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Simple Screens: BVP & BIE
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Simple Screens: BVP & BIE

n

Exterior Dirichlet problem:

~Autu=0 inRI\T,
u=g onfl,

+ decay conditions at oo .
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Simple Screens: BVP & BIE

n

Exterior Dirichlet problem:

~Autu=0 inRI\T,
u=g onfl,

+ decay conditions at oo .

[ 1st-kind boundary integral equation:
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Simple Screens: BVP & BIE

n

Exterior Dirichlet problem:

—Au+u=0 inRI\T,
u=g onl,

+ decay conditions at co

B 1ist-kind boundary integral equation: seek ¢ € H=2(I') = Hy2(T)

Ve, o) / / G(x, ¥)¢(y)¢' () dS(y)dS(x) = / 9(x)¢'(x) dS(x)

for all ¢’ € H2(T).
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Simple Screens: BVP & BIE

n

Exterior Dirichlet problem:

—Au+u=0 inRI\T,
u=g onl,

+ decay conditions at co

~ 1

[ 1st-kind boundary integral equation: seek ¢ € H~ %( M) = Hy? ()

Ve, o) / / G(x. ¥)ely ( ) dS(y)dS(x) = / 9(x)¢'(x) dS(x)

Neumann jump: &4 — 54

for all ' € H2(T).
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Simple Screens: BVP & BIE

n

Exterior Dirichlet problem:

~Autu=0 inRI\T,
u=g onfl,

+ decay conditions at co

~ 1

B 1st-kind boundary integral equation: seek ¢ € H~2(I') = Hyo? (1)

Ve, o) / / G(x. ¥)ely ( ) dS(y)dS(x) = / 9(x)¢'(x) dS(x)

forall ¢’ € H2(T).
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Simple Screens: BVP & BIE

n

Exterior Dirichlet problem:

L Asiil i 0O :.«mud\r7

|
BIE set in jump trace space H 2 (F)

(H~2 with “zero boundary conditions”)

[ 1st-kinuvouruary mmegrarequano . seer pe 1z (1 )= 11y,° ()

Ve, o) / / G(x. ¥)ely ( ) dS(y)dS(x) = / 9(x)¢'(x) dS(x)

forall ¢’ € H2(T).
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Complex Screens

< Non-Lipschitz, non-orientable
complex screen
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Complex Screens

< Non-Lipschitz, non-orientable
complex screen

(Lipschitz/orientable only locally away
from “junction sets”)
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Complex Screens

< Non-Lipschitz, non-orientable
complex screen

(Lipschitz/orientable only locally away
from “junction sets”)

Definition. Complex screen I' ¢ R?: 3 mutually disjoint Lipschitz domains
{9}/, such that

N oSy is an orientable Lipschitz screen vj=1,...,n.
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Coming up next

@ Trace Spaces
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Going Quotient Space

Pradigm:
Getoff I'!

> Define trace spaces in R\ I
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Going Quotient Space

Recall:

Q bounded, Lipschitz =

trace spaces as quotient spaces:

Pradigm:

Getoff I'!

Define trace spaces in R\ I
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Going Quotient Space

Recall: Q bounded, Lipschitz = trace spaces as quotient spaces:

Hz (09) = H'(Q)/H§ ()

Pradigm:
GetoffI'!

> Define trace spaces in R\ I
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Going Quotient Space

Recall: Q bounded, Lipschitz = trace spaces as quotient spaces:

Hz(0Q) = H'(Q)/H(Q) , H 2(0Q) = H(div, Q)/Ho(div, Q) .

Pradigm:
GetoffI'!

> Define trace spaces in R\ I
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Going Quotient Space

Recall: Q bounded, Lipschitz = trace spaces as quotient spaces:

Hz(0Q) = H'(Q)/H(Q) , H 2(0Q) = H(div, Q)/Ho(div, Q) .

" = complex screen
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Going Quotient Space

Recall: Q bounded, Lipschitz = trace spaces as quotient spaces:

Hz(0Q) = H'(Q)/H(Q) , H 2(0Q) = H(div, Q)/Ho(div, Q) .

