecular grid point. Both
approaches require a good variational method (such as
DVR3D) for calculating the monomer wavefunctions.

Here we average the potential over the wavefunctions
of the free monomers at each intermolecular grid point.
This in itself is a computationally demanding task since
we now have ½nynrðnrþ1Þ=2�2 � nRðL

max
A þ1Þ5 unique grid

points and associated potential calls. For the DVR3D
calculations we used a small basis, ðnr ;nyÞ ¼ ð7;24Þ [59],
which converges band origins up to 12 000 cm�1. These
parameters lead to 1 306 613 597 184 potential calls
which would take around 7000 days on a single CPU to
compute. However, the averages at each point on the
dimer grid are completely independent from one another:
an ideal case for grid computing.

Furthermore, storing this number of PES points would
occupy about 10 TB of disk or memory, so that the
averaging must be done on the fly. Our program calculates
and stores the potentials points required for each dimer
point 6D average, the average is calculated for each
required monomer vibrational state ij and the original
potential points are discarded. This procedure is repeated
for each dimer grid point. This algorithm means that
many effective potential ij monomer vibrational state
averages can be computed at once at no significant
additional computational cost.

We performed our potential averaging calculations on
the University College London (UCL) Research Computing
Condor grid facility [60] which uses the Condor grid
software [61] developed at the University of Wisconsin.
The facility itself has a pool of up to 1400 Windows PCs,
each with varying clock-speeds (between 1 and 3 GHz)
and between 256 MB and 1 GB RAM. The grid harnesses
unused PCs from the UCL windows terminal service (WTS)
cluster network. The calculations for the dimer grid with
wavefunctions defined on f7;7;24g DVR grids took around
2 weeks to complete.

3. Results

3.1. Ground state properties of the water potential

In Table 1 we give some characteristics of the
equilibrium of the monomer. It can be seen that in
comparison to the benchmark monomer potential, the

uncorrected HBB dimer potential gives slightly larger O–H
bond lengths and a bond angle smaller by about 0:33. The
geometry of the barrier to linearity is also reproduced
fairly well. However, the energy of the barrier is not
so well represented, unless the monomer correction is
made. It should be noted that a potential which produces
an accurate change from the equilibrium to the linear
geometry is a good starting point for accurate calculations
of vibrational band origins [62]. By adding the monomer
correction, we end up with the monomer characteristics
of the SHI08 potential.

However, the correction of the potential will shift the
stationary points on the water dimer surface. To investigate
the size of the changes, we re-evaluated the stationary
points on the modified dimer surface and the results are
given in Table 2, as well as the previous HBB and the
benchmark results by Tschumper et al. [63]. As can be seen,
the difference between the HBB and monomer-corrected
potentials is minimal. The agreement of all the potentials in
the table with the benchmark results is found to be good.

3.2. Water monomer energy levels

To study the water monomer eigen-problem using a
dimer potential surface we fix one molecule in the free
monomer equilibrium geometry and put it at a distance of
R=100a0. The corresponding absolute error for each set of
vibrational band origins with respect to experimentally
determined values [64] is shown in Fig. 1 up to 16 000 cm�1.

ARTICLE IN PRESS

Table 1
Monomer equilibrium characteristics.

PES name PES type req (å) +HOHeq (deg) rvgs (å) +HOHvgs (deg) rlinear (å) Barrier (cm�1)

HBB [28] H2O dimer 0.96151 104.22 0.98687 104.09 0.93768 11 205.6

SHI08 [56] H2O monomer 0.95785 104.51 0.97565 104.43 0.93327 11 120.1

HBB [28] D2O dimer 0.98193 104.09

SHI08 [56] D2O monomer 0.97078 104.42

Experiment 0.95785 [73] 104.50 [73] 1111475 [74]

The equilibrium geometry for H2O and D2O are the same and are given by the bond length req and the bond angle, +HOHeq. The average vibrational

ground state geometry is given by the bond length rvgs and the bond angle, +HOHvgs. The bond length for linear HOH is given by rlinear.

Table 2
Energies of the 10 stationary points found on the modified 12D water

dimer surface (columns 5 and 6).

