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The potential energy function for the electronic ground state of the water molecule has been 
obtained by fitting rotation-vibration term values involving J ~ 14 for 24 vibrational states of Hz

l60 
together with 25 ac!ditional vibrational term values belongtp.g to higher excited.states. The fitting 
was carried out by means of an exact kinetic energy Hamiltonian. It was found that the differences 
between the exact kinetic energy calculations and calculations with the MORBID program (i.e., 
calculations with an approximate kinetic energy operator) depend only very slightly on the 
parameters of the potential. This fact allowed us to make an inexpensive fitting using the MORBID 

approach. and still get the accuracy obtainable with the exact kinetic energy Hamiltonian. The 
standard deviation for 1600 term values was 0.36 cm -I. For 220 ground state energy levels the 
standard deviation was 0.03 cm -I. With the fitted potential, calculations of term values with J ",.;35 
were carried out. This showed the excellent predictive power of the new potential. For the J=20 
term values in the vibrational ground state, the deviations from experiment are typically below 0.2 
cm -I. The discrepancy for the observed level with the highest Ka value, J K K = 20200 , is only 0.008 

a c 
em -I. The calculated term value for the observed level with the highest J, 35035 , deviates 0.1 cm- I 

from experiment. Because of the level of accuracy achieved in these calculations, we can for the first 
time demonstrate the breakdown of the Born-Oppenheimer approximation for the water molecule. 
The high Ka level calculations allow us to show that the rotational energy level structure in water 
is at least of a very different nature than the fourfold cluster structures observed for H2Se and 
calculated for H2S, HzSe, and H2Te. 

I. INTRODUCTION 

Variational calculations from ab initio potential energy 
surfaces have been very useful for assigni~g rovibrational 
spectra of many triatomic molecules, molecular ions, and 
radicals. The deviations from experimental values obtained 
for vibrational energy spacings in such work are typically a 
few cm -[, even for high-level calculations. This accuracy is 
often sufficient for assigning at least the lowest vibrational 
states. However, for very detailed studies involving, for ex
ample, highly excited states, the accuracy of'ab initio sur
faces is not satisfactory. When experimental spectroscopic· 
data are available, we can in principle increase the accuracy 
of the rotation-vibration caIculationssignificantly by opti
mizing the potential energy surface to reproduce the known 
experimental data. Potential functions for many triatomic 
molecules have been obtained in this way. In particular, in 
recent years several optimized potential energy surfaces for 
the water molecule have been reported. I

-
6 Clearly there are 

several reasons for the considerable interest in the water po
tential surface. First, water is a classic subject of molecular 
spectroscopy, whose spectrum has been extensively studied 

so that a large amount of experimental data on very highly 
excited rotational and vibrational levels is available in the 
literature. Second, there are numerous applications in which 
a precise knowledge of the water spectrum is essential, e.g., 
the physics of the Earth atmosphere,· of the atmospheres of 
other planets and of stars, the physics of the interstellar me
dium, technical applications, etc. On the basis of potential 
energy surfaces derived from experimental data, rotation
vibration energies for water could be calculated with an ac
curacy much higher than that obtained with ab initio sur
faces. With the fitted potentials, it is possible to calculate the 
lowest rotation-vibration energy levels to within a fraction of 
a cm - 1 of the experimental value, but the discrepancies in
crease to become around 10 cm -I for the highest excited 
states observed. The purpose of this paper is to decrease 
these discrepancies by one or two orders of magnitude. This 
level of accuracy immediately opens new opportunities for 
water spectrum analysis. Here, we shall consider two ex
amples; the breakdown of the Born-Oppenheimer approxi
mation and the fourfold clustering effect. Other possible ap
plications of the new potential energy function, such as the 
assignment of transitions involving highly excited states, are 
obvibUS. 

alpermanent address: Applied Physics Institute, Russian Academy of Sci
ence, UIjanov Street 46,603600 GSP-120 Nizhnii Novgorod, Russia. 

b)Permanent address: FB 9-Theoretische Chemie, Bergische Universitiit
Ges:unthochschule Wuppertal, D-42097 Wuppertal, Germany. 