" = complex screen

®  Functions which jump across I :  H'(RY\T) , H(div,RI\T)
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Going Quotient Space

Recall: Q bounded, Lipschitz = trace spaces as quotient spaces:

Hz(0Q) = H'(Q)/H(Q) , H 2(0Q) = H(div, Q)/Ho(div, Q) .

" = complex screen
®  Functions which jump across I :  H'(RY\T) , H(div,RI\T)

® Functions “continuous” across I : ~ H'(RY) ,  H(div,RY)
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Going Quotient Space

Recall: Q bounded, Lipschitz = trace spaces as quotient spaces:

Hz(0Q) = H'(Q)/H(Q) , H 2(0Q) = H(div, Q)/Ho(div, Q) .

" = complex screen

®  Functions which jump across I :  H'(RY\T) , H(div,RI\T)
® Functions “continuous” across I : ~ H'(RY) ,  H(div,RY)
o Functions which vanishon ' :  HJ-(R%) , Hor(div,RY)
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Going Quotient Space

Recall: Q bounded, Lipschitz = trace spaces as quotient spaces:

Hz(0Q) = H'(Q)/H(Q) , H 2(0Q) = H(div, Q)/Ho(div, Q) .

" = complex screen

®  Functions which jump across I :  H'(RY\T) , H(div,RI\T)
® Functions “continuous” across I : ~ H'(RY) ,  H(div,RY)
o Functions which vanishon ' :  HJ-(R%) , Hor(div,RY)

Closed subspaces:
Ho.r(RY) € H'(RY) C H'(RI\T),
Ho r(div,RY)  H(div,R?) C H(div,RY\T).
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Multi-Trace Spaces

Mental picture:
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Multi-Trace Spaces

Mental picture:

thick screen /

[H%(r) = H'(RY\ T)/Hj - (RY) J
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Multi-Trace Spaces

Mental picture:

thick screen /

1

[Hﬂ(r) = H'(RY\ T)/H} r(RY) , Hz2(T) := H(div, R\ T')/Ho,r(div, R¥) }
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Multi-Trace Spaces

Mental picture:

thick screen Ve

1

[H%(r) = H'(RY\ T)/H} r(RY) , H~z(T) := H(div, R\ I')/Ho,r(div, RY) }

Duality pairing: <, > HP(N) xH2(T) = C
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Multi-Trace Spaces

Mental picture:

thick screen /

1

[H%(r) = H'(RY\ T)/H} r(RY) , H~z(T) := H(div, R\ I')/Ho,r(div, RY) }

Duality pairing: <, > HP(N) xH2(T) = C

LU, p>= p-Vu+ udiv(p)dx.
R\
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Multi-Trace Spaces

Mental picture:

thick screen /

1

[Hﬂ(r) = H'(RY\ T)/H} r(RY) , H~z(T) := H(div, R\ I')/Ho,r(div, RY) }

Duality pairing: <, > HP(N) xH2(T) = C

u,p = equivalence classes

LU, p>= p-Vu+ udiv(p)dx.
R\
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Multi-Trace Spaces

Mental picture:

thick screen /

{H%(r) = H'(RY\ T)/H} -(RY) , H~2(T) := H(div,RY \ ) /Ho r(div,RY) }

Duality pairing: <, > H2(M)xH () = C
u,p = equivalence classes
LU, p>= p-Vu+ udiv(p)dx. )
R\ e

up representatives
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Multi-Trace Spaces

Mental picture:

thick screen /

{H%(r) = H'(RY\ T)/H} -(RY) , H~2(T) := H(div,RY \ ) /Ho r(div,RY) }

Duality pairing: <, > H2(M)xH () = C
u,p = equivalence classes
LU, p>= p-Vu+ udiv(p)dx. )
RI\F u,p = representatives
[<< , > induces isometric isomorphism: (H*2(M)) 2 H2(T) ]
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Single-Trace Spaces
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Single-Trace Spaces

= single valued traces on I' of globally defined functions
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Single-Trace Spaces

= single valued traces on I' of globally defined functions

*OHYE(N) = H'(RY) e, H (M) = H(AV,R)-np .
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Single-Trace Spaces

= single valued traces on I of globally defined functions

“HTE([) = H'RY) e, HA([M]) = H(div,RY) - n .