Structure Symmetry Energies (cm�1)

HBB [28] HBB+SHI08 Benchmark [63]

1 Cs 0.0 0.0 0

2 C1 161.4 159.6 181

3 Cs 198.5 193.5 198

4 Ci 244.0 241.1 245

5 C2 329.3 323.9 323

6 C2h 348.1 340.6 348

7 Cs 603.0 601.3 635

8 C2h 1181.8 1178.9 1249

9 C2u 590.2 588.2 625

10 C2u 898.3 894.8 948

Note that these energies are relative to the water dimer equilibrium

geometry (stationary point 1). All energies are given in cm�1.
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It can be seen that the agreement between the SHI08 band
origins [56] and the experimental values are extremely
good. In comparison, the monomer band origins for the HBB
potential are not as good, and they become rapidly worse for
higher bands.

Since we are interested in the large averaging calcula-
tions, we also show results for two significantly reduced
monomer basis sets in Fig. 1, for ðnr ;nyÞ equal to (6,21)
and (7,24) DVR points, respectively. The Morse para-
meters in these DVR3D calculations were optimized for
small basis sets [59]. For each nr , we converged the
number of accurate band origins for increasing ny. Good
values of ny are found to be 21 and 24, for nr equal to 6
and 7, respectively; the angular grid needs to be larger
than the radial one as water has two bending states for
every stretching state.

It can be seen that the smaller basis f6;6;21g only gives
relatively good accuracy up to around 4000 cm�1 whereas
the f7;7;24g basis performs relatively well up to about
12 000 cm�1.

The zero-point energy for water with the SHI08
potential (and the large basis set) was found to be
4638.1 cm�1, in comparison with the HBB value of
4615.9 cm�1. These differences are important when
considering the dimer ZPE below.

3.3. Water dimer vibration–rotation–tunnelling level

spectra

First of all, in this section, we discuss the DMC
simulations to calculate D0 for the corrected water dimer
potential (HBB+SHI08). Following procedures outlined by
Bowman and co-workers [28,51,65,66] we solve the
Schrodinger equation in imaginary time with the diffusion
Monte Carlo (DMC) method [67–70].

We performed 10 calculations for the HBB+SHI08
potential, each with a sample size of 20 000 replicas. Each
replica takes a random walk in 12D Cartesian space and at
each time step can be kept alive, destroyed, or replicated
depending on a probability deduced on a reference energy
at each imaginary time step ðdtÞ. The calculations were

ARTICLE IN PRESS
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Fig. 1. Absolute error in the calculated band origins of water with respect to experimental values [64] for different potentials and basis sets. The errors

are plotted on a logarithmic scale in cm�1.

Table 3
D0 and De values for the various calculations including calculations with

monomers fixed in their equilibrium (EQ) and vibrational ground state

(VGS) geometries, as well as calculations with a vibrationally averaged

potential (VAP).

Dimer Method Potential D0 value

(cm�1)

De value

(cm�1)

(H2O)2 12D HBB 1665.8

12D HBB+SHI08 1657.1

EQ geometry HBB 998.0 1656.8

HBB+SHI08 993.0 1648.3

VGS geometry HBB 1029.9 1709.4

HBB+SHI08 1025.1 1700.9

VAP HBB/SHI08 1005.1 1683.3

(6+6)d [38] HBB/HBB 1021.7

12D DMC [28] HBB 1040

12D DMC HBB+SHI08 1034

(D2O)2 12D HBB 1665.8

12D HBB+SHI08 1657.1

EQ geometry HBB 1137.8 1656.8

HBB+SHI08 1120.8 1648.3

VGS geometry HBB 1172.6 1694.4

HBB+SHI08 1158.3 1686.0

VAP HBB/SHI08 1142.3 1671.5

(6+6)d [38] HBB/HBB 1161.0

12D DMC [28] HBB 1169

12D DMC HBB+SHI08 1168

Potentials with a slash indicate an averaging technique where the

potential is averaged over the first with monomer wavefunctions

calculated from the second.
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Table 4
H2O VRT levels, tunnelling splittings, and rotational constants (in cm�1).