II. FITTING PROCEDURE 

In the MORBID approach7 to the calculation of the 
rotation-vibration energies of a triatomic molecule, the ki-
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netic energy epe~ator is approximated by a truncated Taylor. ' 
series expansion in the stretching coordinates. Owing to this 
approximation (and other less significant approximations) 
highly excited rotational energies can be calculated in a 
rather inexpensive way. For example, one iteration in the 
fitting of the H2160 data used in the present work (see be
low), which involved J~14, used approximately two hours 
of cpu time on an IBM RISC/6000 340 workstation. It is in 
principle also feasible to perform the fitting of the potential 
surface from high J data in the framework of an exact kinetic 
energy (EKE) Hamiltonian,5,8 but the corresponding iteration 
would take more than 10 h of cpu time on a Cray YMP. 

This difference in performance is due to the fact that ill' 
order to obtain a given level of convergence, the EKE calcu
lations of the present work require the diagonalization of
much larger effective matrices than those diagonalized in the 
MORBID approach. In the present case explicit diagonaliza= 
tion of the largest matrices is avoided by a series of interme
diate diagonalizations but this can lead to significant time 
being spent on transformations.9 For example, in these EKE 
calculations, the largest matrix 'explicitly diagonalized (for 
J=14) was of dimension 2250 but was obtained asa result of 
transforming the results from 138 600 taw basis functions: 
The corresponding MORBID matrix had the dimension 1026 .. 
The enhanced efficiency of the MORBID program is due to its 
choice of basis functions for the bending motion. These func
tions are obtained by 'an inexpensive numerical integration 
technique as the eigenfunctions of a simplified Hamiltonian 
describing the angle bend (with the bending potential for the 
molecule in question) and rotation around the molecule-fixed 
axis with the smallest moment of inertia. Consequently, they 
form a very good basis set. 

Clearly it would be preferable to use the cheaper MORBJp 

procedure Jor carrying out the least squares fitting, provided 
that we can attain the accuracy of the EKE calculations. The 
approximations inherent in the MORBID ,approach cause its 
results to differ from the EKE results. Out. calculations 
showed that for J=20 in vibrational ground state, the differ
encesbecome as large as 10 cm-1 and increase with increas
ing vibrational excitation. The differences between calcu
lated band origins are as large .as 10 cm -1 for hig4ly excited 
vibrational states. For low J and v values, however, the typi
cal difference is around 0.1 cm -I. 

By carrying out MORBID and EKE calculations with a 
number of different potentials, all of which yielded standard 
deviations (relative to the observed values) for the band ori., 
gins on the order of 5cm -1, we discovered that the differ
ences between the two' sets of results were largely indepen
dent of the values of the potential parameters. Consequently, 
when the parameters of the potential surface change during 
the least squares fitting, the differences between the EKE 
calculations and the MORBID results remain relatively stable; 
This fact allows us to use these differences, obtained with the 
starting values of the potential parameters, as corrections to 
the MORBID energies during all iterations of the least sql,lares 
fit. In other words, during the entire fitting the inexIJensive 
MORBID calculations of the energy levels with the correcti'ons 
added give us energy values equal to those obtained in EKE 
calculations. When the starting potential is relatively far 

from the final potential, this procedure requires that the least 
squares fitting be interrupted once or twice so that the cor
rections can be recalculated at intermediate parameter values. 
When the MORBID fitting has converged,one final EKE cal
culation is needed in order to. verify that we have achieved 
the true minimum of the standard deviation within the EKE 
framework. 

III. COMPUTATIONAL DETAILS 

The MORBID calculations reported here were carried out 
with the basis sets and parameter values used also in Ref. 6. 

. The EKE calculations were performed with a new suite 
of computer' programs dev~loped specifically for treating 
highly excited states of water and other H2X molecules. For 
the vibrational problem Radau coordinates and a discrete 
variable representation (DVR) in all three internal coordi
nates were used. The program DVR3D (Ref. 10) was upgraded 

.10 allow' fully symmetrized Radau coordinates~ 11 This ap
proach has some similarities with ,those of Choi and Lightl2 

and of Bramley and Carrington. 13 However while Choi and 
L.ight chose to transfo}.1l1 their Radau coordinates into a sym
metric and an anti.symmetric linear combination, we instead 
symmetrized the DVR grid points given by the Radau coor
dinates. Further details of this program can be found 
elsewhere. 11 