“Natural trace spaces” through quotient spaces:

EA(E
H— 3

H'(RY)/Hq r(RY)
([r]) := H(div,R%)/Hy r (div, RY)
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Single-Trace Spaces

= single valued traces on I of globally defined functions

“HTE([) = H'RY) e, HA([M]) = H(div,RY) - n .

“Natural trace spaces” through quotient spaces:

H2([1]) = H'(R%)/H{ r(RY) CH*: (),
H~=2([1]) := H(div,R?)/Ho r(div, RY) CH 2(I).
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Single-Trace Spaces

= single valued traces on I of globally defined functions

“HTE([) = H'RY) e, HA([M]) = H(div,RY) - n .

“Natural trace spaces” through quotient spaces:

H*2([1) == H'(RY)/Hg (RY) CH*: (),
H~=2([1]) := H(div,R?)/Ho r(div, RY) CH 2(I).
@Iarity by Green'’s formula:

e H2([r)

<iU,g>=0 Yge H (),
peH (M) &

<LV,p>=0 VveH ().
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Single-Trace Spaces

= single valued traces on I of globally defined functions

“HTE([) = H'RY) e, HA([M]) = H(div,RY) - n .

“Natural trace spaces” through quotient spaces:

H*2([1) == H'(RY)/Hg (RY) CH*: (),
H~=2([1]) := H(div,R?)/Ho r(div, RY) CH 2(I).
golarity by Green'’s formula:

<Ug>=0 vgeH (),
<LV,p>=0 VveH ().

e H2([r)
peH () =
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps
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Definition. Spaces of Dirichlet- and Neumann jumps
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps by duality!

HER(M]) = (2 (M), H2([r) == (HF2([r]))
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HER(I]) = (2 (M), HE([M]) == (HF2([r]))’

jump operator:  []
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HER(I]) = (2 (M), HE([M]) == (HF2([r]))’

jump operator:  [] 1{ HEH(T) = H=2([r]) = (HP2 ([T
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HER(I]) = (2 (M), HE([M]) == (HF2([r]))’

jump operator: L]:{Hié(r) - HE2([M]) = (HFE([r]))’
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HER(I]) = (2 (M), HE([M]) == (HF2([r]))’

HEH(T) - HE(]) = (HRE()Y

jump operator: [ : { i o (g i,g >}
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HE([M) == (H72([M))) . H2(Ir]) == (HH2 ()Y’

HE2(M) = HE2([M]) = (HF2([r]))’

jump operator: [ : { u = {go< i,q>>)

[] surjective A Kern([-]) = HEz([])
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HYE([M]) == (H2([r)) . H2([r]) = (H

H*2 (M)’

jump operator: [ : {

HE2 (M) — HE (M) = (H
u — {g—<u,q

(Y
}

[] surjective A Kern([])=H

£2([r])

by polarity
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HE([M) == (H72([M))) . H2(Ir]) == (HH2 ()Y’

HE2(M) = HE2([M]) = (HF2([r]))’

jump operator: [ : { u = {go< i,q>>)

[ [] surjective A Kern([-]) = HEz([])

Exact sequences:
0 —— HEM(I) —— BH (D)
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HE([M) == (H72([M))) . H2(Ir]) == (HH2 ()Y’

HE2(M) = HE2([M]) = (HF2([r]))’

jump operator: [ : { u = {go< i,q>>)

[ [] surjective A Kern([-]) = HEz([])

Exact sequences:

0 —— HEH() —— B (D) —

HE5 (1)) —— 0

R.Hiptmair (SAM, ETH Ziirich) BIE on Complex Screens UCL March 30, 2017



Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HE([M) == (H72([M))) . H2(Ir]) == (HH2 ()Y’