K PES o1 o2 a i1 i2 B+C A

Ground state ðA0Þ

0 EQ geometry HBB 0.00 13.30 13.30 0.742 0.639 0.4112

HBB+SHI08 0.00 13.63 13.63 0.747 0.639 0.4114

VGS geometry HBB 0.00 12.19 12.19 0.781 0.678 0.4119

HBB+SHI08 0.00 12.57 12.57 0.789 0.679 0.4121

VAP HBB/SHI08 0.00 11.90 11.90 0.798 0.700 0.4126

(6+6)d [38] HBB/HBB 0.00 10.83 10.83 0.717 0.647 0.3998

Exp 0.00 11.18a 0.752 0.651 0.4112

1 EQ geometry HBB 15.72 12.51 3.21 0.689 0.517 0.4111 7.47

HBB+SHI08 15.90 12.59 3.31 0.692 0.520 0.4113 7.43

VGS geometry HBB 15.11 12.19 2.93 0.736 0.548 0.4118 7.55

HBB+SHI08 15.32 12.28 3.04 0.741 0.553 0.4120 7.52

VAP HBB/SHI08 15.04 12.12 2.92 0.749 0.571 0.4125 7.63

(6+6)d [38] HBB/HBB 14.33 11.95 2.37 0.677 0.522 7.73

Exp 14.39 11.66 0.705 0.541 0.4108 7.44/7.59

Donor torsion ðA00Þ

0 EQ geometry HBB 116.12 60.85 55.27 6.340 2.369 0.4138

HBB 116.09 60.24 55.84 6.395 2.412 0.4141

VGS geometry HBB 115.64 62.53 53.11 6.177 2.480 0.4143

HBB+SHI08 115.58 61.75 53.83 6.330 2.548 0.4147

VAP HBB/SHI08 115.59 64.00 51.59 6.930 2.654 0.4152

(6+6)d [38] HBB/HBB 116.03 66.15 49.88

Exp 116b 64.52 2.540

1 EQ geometry HBB 85.93 92.72 6.79 1.024 3.300 0.4124 0.84

HBB+SHI08 85.56 92.62 7.06 1.111 3.370 0.4127 0.92

VGS geometry HBB 86.66 92.57 5.91 0.890 3.361 0.4127 0.53

HBB+SHI08 86.19 92.36 6.17 1.001 3.463 0.4131 0.61

VAP HBB/SHI08 87.95 93.66 5.71 1.104 3.590 0.4135 1.01

(6+6)d [38] HBB/HBB 89.52 93.49 3.97

Exp 87.75 1.110 0.4083

Acceptor wag ðA0Þ

0 EQ geometry HBB 106.97 106.10 0.88 3.880 0.006 0.4109

HBB+SHI08 107.25 106.28 0.96 4.181 0.012 0.4112

VGS geometry HBB 105.98 106.07 0.09 3.418 0.031 0.4115

HBB+SHI08 106.27 106.18 0.09 3.418 0.031 0.4115

VAP HBB/SHI08 106.02 105.85 0.16 3.368 0.087 0.4119

(6+6)d [38] HBB/HBB 103.52 103.26 0.26

Exp 107.93 108.89 0.96 2.951 0.017 0.4094

1 EQ geometry HBB 106.87 121.25 14.38 5.498 3.498 0.4122 7.52

HBB+SHI08 106.87 121.27 14.40 5.555 3.645 0.4125 7.30

VGS geometry HBB 107.42 121.34 13.92 5.596 3.536 0.427 8.35

HBB+SHI08 107.33 121.29 13.96 5.659 3.708 0.4130 8.08

VAP HBB/SHI08 107.20 121.14 13.94 5.561 3.699 0.4133 8.24

(6+6)d [38] HBB/HBB 106.19 119.79 13.60

Exp 109.98 123.56 13.58 5.238 3.412 0.4122 8.08

Acceptor twist ðA00Þ

0 EQ geometry HBB 130.27 116.33 13.94 1.104 9.623 0.4117

HBB+SHI08 130.84 116.20 14.64 1.230 9.796 0.4119

VGS geometry HBB 128.95 117.53 11.43 0.327 9.826 0.4123

HBB+SHI08 129.55 117.40 12.15 0.559 10.053 0.4126

VAP HBB/SHI08 130.35 117.63 12.72 0.885 9.837 0.4127

(6+6)d [38] HBB/HBB 128.29 118.60 9.69

Exp 120.19 0.4138

1 EQ geometry HBB 141.28 135.16 6.12 4.266 5.641 0.4115 14.92

HBB+SHI08 141.70 135.44 6.05 4.297 5.688 0.4117 14.95

VGS geometry HBB 141.40 135.49 5.91 4.608 5.832 0.4121 15.21

HBB+SHI08 141.88 135.89 5.79 4.668 5.886 0.4123 15.30

VAP HBB/SHI08 141.15 135.68 5.48 4.820 5.799 0.4126 14.42

(6+6)d [38] HBB/HBB 140.19 134.39 5.80

Donor torsion overtone ðA0Þ

0 EQ geometry HBB 127.16 147.75 20.58 8.886 1.267 0.4077

HBB+SHI08 126.67 147.73 21.06 8.858 1.275 0.4078
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Table 4 (continued )