Tn order to preserve the symmetry of the rotation
vibration problem, we have chosen the body-fixed axis sys
tem so that the x-axis is along the bisector of the Radau 
ailgle (Le., midway between the two H atoms). This so-called 
bisector embeddingl4 (i.e., this 'choice of the molecule-fixed 
axis system) introduces technical problems as it results in 
integrals which are singular for linear geometries.14 How
ever, as it can be assumed that the wave function has negli
gible amplitude for OHH linear geometries, judicious use of 
the DVR in the angular coordinate means that these singu
larities can be avoided. 15 Previous implementations of this 
method proved to be computationally very expensive9 and 
were effectiY'ely abandoned. However analysis of the rota
tional problem using a 3D DVR representation for the 
vibrations16 suggested that the saving generated by treating 
the radial problem in a DVR meant that the bisector embed
ding could be implemented efficiently. We have therefore 
developed a new rotational program, ROTLEV3B, which is 
driven by the upgraded DVR3D module. These programs have 
also been augmented by a new DVR based dipole transition 
moments program, DIPOLE3. This program suite will be pub
lished elsewhereY 

In this work the radial basis was represented by 21 DVR 
grid points based on previously optimized 18 Morse oscilla
torlike functions, and 40 angular DVR points based on (as
sociated} Legendre polynomials. Band origins were calcu
lated using a final Hamiltonian of dimension ,2000. 
Calculations for the rotationally excited levels were per
formed using our usual two-step procedure for rotational 
excitation 19 with a first step Hamiltonian of dimension 1000. 
The second rotational step retained the lowest 150 X (J + 1) 
functions from the first step in each calculation. These. bases 
were sufficient to converge nearly all the energy levels we 
were concerned with to better than 0.01 cm - 1, although the 
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convergence of some higher levels was worse than this. In 
particularly these calculations had insufficient radial DVR 
points to give a satisfactory representatio~ of the higher ex
treme local mode stretchirig states. However, for reasons dis': 
cussed below, these states were omitted from our fit. 

IV. INPUT DATA 

It was shown in Ref. 8 that for Hi and its isotopomers 
the Born-Oppenheimer approximation breaks down so that 
it becomes necessary to use different potential functions for 
different isotopomers. Further, it was shown in Ref. 20 that 
the effective potentials for Hj and Dj can be written as 
sums of a dominant mass-independent term and a mass
scaled correction potential Vad • This led us to suspect that 
similar effects could be observed for the water molecule. 
Consequently, we have used oilly H/60 data as input for the 
fitting reported here. As input data we used the energy levels 
of water reported in numerous papers,21-34 mostly by FIaud, 
Camy-Peyret, and co-workers. The input data involved the 
same rotation-vibration states as did the H2

160 data used by 
Jensen et al.,6 except that for the vibrational ground state and 
the (010) state, we added term values for the observed rota
tional states up to J = 14. However, in the present work we fit 
directly rotation-vibration term _ values which are all mea
sured from the J K K = 000 level of the vibrational ground 

state of H2
160. W~ did not separate the data into vibrational 

and rotational spacings as was done in Ref. 6. Rotationally 
excited energy levels were included in the fitting for 24 vi
brational states. Other states were represented by their band 
origins only. 

The rotation-vibration term values used as input for the 
fitting were assigned relative weights inversely proportional 
to the squares of their experimental uncertainties. This 
weighting has no statistical meaning since the residuals ob
tained in the fit are considerably larger than the experimegtal 
uncertainties, and it is most appropriate to think of £ as an 
instrument for manipulating the fitting. The weighting 
scheme employed favors the low-J levels of the vibrational 
ground state and the fundamental states and produces in
creasingly lower weights for higher rotational and vibrational 
states. In particular, it produces very low weights for the 
band origins above 10000 em-I. Clearly it is not practicable 
to give here the individual weight factors for each input data 
point; this information is available from the authors on re
quest. 