HE2(M) = HE2([M]) = (HF2([r]))’

jump operator: [ : { u = {go< i,q>>)

[ [] surjective A Kern([-]) = HEz([])

Exact sequences:

0 —— HEH() —— B (D) —

H=2([r) —— 0

{ []:H*2(T)/H*2([r]) — H=2([F])  isometric isomorphism
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HE([M) == (H72([M))) . H2(Ir]) == (HH2 ()Y’

HE2(M) = HE2([M]) = (HF2([r]))’

jump operator: [ : { u = {go< i,q>>)

[ [] surjective A Kern([-]) = HEz([])

Exact sequences:

0 —— HEH() —— B (D) —

H=2([r) —— 0

{ [ Hi%(r),/Hi%([r]) — HE2([r])  isometric isomorphism

=~ orth. comp. H*2([])*
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

HE([M) == (H72([M))) . H2(Ir]) == (HH2 ()Y’

HE2(M) = HE2([M]) = (HF2([r]))’

jump operator: [ : { u = {go< i,q>>)

[ [] surjective A Kern([-]) = HEz([]) ]

Exact sequences:
0 —— HEL(I) —— BH(N) —

U R —— 0

{ [ Hi%(r),/Hi%([r]) — HE2([r])  isometric isomorphism ]

=~ orth. comp. HE2([M)L > “H*z(F) = HTz([M]) @ HT2([r])”
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Example: Jump Spaces on Simple Screens
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Example: Jump Spaces on Simple Screens
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Example: Jump Spaces on Simple Screens

I C 09 (“part of a boundary”, simple screen)

o H+;(r):{ (vi,ve) € HE3(1) x HE4(T) - }
- vi — Vo € Hz()
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Example: Jump Spaces on Simple Screens

I C 09 (“part of a boundary”, simple screen)

o H+;(r):{ (vi,ve) € HE3(1) x HE4(T) - }
- vi — Vo € Hz()

\ Q4 a jump!
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Example: Jump Spaces on Simple Screens

I C 09 (“part of a boundary”, simple screen)

o H+;(r):{ (vi,ve) € HT3(1) x HE4(T) - }
- vi — Vo € Hz()

\ Q4 a jump!
- - / jump space!

R.Hiptmair (SAM, ETH Zirich) BIE on Complex Screens UCL March 30, 2017 10/22



Example: Jump Spaces on Simple Screens

I C 09 (“part of a boundary”, simple screen)

o H+;(r):{ (vi,ve) € HT3(1) x HE4(T) - }
- vi — Vo € HZ(T)

Qo
\ Q4 a jump!
S~ // jump space!
Note: H=2([r]) = H(div,RY) - nQ= H=2(r)
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Example: Jump Spaces on Simple Screens

I C 09 (“part of a boundary”, simple screen)

T H+;(r):{ (i, ve) € (D) x HEAD) }

-7 vi — o € Hz(I)
92 \
\ Q4 a jump!
S~ N // jump space!
Note: H=2([T]) = H(div,RY) - n ;o = H=5(T)
> HHE([T]) = (H2([N)) = (H-2(N))' = HE(T)
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Example: Jump Spaces on Simple Screens

I C 09 (“part of a boundary”, simple screen)

_ sy e ] (Viove) € HP2(M) x HF2(M)
- row (F)_{ vi — va € HZ(T) }

92 \
\ Q4 a jump!
S~ // jump space!
Note: H=2([T]) = H(div,RY) - n ;o = H=5(T)
> HEE([M]) = (H3([)Y = (H2(N) = H (D)
> “Customary jump spaces” recovered
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Coming up next

® Boundary Integral Operators
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Potentials
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"),
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Potentials

Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
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Dirichlet trace:

R.Hiptmair (SAM, ETH Zirich)

Potentials
vp: H'(RY\ T) — H*2(I),

BIE on Complex Screens

FY[) = 7THH1'% (r)s

Canonical projections

UCL March 30, 2017
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Dirichlet trace:

R.Hiptmair (SAM, ETH Zirich)

Potentials
vp: H'(RY\ T) — H*2(I),

BIE on Complex Screens
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~yy: H'(A,RI\T) — H 2(T), yy:=m\_ ©"° grad.