K PES o1 o2 a i1 i2 B+C A

VGS geometry HBB 128.47 148.91 20.43 9.847 1.439 0.4089

HBB+SHI08 127.72 148.97 21.24 10.005 1.467 0.4092

VAP HBB/SHI08 129.07 147.79 18.72 9.537 1.426 0.4093

(6+6)d [38] HBB/HBB 130.46 145.83 15.37

Exp 153.62 1.877

1 EQ geometry HBB 149.86 147.09 2.77 1.431 1.657 0.4033 11.02

HBB+SHI08 149.61 146.79 2.82 1.488 1.680 0.4035 11.00

VGS geometry HBB 151.72 149.20 2.52 1.532 1.869 0.4047 11.77

HBB+SHI08 151.48 148.86 2.62 1.640 1.983 0.4050 11.82

VAP HBB/SHI08 150.93 148.68 2.25 1.498 1.566 0.4050 11.37

(6+6)d [38] HBB/HBB 149.51 147.49 2.02

Stretch ðA0Þ

0 EQ geometry HBB 140.14 183.82 43.69 2.717 19.131 0.4089

HBB+SHI08 139.80 183.88 44.08 2.739 19.309 0.4091

VGS geometry HBB 142.97 183.83 40.86 2.755 18.741 0.4093

HBB+SHI08 142.62 183.94 41.31 2.751 19.120 0.4095

VAP HBB/SHI08 142.44 183.46 41.02 3.368 19.851 0.4104

(6+6)d [38] HBB/HBB 141.78 182.30 40.52

Results for four variations of the HBB potential are given: (1) simply the HBB potential [28] with monomers in EQ geometry; (2) HBB+SHI08 (monomer

correction of SHI08 potential) again with monomers in the EQ geometry; (3) HBB with monomers in the VGS geometry; (4) HBB+SHI08 with monomers

in the VGS geometry. Experimental data are also given, where available [40,41,45,30,31]. Assignment of the intermolecular vibrations is outlined in Ref.

[33]. Potentials with a slash indicate an averaging technique where the potential is averaged over the first with monomer wavefunctions calculated from

the second.
a Note that the experimental GS acceptor splitting is estimated to be 11.18 cm�1 (see Ref. [32]).
b Result measured in Neon Matrix [75,76].

Table 5
D2O VRT levels, tunnelling splittings, and rotational constants (in cm�1).