V. THE ANALYTICAL FORM OF THE POTENTIAL 
ENERGY 

The analytical representation of the potential energy 
function used in the present work is given as (see Refs. 7 and 
35), 

V( Arl , Ar3 ,p) ~ Vo(p) + SF/p)y j+ 2: Fjk{p)y jYk 
j j,.;,k 

+ ~ Fjkm(P)YjYkYm 
j.;;,k";'m 

+ 2: (1) 

where all of the indices j, k, m, and n assume the values I or 
3. The quantity Yj in Eq. (1) is given by 

(2) 

where the aj are molecular constants and Arj=rj-rj, j=l 
or 3, is defined as it displacement from the eqUilibrium value 
rj of the distance rj' between the "outer" nucleus j = 1 or 3 
and the "center" nucleus 2. The quantity p is the instanta
neous value of the bond angle supplement (see Fig. t of Ref. 
7). The Fjkm ... expansion coefficients of Eq. (1) are functions 
of 'p and defined as 

4 

Fj(p)= 2: Iyi(cos Pe-cos p)i, (3) 
i=i 

and 

N 

Fjk: .. (p) = IW.-+22 IW..ccos Pe-cos p)i, (4) 
i=i 

where Pe is the equilibrium valuebf' p and the IW... are 
expansion coefficients. The furiction Fjk{p) has N=3, 
F/k1(P) has N=2, and Fjk1m{P) has N=l. The function Vo{p) 
is the' potent~al energy for the molecule bending with bond 
lengths fixed at'their equilibrium values, and here we param
eterize it as 

8 

Vo(p) = ~ ,foil(cos Pe-COS p)i, 
i=2 

where the I~i) are ~~pansion coefficients. 

(5) 

As the starting point for the fitting, we took the potential 
energy fl}nction (potential II), obtained in Ref. 6 using the 
MORBID approach. Calculations with the DVR3D program 
showed that, as outlined in Ref. 6, spurious minima 
("holes") are present in this potential. Analysis of the role of 
various terms in the expression for the potential surface, with 
regard to these holes, led us to constrain to zero the expan
sion coefficient 1m3' which was found in Ref. 6 to be 
-15 008·em- l . By carrying out fittings with different param
eter sets, we found that. :with the input of theprese,nt work, 
consttaining 1m3 to zero did not lead to any significant deg
radation of the standard deviation in the final fit, but it gave 
a function whose holes could be removed by addition of the 
corrective term suggested by Choi and LightY 

In the course of the fitting procedure it became obvious 
that the band origins of states which might be designated as 
local modes states (doublets at 13 830 em-I, 16898' cm- i, 

and 19781 cm- l and some higher excited states) have the 
biggest residuals (obs. :--calc.). These local mode band origin 
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TABLE I. Fitted potential energy parameters for H20. 

p/deg 
r~/A 
al/A- 1 

J}}>/cm- I 

!o3)/cm -1 

!o4)/cm -1 

IoSJ/cm-I 
106)/cm-1 

107)/cm- 1 

!o8)/cm- I 

!l.l)/cm-1 

!l.Z)/cm- I 

!l.3)/cm- 1 

!l.4)/cm- l 

f\~/cm-l 

75.489 92(350)' 
0.9576257(110) 
2.226b 

18902.4(60) 
1 961.5(110) 
4 134.9(180) 

-1959.6" 
4484.1c 
3961.8(710) 

-4751.6(300) 
-6 132.4(400) 
-3022.9(290) 
- 5 951.(100) 

1 030.6(900) 
42927.83(200) 

-3042.6(440) 
-3669.(110) 
-1 046.63(170) 

6 109.8(310) 
-1 309.3(220) 

1731.(450) 
-1423.(130) 
-1 255.9(95) 

9863.(120) 
3712.(210) 
4 159.0(240) 

560.(500) 
-221.1(110) 

-7238.1c 

0.0 

"Quantities in parentheses are standard errors in units of the last digit given. 
hConstrained to the value determined in Ref. 36 from the ab initio data of 
Ref. 37. 

eConstrained to value determined in a preliminary least squares fit. 

values are influenced mostly by the potential terms involving 
AO) f(O) d rCO) B . d· - th f' J it, ill, an . till· Y mtro ucmg a term of e orm 
fWIII (YI + Y~) in the potential for the EKE calculations, and 
choosing the ad hoc value of 1000 cm -I for f~Tlll> we could 
show that such a term has a large influence on exactly these 
energy levels so that in many cases, the discrepancies of the 
local mode band origins could be reduced by an order of 
magnitude. The influence on all other levels was much 
smaller. Hence it would seem that in order to improve sig
nificantly the agreement with experiment for the local mode 
levels, at least the fifth order term given above must be fitted. 
In view of this, we have excluded the local mode states from 
the fitting. We plan to extend the poteI1tial energy function 
used in the MORBID program by fifth and sixth order terms in 
the Y i' but this requires major software changes and we will 
report it in a separate publication. 