1
2

Canonical projections
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Potentials
Dirichlet trace: ~ ~p : H'(R?\ ) — H*2(I), Ypi=m
Neumann trace: ~y: H'(A,RI\T) - H 2(T), yy:i=m__
Continuous potential operators:
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Potentials
Dirichlet trace: ~ ~p : H'(R?\ ) — H*2(I), Ypi=m
Neumann trace: ~y: H'(A,RI\T) - H 2(T), yy:i=m__
Continuous potential operators:
SL:= Nonp:H 2(T) = H'(A,RI\T),

Newton potential
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:

SL:= Nonp:H () — H'(ARI\T), (SL(@)X)=<1pG(Xx—:),q>
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:
SLi= Novp:H 3(T) = H'(A,RI\T), (SL(@)X)=<1pG(X—),q>

DL := —No\} : H+%(r) — H'(A,RY\T),

Newton potential
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:
SLi= Novp:H 3(T) = H'(A,RI\T), (SL(@)X)=<1pG(X—),q>

DL:= —Nonjy: HFH(F) = H'(ARI\T), (DL(V)(X) = < — 7y G(X — ). V>
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Potentials
Dirichlet trace: ~ ~p : H'(R?\ ) — H*2(I), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:
SLi= Novp:H 3(T) = H'(A,RI\T), (SL(@)X)=<1pG(X—),q>

DL:=—No~j: H2(F) = H'(A,RI\T), (DL(V))(X) =< — vy G(X =), V>3
By definition of duality pairing:

AUV —UAVAX =< Yy U,YpV > — < yp U, 7y V>
R3\T
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:
SL:= Nonp:H 2(T) = H'(A,RI\T), (SL(G)(X)=<vpG(X—"),q>

DL:= —Nonjy: HFH(F) = H'(ARI\T), (DL(V)(X) = < — 7y G(X — ). V>

B representation formula:

U = Nt— &gy tr+8) + DL( 1) + SL(3y 1)

R.Hiptmair (SAM, ETH Zirich) BIE on Complex Screens UCL March 30, 2017 12/22



Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty b © 9rad.
Continuous potential operators:
SL:= Nonp:H 2(T) = H'(A,RI\T), (SL(G)(X)=<vpG(X—"),q>

DL := —Nop : H*2(I) = H'(A,RI\T), (DL(V))(X) = < —yy G(X —-),V 3

B representation formula:

u=N=Apgaru+t)+ DLy, u) +SL(yyu) -

= Jump relations:
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:
SL:= Nonp:H 2(T) = H'(A,RI\T), (SL(G)(X)=<vpG(X—"),q>

DL := —Noqy : H*2(I) — H'(A,RI\T), (DL(V))(X) = < —yn G(X — ), V3

B representation formula:

u=NE=Agparu=+t)+ DLy u) +SL(yyu) .

= Jump relations:

[vo] (SL(p)) = O, vhe H 3 (r),
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:
SL:= Nonp:H 2(T) = H'(A,RI\T), (SL(G)(X)=<vpG(X—"),q>

DL := —Noqy : H*2(I) — H'(A,RI\T), (DL(V))(X) = < —yn G(X — ), V3

B representation formula:

u=NE=Agparu=+t)+ DLy u) +SL(yyu) .

= Jump relations:

[0l (SL(P)) =0, Vp e H#(T),
[va] (DL(&)) =0 Vi e HY2(T) .
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:
SL:= Nonp:H 2(T) = H'(A,RI\T), (SL(G)(X)=<vpG(X—"),q>

DL := —Noqy : H*2(I) — H'(A,RI\T), (DL(V))(X) = < —yn G(X — ), V3

B representation formula:

u=NE=Agparu=+t)+ DLy u) +SL(yyu) .