K PES o1 o2 a i1 i2 B+C A

Ground state ðA0Þ

0 EQ HBB 0.00 2.36 2.36 0.040 0.036 0.3708

HBB+SHI08 0.00 2.49 2.49 0.040 0.036 0.3708

VGS HBB 0.00 2.05 2.05 0.041 0.038 0.3714

HBB+SHI08 0.00 2.18 2.18 0.042 0.039 0.3715

VAP HBB/SHI08 0.00 2.01 2.01 0.043 0.040 0.3719

(6+6)d [38] 0.00 1.74 1.74 0.039 0.036 0.3547

Exp 0.00 1.71 1.71 0.039 0.036 0.3622

1 EQ HBB 5.75 4.99 0.76 0.036 0.033 0.3708 4.19

HBB+SHI08 5.84 5.04 0.80 0.036 0.033 0.3708 4.20

VGS HBB 5.52 4.87 0.65 0.038 0.035 0.3714 4.18

HBB+SHI08 5.62 4.93 0.70 0.039 0.035 0.3715 4.19

VAP HBB/SHI08 5.52 4.87 0.65 0.040 0.036 0.3719 4.19

(6+6)d [38] HBB/HBB 5.29 4.77 0.52 0.036 0.033 4.16

Exp 5.36 4.74 0.62 0.036 0.033 0.3621 4.17

Donor torsion ðA00Þ

0 EQ HBB 75.62 55.97 19.65 0.299 0.173 0.3700

HBB+SHI08 75.38 55.13 20.26 0.311 0.177 0.3701

VGS HBB 75.84 57.97 17.86 0.289 0.182 0.3705

HBB+SHI08 75.54 57.00 18.54 0.307 0.189 0.3707

VAP HBB/SHI08 76.42 58.84 17.58 0.356 0.204 0.3712

(6+6)d [38] 76.67 60.50 16.17

Exp 75.38 59.59 15.81 0.328 0.203 0.3622

1 EQ HBB 65.30 69.60 4.30 0.093 0.221 0.3691 1.66

HBB+SHI08 64.59 69.05 4.46 0.099 0.226 0.3692 1.57

VGS HBB 66.92 70.83 3.91 0.095 0.232 0.3696 1.97

HBB+SHI08 66.11 70.18 4.06 0.102 0.240 0.3698 1.87

VAP HBB/SHI08 67.80 71.58 3.78 0.117 0.265 0.3702 2.06

(6+6)d [38] HBB/HBB 69.20 72.21 3.01

Exp 68.27 71.81 3.54 0.132 0.257 0.3600 2.56

Acceptor wag ðA0Þ

0 EQ HBB 78.96 80.39 1.43 0.145 0.110 0.3698

HBB+SHI08 78.76 80.16 1.40 0.145 0.110 0.3699

VGS HBB 79.84 81.54 1.70 0.146 0.114 0.3700

HBB+SHI08 79.51 81.19 1.68 0.147 0.115 0.3702
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run for 4000 steps with a large time step (25 au) to allow
for quick equilibration of the system, followed by 6000
steps with a smaller time step (5 au), which allows for
good convergence in the zero-point energy of the dimer.
One important feature of a DMC calculation is the feed-
back parameter, a which is used [69,70]. As a general rule
it is a good idea to start by using a value around 1=dt and
then see which value keeps the population approximately

constant. In our simulations, we choose a to be 0.03 or
0.09 dependent on whether we were in the equilibration,
or the convergence stage of the calculation.

The zero-point energy of the H2O dimer with the
HBB+SHI08 potential was found to be 989975 cm�1 with
the DMC method. DMC is a statistical method and
75 cm�1 is the error estimate. The difference between
these results and the original HBB DMC result for the
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Table 5 (continued )