VI. RESULTS 

The optimized parameters of the potential function of 
Eqs. (1) for H2

160 are presented in Table I. The standard 
deviation for 1600 rovibrational term values obtained with 
these values of the potential parameters was 0.36 cm -I. The 
root-mean-square (rms) deviation for 40 fitted band origins 
was 0.6 em -I. These standard deviations, together with all 

TABLE II. Root-mean-square deviations for the separate vibrational states 
of HZ

l60, calculated by with the potential energy parameters from Table 1. 

UI U 2U 3 J~ax Nb 

000 14 221 
010 14 209 
020 9 95 
100 lO 109 
030 6 45 
001 10 110 
all 14 1600 

"Maximum J value considered for the UIUZU3 'state. 
bNumber of input data for the UjUZU3 state; 

a"/cm-1 

0.035 
0.095 
0.118 
0.134 
0.303 
0.207 
0.359 

CRoot-mean-square deviation of the input data for the uIu2u3 state. 

TABLE Ill. Observed and calculated values of the energy levels of water for 
1=20 of the ground vibrational state (in cm- I

). Observed values are from 
Ref.2l. 

J K. Kc obs. calc. obs.-calc. 

20 0 20 4048.252 4048.285 -0.033 
20 1 20 4048.252 4048.285 -0.033 
20 19 4412.317 4412.335 -0.Q18 
20 2 19 4412.317 4412.335 -0.018 
20 2 18 4738.624 4738.623 0.001 
20 3 18 4738.636 4738.634 0.002 
20 3 17 5031.77 
20 4 17 5031.977 5031.968 0.009 
20 4 16 5292.096 5292.056 0.040 
20 5 16 5294.035 5293.995 0.040 
20 5 15 5513.266 5513.146 0.120 
20 6 15 5527.046 5526.980 0.066 
20 6 14 5680.64 
20 7 14 5739.23 5739.15 0.08 
20 7 13 5811.92 
20 8 13 5947.33 5947.25 0.08 
20 8 12 5966.72 
20 9 12 - 6167.91 6167.68 0.23 
20 9 11 6170.96 6170.80 0.16 
20 10 11 6407.09 
20 10 10 6407.45 
20 11 IO 6664.14 6664.20 -0.06 
20 11 9 6664.17 6664.23 -0.06 
20 12 9 6935.42 6935.53 -0.11 . 
20 12 8 6935.43 6935.54 -0.11 
20 13 8 7217.56 7217.71 -0.15 
20 13 7 7217.56 7217.71 -0.15 
20 14 7 7507.57 7507.77 -0.20 
20 14 6 7507.57 7507.77 -0.20 
20 15 6 7802.7 7802.9 -0.2 
20 15 5 7802.7 7802.9 -0.2 
20 16 5 8100.3 8100.5 -0.2 
20 16 4 8100.3 8100.5 -'0.2 
20 ·17 4 8397.6 8397.9 -0.3. 

~ 

20 17 3 8397.6 8397.9 -0.3 
20 18 3 869r.9 8692.1 -0.2 
20 18 2 8691.9 8692.1 -0.2 
20 19 2 8979.8 8980.0 -0.2 
20 19 8979.8 8980.0 -0.2 
20 20 9257.408 9257.416 -0.008 
20 20 0 9257.408 9257.416 -0.008 

calculated results presented in the tables mentioned below, 
are obtained with the EKE program used with the potential 
energy parameters of Table r. Since significantly different 
weighting factors were given to the levels in various_vibra
tional states, the separate rms deviations for some low lying 
vibrationa1.states are also informative. We present them in 
Table II. The highest weights were given to the levels of the 
ground vibrational state. 