= Jump relations:

[vo] (SL(p)) = O, [l (SL(P) =[p]  VpeH (),
[vn] (DL(&)) =0 Vire HY3(r) .
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:
SL:= Nonp:H 2(T) = H'(A,RI\T), (SL(G)(X)=<vpG(X—"),q>

DL := —Noqy : H*2(I) — H'(A,RI\T), (DL(V))(X) = < —yn G(X — ), V3

B representation formula:

u=NE=Agparu=+t)+ DLy u) +SL(yyu) .

= Jump relations:

[vol (SL(P)) =0, [yn] (SL(P)) = [F] Wp e H#(T),
[vol (DL(1)) =[] , [yn] (DL(&)) = 0 Vi e HT2(T).
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Potentials
Dirichlet trace:  ~yp : H'(RY\ ') — H*z(I"), VD= Ty
Neumann trace: ~y: H'(A,RI\T) = H 2(I), ~yy:= Ty © grad.
Continuous potential operators:
SLi= Novp:H 3(T) = H'(A,RI\T), (SL(@)X)=<1pG(X—),q>

DL := —Noqy : H*2(I) — H'(A,RI\T), (DL(V))(X) = < —yn G(X — ), V3

B representation formula:

u=N{=2Agaru+t)+ DL(ypU) + SLvyu) .

B Jump relations: Jumps here!
bol (SL(B) =0, b SLG) (0] vp e HOK(T),
ol OL@) = (6T pwlOL@)=0 Vi H(T).
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Boundary Integral Operators
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Boundary Integral Operators

Single layer operator:
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Boundary Integral Operators

Single layer operator: V:=~pSL: H‘%(F) — H+%(r)
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Boundary Integral Operators

Single layer operator: V:=~pSL: H‘%(F) — H+%(r)

Hypersingular operator:
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Boundary Integral Operators

Single layer operator: V:=vpSL: H‘%(F) — H+%(r)

Hypersingular operator: W := ~, DL : H2(I') — H~2(I")
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Boundary Integral Operators

Single layer operator: V:=~pSL: H‘%(F) — H+%(r)

Hypersingular operator: W := ~, DL : H2(I') — H~2(I")

Kernels.
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Boundary Integral Operators

Single layer operator: V:=~pSL: H‘%(F) — H+%(r)

Hypersingular operator: W := ~, DL : H2(I') — H~2(I")

Kernels.

Kern(V) = H™2([I]) , Kern(W)= H"2([r]).
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Boundary Integral Operators

Single layer operator: V:=vpSL: H‘%(F) — H+%(r)

Hypersingular operator: W := ~, DL : H2(I') — H~2(I")

Kernels. = the single trace spaces!

Kern(V) = H™2([I]) , Kern(W)= H"2([r]).
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Boundary Integral Operators

Single layer operator: V:=~pSL: H‘%(F) — H+%(r)

Hypersingular operator: W := ~, DL : H2(I') — H~2(I")

/Kernels. N\
Kern(V) = H™2([I]) , Kern(W)= H"2([r]).

- J

/Ellipticity. N

- J
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Boundary Integral Operators

Single layer operator: V:=~pSL: H‘%(F) — H+%(r)

Hypersingular operator: W := ~, DL : H2(I') — H~2(I")

/Kernels. N
Kern(V) = H™2([I]) , Kern(W)= H"2([r]).

- J

/ElllptICIty Thereis C > 0: forall g € H- ([I’]) Ve Htz 2([r) N

S <Vg.q>=Clalf . - <WeVs> ClVE o y
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Boundary Integral Operators

Single layer operator: V:=~pSL: H‘%(F) — H+%(r)

Hypersingular operator: W := ~, DL : H2(I') — H~2(I")

/Kernels. )
Kern(V) = H™2([I]) , Kern(W)=H*2([r]).
- J
/ElllptICIty Thereis C > 0:forall g e H2([r]), v € H2([r]) h
<Vq,q>> CHQHHn ;o <KWy v > C||V||
2(IrD 2y
o %
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Boundary Integral Operators