K PES o1 o2 a i1 i2 B+C A

VAP HBB/SHI08 79.96 81.43 1.46 0.163 0.128 0.3706

(6+6)d [38] HBB/HBB 78.82 80.15 1.33

Exp 82.64 84.40 1.77 0.131 0.112 0.3603

1 EQ HBB 81.97 86.23 4.26 0.418 0.180 0.3705 4.42

HBB+SHI08 81.72 86.11 4.39 0.422 0.185 0.3706 4.45

VGS HBB 83.13 87.02 3.89 0.433 0.180 0.3708 4.39

HBB+SHI08 82.79 86.82 4.04 0.437 0.185 0.3709 4.46

VAP HBB/SHI08 82.98 87.06 4.09 0.446 0.193 0.3713 4.32

(6+6)d [38] HBB/HBB 82.13 85.73 3.60

Exp 85.57 89.56 4.00 0.398 0.168 0.3592 4.05

Acceptor twist ðA00Þ

0 EQ HBB 90.28 87.53 2.75 0.460 0.841 0.3717

HBB+SHI08 90.46 87.46 3.00 0.448 0.861 0.3717

VGS HBB 90.60 88.32 2.28 0.524 0.864 0.3723

HBB+SHI08 90.80 88.26 2.54 0.511 0.887 0.3723

VAP HBB/SHI08 90.94 88.32 2.62 0.499 0.890 0.3726

(6+6)d [38] HBB/HBB 90.28 88.39 1.89

Exp 92.91 90.37 2.54 0.432 0.443 0.3665

1 EQ HBB 96.15 93.79 2.36 0.500 0.648 0.3718 6.06

HBB+SHI08 96.17 93.82 2.35 0.509 0.655 0.3718 6.04

VGS HBB 96.71 94.37 2.35 0.523 0.684 0.3724 6.08

HBB+SHI08 96.74 94.41 2.33 0.536 0.693 0.3724 6.05

VAP HBB/SHI08 96.73 94.44 2.29 0.549 0.696 0.3727 5.95

(6+6)d [38] HBB/HBB 96.15 94.12 2.03

Donor torsion overtone ðA0Þ

0 EQ HBB 98.81 129.95 31.14 0.750 1.142 0.3686

HBB+SHI08 97.88 129.78 31.89 0.786 1.220 0.3688

VGS HBB+SHI08 101.28 130.58 29.30 0.759 1.056 0.3691

HBB+SHI08 100.19 130.40 30.20 0.807 1.160 0.3694

VAP HBB/SHI08 102.12 130.61 28.50 0.828 1.221 0.3696

(6+6)d [38] HBB/HBB 103.74 130.02 26.28

Exp 104.24 0.783 0.3632

1 EQ HBB 122.82 114.47 8.35 0.444 0.029 0.3700 4.27

HBB+SHI08 122.61 114.08 8.53 0.486 0.024 0.3703 4.51

VGS HBB 123.22 115.45 7.77 0.411 0.036 0.3702 3.40

HBB+SHI08 122.85 114.89 7.96 0.452 0.031 0.3705 3.58

VAP HBB/SHI08 124.54 116.70 7.84 0.492 0.021 0.3708 4.25

(6+6)d [38] HBB/HBB 124.27 117.39 6.88

Donor torsion+acceptor wag combination ðA00Þ

0 EQ HBB 129.37 136.14 6.77 0.002 1.148 0.3703

HBB+SHI08 128.65 135.95 7.30 0.009 1.311 0.3705

VGS HBB 131.58 136.48 4.91 0.031 0.863 0.3703

HBB+SHI08 130.64 136.18 5.54 0.019 0.991 0.3706

VAP HBB/SHI08 132.04 137.46 5.42 0.014 1.040 0.3709

(6+6)d [38] HBB/HBB 132.60 136.91 4.31

Stretch ðA0Þ

EQ HBB 131.37 141.78 10.41 1.954 2.148 0.3680

HBB+SHI08 130.68 141.55 10.87 2.128 2.188 0.3682

VGS HBB 133.65 142.71 9.07 1.867 2.169 0.3694

HBB+SHI08 132.90 142.41 9.51 2.107 2.219 0.3697

VAP HBB/SHI08 133.17 142.65 9.48 1.771 2.345 0.3689

(6+6)d [38] HBB/HBB 133.50 142.73 9.23

Results for four variations of the HBB potential are given: (1) simply the HBB potential [28] with monomers in EQ geometry; (2) HBB+SHI08 (monomer

correction of SHI08 potential) again with monomers in the EQ geometry; (3) HBB with monomers in the VGS geometry; (4) HBB+SHI08 with monomers

in the VGS geometry. Experimental data are also given, where available [40,41,45,30,31]. Assignment of the intermolecular vibrations is outlined in Ref.

[33]. Potentials with a slash indicate an averaging technique where the potential is averaged over the first with monomer wavefunctions calculated from

the second.
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water dimer ð985473 cm�1Þ can be explained by the
differences in the monomer zero-point energies (23 cm�1

for each monomer). The ZPE for the D2O dimer using DMC
was found to be 727275 cm�1.

In comparison, the dissociation energies, De and D0, for
(H2O)2 and (D2O)2 are given for the various calculations in
Table 3. There is a lowering of 8.7 cm�1 in De in the
monomer corrected potential (HBB+SHI08) with respect to
the original (HBB) dimer potential. Nearly the same
lowering of De was found in the 6D potentials with the
monomers frozen either at their equilibrium geometry or at
their vibrationally averaged geometry. The corresponding
lowering of D0 is about 5 cm�1 for (H2O)2, but much larger
for (D2O)2, which shows that effects other than just the well
depth also play a role. The reduction of De by freezing the

monomers at their equilibrium geometry is about 9 cm�1,
for both the HBB potential and the HBB+SHI08 potential.

As it was already observed by Leforestier et al. [38], the
values of De and D0 obtained from the HBB potential
become considerably larger when the monomers are fixed
at their vibrationally averaged (VGS) geometry, rather
than at their equilibrium (EQ) geometry. It was explained
that this is due to the fact that the values of De for the 6D
intermolecular potentials with frozen monomers are
given relative to the energies of the free monomers at
the same geometries. Obviously, the monomer energy is
much higher at the VGS geometry than at the EQ
geometry. It is also clear why the differences are smaller
for (D2O)2 than for (H2O)2; the VGS geometry of D2O
differs less from the EQ geometry than it does for H2O. The
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Fig. 2. Ground state H2O VRT levels (cm�1) from converged calculations of the HBB+SHI08 potential with the vibrational averaging technique (upper

numbers, in red) in comparison with experimental data [40,41,45,30,31] (lower numbers). (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)
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corresponding differences for the HBB+SHI08 potential
are similar to those found for the original HBB potential.

The value of De for the vibrationally averaged potential
(VAP) was defined relative to the energy of the free
monomers in their vibrational ground state. It was
calculated by subtracting the value of the VAP potential
at the minimum from its value for two monomers at a
distance of 100a0. These values of De and the correspond-
ing values of D0 are somewhat larger than the values for
the monomers frozen at their EQ geometries. Obviously,
and this is a feature commonly observed in noncovalent
interactions, the interaction between vibrating monomers
is stronger than between rigid monomers at their EQ
geometry. The effect is larger for (H2O)2 than for (D2O)2

because of the larger amplitude of the monomer vibra-
tions. The ‘‘artificial’’ increase of De due to the higher
energy of the monomers at their VGS geometries does not
occur when the monomers are truly vibrating.