Let us consider the level of accuracy achieved for the 
ground state in more detail. As could be seen from Table II 
the overall rms deviation for 220 levels up to J = 14 is 0.035 
cm~l. For the 86 fitted levels up to J=8 the rms deviation 
was 0.005 em -I. It is also worth mentioning that for 20 of 
these levels, the deviation from experiment was less than 3 
MHz. This is the experimental accuracy of the best Fourier 
transform spectrometers. Obviously, the lower limit for the 
standard deviation is the experimental accuracy, and the re-
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TABLE Iv. Observed and calculated values of the energy levels of water for 
J=24 of the ground vibrational state (in em-I). Observed values are from 
Ref. 21. 

/ K a K < 

24 0 24 
24 24 
24 23 
24 2 23 
24 2 22 
24 3 22 
24 3 21 
24 4 21 
24 4 20 
24 5 20 
24 5 19 
24 6 19 
24 6 18 
24 7 18 
24 7 17 
24 8 17 
24 8 16 
24 9 16 
24 9 15 
24 10 15 
24 10 14 
24 11 14 
24 11 13 
24 12 13 
24 12 12 
24 13 12 
24 13 11 
24 14 11 
24 14 10 
24 15 10 
24 15 9 
24 16 9 
24 16 8 

obs. 

5713.25 
5713.25 
6147.79 
6147.79 
6536.44 
6536.44_ 

6889.73 

7210.55 

9584.41 
9584.42 
9890.48 
989Q.48 

10 202.10 
10202.10 

calc. 

5713.30 
5713.30 
6147.81 
6147.81 
6536.44 
6536.44 
6889.69 
6889.71 
7210.27 
7210.50 
7498.38 
7500.36 
7747.93 
7760.88 
7943.99 
7998.88 
8095.24 
8229.27 
8259.77 
8468.42 
8474.35 
8724.82 
8725.68 
8998.15 
8998.15 
9286.05 
9286.05 
9584.46 
9584.47 
9890.72 
9890.72 

10202.27 
10202.27 

obs.-calc. 

-0.05 
-0.05 
-0.02 
-0.02 

0.00 
0.00 

0.02 

0.05 

-0.05 
-0.05 
-0.24 
-0.24 
-0.17 
-0.17 

suIts of the present work suggest that this goal is within 
reach. The extrapolation power of our potential is illustrated 
by Tables III-IV, where the results of the calculation of the 
ground state levels with J=20 and 24 are presented. The 
significant digits quoted for the observed levels indicate the 
experimental precision. The residuals (obs.-calc.) in these 
tables show that the accuracy of extrapolation to these high J 
values is within the standard deviation of the fitted data. 
Only a few levels for J=28, J=32, and J=35 are known 
experimentally. In Table V we compare observed and calcu
lated energies for these levels. Again, extremely good agree
ment is obtained for most energy levels. Only the two levels 
with J K K = 32230 and 32330 have significant residuals of 
1.72 cn::-( The most likely explanation for this discrepancy 
would seem to be a misassignment of the observed lines 
believed to involve these levels. This assumption is con
firmed by recent work of Coudert38 who carried out a fit to 
the ground state rotational energy levels of water using an 
effective Hamiltonian. In this fitting, he obtained residuals 
comparable to ours for the two states mentioned above, and 
he excluded them from the fit. 

Finally, the potential energy function obtained in the 
present work gives striking agreement with experiment also 
for states with high Ka values. In all previous work on the 

TABLE V. Observed and calculated values of the energy levels of water for 
/=28, /=32, and /=35 of the ground vibrational state (in em-I). Observed 
values are from Ref. 21. 

/ Ka Kc obs. calc. obs.-calc. 