The differences between our D0 values from the VAP
potential and the values reported from the (6+6)d method

[38] shown in Table 3 can be understood from the fact
that the 6D VAP was obtained by averaging the 12D
potential over the vibrational ground state of the free
monomers, whereas the adiabatic 6D potential in the
(6+6)d method corresponds to averaging the 12D poten-
tial over the interacting monomers in the dimer. These
interactions lead to shifts of the monomer fundamental
frequencies. The dominant shift is a large red shift (about
50 cm�1) of the stretch frequency of the donor OH group
directly involved in the hydrogen bond; the frequency
shifts of all other intramolecular modes are much smaller.
It may therefore be expected that also the intramolecular
zero-point energy is lowered in the dimer with respect to
the free monomers. This effect is included in the (6+6)d
method, but not in the VAP results. Hence, one may
expect that the total vibrational zero-point energy is
smaller in (6+6)d than in VAP, and that D0 is larger for
(6+6)d than for VAP.

The D0 values may also be compared with the full 12D
DMC calculations, which for the HBB+SHI08 (HBB [28])
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Fig. 3. Ground state D2O VRT levels (cm�1) from converged calculations of the HBB+SHI08 potential (upper numbers, in red) in comparison with

experimental data [40,41,45] (lower numbers). (For interpretation of the references to colour in this figure legend, the reader is referred to the web

version of this article.)
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potential are 1034 cm�1 (1040 cm�1) for (H2O)2, and
1168 cm�1 (1169 cm�1) for (D2O)2, see Table 3. The fact
that the vibrationally averaged geometry (VGS) results are
closest to the DMC results is purely accidental; it is caused
by the ‘‘artificial’’ increase of De in the VGS method
explained above. The fact that, otherwise, the values of D0

obtained from the (6+6)d method are closest to the DMC
values obtained from the full 12D potential should be
clear from the explanations above. It should also be
remembered, of course, that the DMC method is an
approximate numerical method and our errors are
estimated to be 75 cm�1.

The properties of the VRT states with K=0 and 1
calculated with the HBB potentials are listed and
compared with the available experimental data in Tables 4
and 5 for the H2O and D2O dimers, respectively. Note that
the origins o1 and o2 for K=1 are not simply the energy
levels calculated for J=1; the quantity (B+C)/2 is
subtracted.

We present VRT states for the HBB and the modified
HBB+SHI08 potential for three types of calculations:
(1) monomers in their equilibrium (EQ) geometries,
(2) monomers in their vibrationally averaged ground
state (VGS) geometries (which are taken as the expected
geometries from the DVR3D wavefunctions), and
(3) vibrationally averaged potential (VAP). Tables 4 and
5 compare our results with the (6+6)d calculations of
Leforestier et al. [38]. These workers also computed EQ
and VGS results; at low energies these results are in close
agreement. At higher energies the results of Leforestier
et al. become slightly lower than ours with the largest
difference being 1 cm�1 in o1 of the K=1 donor torsion
overtone. These differences can be accounted for by
differences in the nuclear motion treatments. Leforestier
et al. used a potential-optimized DVR scheme for the
radial coordinate, starting from a sine basis, while we
used contracted sinc DVR radial basis functions. Perhaps
more significantly, Leforestier et al. evaluated the matrix
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Fig. 4. VRT levels of the H2O dimer corresponding to the intermolecular vibrations, calculated from the HBB+SHI08 potential and the vibrational

averaging methodology, in comparison with experimental data [45]. The levels 1 and 2 are the origins, o1 and o1, of the A1, E1, B1 and A2, E2, B2 levels,

respectively. The abbreviations GS, DT, AW, and AT denote the ground state ðA0Þ, donor torsion ðA00Þ, acceptor wag ðA0Þ, and acceptor twist ðA00Þ modes

[45,34]. Solid lines refer to A0 symmetry, dashed lines to A00 symmetry, with respect to the point group Cs of the equilibrium structure. Note that those

experimental levels which are not given have not been measured to date.

R.E.A. Kelly et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 111 (2010) 1262–12761272



Author's personal copy

elements of the potential over the angular basis functions
by numerical quadrature, whereas we used a spherical
expansion of the potential (truncated at LA

max=8), and
computed the angular integrals analytically. Finally, we
neglect the off-diagonal Coriolis coupling, making K an
exact quantum number, while Leforestier et al. include
these terms. The latter affects mainly the rotational
constants. However, it was recently shown that the
differences are minimal [37].

Tables 4 and 5 do not contain any results for the in-
plane and out-of-plane bend modes. These modes have
considerably higher frequencies than the modes which
are included, and they were neither accessed by our
calculations, nor by the molecular beam far-infrared
absorption spectra. The frequencies of these modes were
recently measured for water dimers in solid Ne and p-H2

matrices [75,76]. One should keep in mind, however, that
the assignment of higher modes is not at all obvious, since
the intermolecular vibrations are strongly anharmonic

and also overtones and combinations of the lower modes
may have considerable intensities [33]. A band that was
previously assigned to the in-plane bend mode had to be
reassigned to a donor torsion overtone when calculations
became available [33]. Moreover, it is clear from the
frequencies of modes that were measured both in
molecular beams and in matrices that there are matrix
shifts of 15–30 cm�1. Refs. [75,76] also contains inter-
molecular vibrational frequencies calculated by DFT
(density functional theory). Comparison of the harmonic
and anharmonic frequencies from DFT calculations with
the results in Tables 4 and 5 shows that the DFT results
are much less accurate than ours. More in general, one
may conclude that DFT calculations cannot produce water
dimer potentials of the same accuracy as the CC-pol and
HBB potentials described in the present paper.

We present the dimer ground state tunnelling split-
tings for K=0, 1 and 2 for H2O and D2O dimers with the
new vibrational averaging methodology in Figs. 2 and 3,

ARTICLE IN PRESS

K = 0 K = 0 K = 1 K = 1
calculated experiment calculated experiment

0

20

40

60

80

100

120

140

cm
−1

1
2

1

2

1
2

1

2

1

2

1
2

1
2

1
2

1
2

1

2

1
2

1

2

1
2

1
2

1

1
2

1
2

1
2

GS
GS

GS
GS

DT

AW

AT

DT2

DT

AW

AT

DT2

DT

AW

AT

DT2

DT

AW

Fig. 5. VRT levels of the D2O dimer corresponding to the intermolecular vibrations, calculated from the HBB+SHI08 potential with the vibrational

averaging method, in comparison with experimental data [45]. The levels 1 and 2 are the origins, o1 and o2, of the A1, E1, B1 and A2, E2, B2 levels,

respectively. The abbreviations GS, DT, AW, and AT denote the ground state ðA0Þ, donor torsion ðA00Þ, acceptor wag ðA0Þ, and acceptor twist ðA00Þ modes

[45,34]. Solid lines refer to A0 symmetry, dashed lines to A00 symmetry, with respect to the point group Cs of the equilibrium structure. Note that those

experimental levels which are not given have not been measured to date.
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respectively, as well as other low energy states for H2O in
Fig. 4 and D2O in Fig. 5.

It is well known that the VGS procedure gives better
results than simply using the EQ geometry [71,72]. The
VAP method gives a further slight improvement of the
agreement with the experimental results. Our approxima-
tion to average the potential over the unperturbed
monomer wavefunctions should be good for the acceptor
but may be not as good for the donor molecule, since
the donor OH stretch mode is significantly red-shifted
by the hydrogen bond interaction [15]. However, we see
that the vibrational averaging of the potential performs
especially well when compared to the other methods for
the GS dimer states (K=0,1).

Comparing our VAP results with the (6+6)d results of
Leforestier et al., there are no large differences between
them. The lower lying levels are slightly better repro-
duced by the latter method. However, for the higher levels
the VAP results seem to produce slightly better results.
A known problem with the rigid monomer approxi-
mation is that the large acceptor splitting is not
represented very well: it is usually found to be much
larger than the experimentally determined value. How-
ever, with the vibrational averaging technique, there is a
significant improvement for both dimers. The (6+6)d
method also significantly improves this feature [38].

4. Conclusion

We present a method for explicit vibrational averaging
of the full dimensional water dimer potential. The dimer
VRT calculations performed with the resulting vibration-
ally averaged potential were found to perform to the
same, or slightly better, accuracy than the ground and
vibrational ground state geometries in reproducing the
low-lying vibration–rotation tunnelling states.

The main advantage of the approach outlined here is
that it can form the basis of a method for obtaining water
dimer spectra associated with excitation of the water
monomers. We are particularly interested in overtone
excitations which absorb at near infrared or visible
wavelengths. In the present study we used monomer
wavefunctions corresponding to the vibrational ground
state only and G16 symmetry. Assuming that monomer
excitations are not rapidly exchanged between the two
monomers then interchange symmetry between the
monomers can no longer be considered. Loss of this
symmetry leads to a substantial increase in the size of the
calculations. These calculations are in progress and will be
reported elsewhere.
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