28 0 28 7648.16 7648.21 -0.05 
28 28 7648.16 7648.21 -0.05 
28 1 27 8150.78 8 150.81 -0.Q3 
28 2 27 8 150.78 8 150.81 -0.Q3 
28 2 26 8594.55 8594.55 0.00 
28 3 26 8594.55 8594.55 0.00 
28 3 25 9001.70 
28 4 25 9001.73 9001.70 0.03 
32 0 32 9843.99 <,) 844.04 -0.05 
32 32 <,) 843.99 9844.04 -0.05 
32 31 10 412.07 10412.09 -0.02 
32 2 31 10 412.07 10412.09 -0.02 
32 2 30 10 901.35" 10 899.63 1.72 
32 3 30 10 901.35" 10 899.63 1.72 
35 0 35 11 656.18 11656.07 0.11 
35 35 11 656.18 11 656.07 0.11 

"These states are likely to be misassigned (see text). 

water potential, these states have shown the largest discrep
ancies. The best previous potentials have given discrepancies 
around 1 cm -1 for the 10100 level and 15 cm -1 for the 2020 0 
level. The 20200 state (Table III) has the highest Ka value for 
which the rotation-vibration energy has been derived experi
mentally. The energy value21 is 9257.41 cm -I. For this level, 
the potential energy function of the present work gives a 
deviation from experiment of 0.008 cm -1. However, this low 
value IS clearly somewhat fortuitous since levels with lower 
K a from Table III have deviations around 0.2 cm - 1

. 

VII. FOURFOLD CLUSTERING EFFECT IN WATER 

Reference 39 provided experimental evidence for the 
formation of fourfold rovibrational energy clusters in the 
H2Se molecule. Further experimental studies40- 42 and varia
tional calculations were performed showing this effect in 
H2S,43 H2Se,44,45 and H2Te.46 On the basis of these investi
gations it would appear likely that the high Ka levels in 
water would also exhibit this phenomenon. 

When clusters are formed, the energy difference between 
the two quasidegenerate doublets with J K K = J jO , Jll and 

a c 

J(1-I)I' J(1-1)2 will decrease with increasing J, starting at a 
characteristic J value, J critical' This is in contradiction to the 
rigid rotor model. The formation of the fourfold clusters 
from two doublets in H2S, H2Se, and H2 Te can be considered 
as an established fact. For J> J critical fourfold degenerate 
clusters form rapidly for these molecules. This is accompa
nied with a rapid increase of the intercluster distance (the 
distance between different clusters). 

Calculations for the vibrational ground state were there
fore performed for J up to 35 using the EKE programs and 
the same basis sets described above which gave very good 
convergence for the levels of the vibrational ground state 
considered here. The calculated high-Ka energy levels of wa
ter show that at J = 18, the energy distance between the two 
highest doublets in each J multiplet starts decreasing with 
increasing 1. However, the energy spacing which might be 
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TABLE VI. High-Ka energies· in the vibrational ground state of Hz
160 (in cm-· I). 

J E(JJO)b !:!.C E[J(J_l)rl b /:ic E[J(J_2)21 b !:!.C E[J(J_3)31b 

16 6290.17 277.84 6012.33 279.18 5733.15 277.27 5455.88 
18 7723.80 - 280.27 7443.53 286.18 7157.35 288.53 6868.82 
20 9257.41 277.41 8980.00 287.87 8692.13 294.25 8397.88 
24 12587.50 258.94 12328.56 278.86 12049.70 292.71 11756.99 
28 16217.56 227.57 15989.99 258.30 15731.69 279.02 15452.67 
32 20104.19 195.22 19908.97 231.58 19677.39 259.10 19418.29 
35 23 282. _ 159. 23123. 339. 22784. 112. 22672. 

"The energies for J = 16 and 18 are derived from experiment (Ref. 21); the other ones are from the calculations 
of the present work. 

bE(J K K ) is the doubly degenerate energy for the states J K K and J K"K + I measured relative to the 000 level of 
the vib;ational ground state. a c , 

'Difference -between adjacent columns. 

called the intercluster distance for the other H2X molecules is 
decreasing with increasing I as well. In addition, the disc 
tances between the energy levels change much more slowly 
with increasing I than -in the other H2X molecules. So we 
can speak about a slow supercluster formation, where all 
levels in one I multiplet converge to form one supercluster; 
this type of clustering is known to happen near dissociation. 
These phenomena are illustrated by Table VI, which gives 
the energies of the levels with highest Ka for 1= 18, 20, 24, 
28, 32, and 35. The table gives the energies of the four high
est degenerate doubles for each I multiplet. We denote these 
as E(IIO )' E[1(1-1)1], E[1(J_2)2]' and E[I(J-3)3]' where 
E(I K K) is the doubly degenerate energy for the states 

a c 

I KaKc and I K,.Kc + 1 measured relative to the 000 level of the 
vibrational ground state. From 1=20 through 32, all energy 
differences between neighboring doublets decrease with in
creasing 1. Between 1=32 and 1=35, however, a dramatic 
change takes place in that the differences 
E(1Jo)- E[Iel-l)d and E[IU-2)21 - E[IU-3)31 decrease 
significantly, while the interclusterdistance 
E[IU-l)d - E[I(J-2)2J increases. This . could indicate the 
beginning of fourfold cluster formation. However, even if 
these clusters do form, the rotational energy level structure in 
H20 is clearly significantly ditferent from those of H2S, 
H2Se, and H2 Te. 

VIII. BREAKDOWN OF THE BORN-OPPENHEIMER 
APPROXIMATION 

The results of a calculation of the fundamental band ori
gins (carried out with the potential energy function of Table 
I) for the symmetric D2

160 and T2
160 -and asymmetric 

HDJ60 and HT160 isotopomers of the water molecule are 
presented in Table VII. These results are compared with ex-

TABLE VII. The differences between observed" and calculated values of the 
fundamental band origins for isotopomers of water (in em -I). 

VID2D 3 H2
160 0 2

160 TZ
160 HD160 HT160 

010 0.04 0.09 0.1 0.09 
1.00 -0.09 0.05 0.17 0.58 0.64 
001 0.06 0.3 0.4 -0.25 -1.24 

aFor the experimental values, see Refs. 47-57. 

perimental data from Refs. 47-57. For these molecules, the 
agreement with experiment is much poorer than for H2

160. 
This fact provides strong evidence for a breakdown of the 
Born-Oppenheimer approximation. The order of magnitude 
of the residuals obtained for the isotopically substituted mol
ecules is consistent with that found for H2D +, D2H+, and 
Dj , when calculated with a potential energy function fitted 
for Hi. 8,20 Our results for water indicate that it is necessary 
to consider explicitly the breakdown of the Born
Oppenheimer approximation in order that all isotopomers 
can be fitted simultaneously with a standard deviation com- . 
parable to that' attained for H2

160 in the present work. As 
mentioned above, this requires that the potential energy func
tion for a particular isotopomer be written as the sum of a 
mass-independent potential (the Born-Oppenheimer poten
tial) and mass-dependent correction terms. Further, Bunker 
and Moss58,59 have shown that corrections to the kinetic en
ergy operator are also introduced, and they derived expres
sions for these corrections in the framework of the Hougen
Bunker-Johns Hamiltonian.6o Work to introduce terms 
describing the breakdown of the Born-Oppenheimer ap
proximation for water in the EKE formalism is in progress. 

IX. CONCLUSION 

The H2
160 potential energy function has been obtained 

by fitting to experimental data. The fitting was carried out by 
means' of a combination of exact kinetic energy (EKE) and 
approximate kinetic energy (MORBID) programs. Rotation
vibration energies calculated with the new potential function 
are in considerably better agreement with experiment than 
those calculated using previous potentials. We have demon
strated the excellent extrapolation power of the new potential 
for calculating energies of states with higher I and Ka val
ues. Our results provide strong evidence for a breakdown of 
Born-Oppenheimer approximation in water. Finally, we 
have investigated the rotational energy level structure in the 
vibrational ground state of water and have found it to be very 
different from those of the related molecules H2S, H2Se, and 
H2Te. 

In the present work, we have presented an inexpensive, 
very accurate method for obtaining the potential energy sur
face of a triatomic molecule from experimental spectroscopic 
data. Our results indicate that the ultimate goal of achieving 
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an agreement with experiment comparable to the experimen-
tal uncertainty in this type of fit is within reach. Since our 
calculations employ an exact kinetic energy operator and are 
well converged, the only source of error would seem to be 
connected with the particular analytical form chosen for the 
potential function and with the breakdown of the Born
Oppenheimer approximation. Further work, which is in 
progress, is concerned with the addition of more terms to the 
potential function given by Eq. (1) and with the explicit con
sideration of the Born-Oppenheimer breakdown. 
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