Single layer operator: V:=vpSL: H‘%(F) — H+%(r)

Hypersingular operator: W := ~, DL : H2(I') — H~2(I")

/Kernels. )
Kern(V) = H™2([I]) , Kern(W)=H*2([r]).
- J
/ElllptICIty Thereis C > 0:forall g e H2([r]), v € H2([r]) N
<Vq,q>> CHqIIHG ;o <KWy v > C||V||
2(IrD 2y
o %

B> Isomorphisms: V : H=2([]) = H*2([I]), W : H*2([I]) — H=2([r])
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Coming up next

@ Towards Electromagnetic BIE
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Tangential Trace Spaces
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)

Multi-trace space:
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)

Multi-trace space: H~ 2 (curlr, T) := H(curl, R® \ I')/Hy(curl, R3\ T)
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)

Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )

Single-trace space:
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )
Single-trace space: H—2 (curlr, [I]) := H(curl, R3)/Hy(curl, R3\ T)
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )
Single-trace space: H~z (curlr, [I]) := H(curl, R®)/Ho(curl, B3\ T)

Duality pairing:
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )
Single-trace space: H~z (curlr, [I]) := H(curl, R®)/Ho(curl, B3\ T)

H~z(curlr, T) x H-2(curlr,T) — C ,
Duality pairing:

LU V>, = fR3\F curlu-v—u-curlvdx .
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )
Single-trace space: H~z (curlr, [I]) := H(curl, R®)/Ho(curl, B3\ T)

Duality pairing:
Self-duality!

{ H~z(curlr, T) x H-2(curlr,T) — C ,

LUV, = fRa\rcurIu-v— u-curlvdx .
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )
Single-trace space: H~z (curlr, [I]) := H(curl, R®)/Ho(curl, B3\ T)

Duality pairing:

H~z(curlr, T) x H-2(curlr,T) — C ,
LUV, = fRa\rcurIu -v—u-curlvdx .

Tangential jump space:

15/22
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )
Single-trace space: H~z (curlr, [I]) := H(curl, R®)/Ho(curl, B3\ T)

Duality pairing:

H~z(curlr, T) x H-2(curlr,T) — C ,
LU,V >, = [ curlu-v—u-curlvdx .

Tangential jump space: H‘%(curlr, [y = (H—%(curlr, [rn)
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )
Single-trace space: H~z (curlr, [I]) := H(curl, R®)/Ho(curl, B3\ T)

Duality pairing:

H~z(curlr, T) x H-2(curlr,T) — C ,
LU,V >, = [ curlu-v—u-curlvdx .

Tangential jump space: H‘%(curlr, [y = (H—%(curlr, [rn)

Jump operator:
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )
Single-trace space: H~z (curlr, [I]) := H(curl, R®)/Ho(curl, B3\ T)

Duality pairing:

H~z(curlr, T) x H-2(curlr,T) — C ,
LU,V >, = [ curlu-v—u-curlvdx .

Tangential jump space: H—z (curlr, []) := (H2(curlr, [I]))’

Jump operator:

[1,: H~#(eurlr, ) — H=z(eurlr, [r]) ,
. u = Vo <u v ).

15/22
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Tangential Trace Spaces

Domain spaces: Ho(curl,R3\ T') cH(curl,R®) cH(curl,R3\T)
Multi-trace space: H~ 2 (curlr, ) := H(curl, R%\ I')/Ho(curl, R3\ )
Single-trace space: H~z (curlr, [I]) := H(curl, R®)/Ho(curl, B3\ T)

Duality pairing:

H~z(curlr, T) x H-2(curlr,T) — C ,
LU,V >, = [ curlu-v—u-curlvdx .

Tangential jump space: H‘%(curlr, [y = (H‘%(curlr, rny

1

[]X:{ H=z(curl, 1) — H—2 (curlr, [I])

Jump operator: . oL
b op u — {vo<uv>,}.

C

isometry on factor space

15/22
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NEW: Surface Differential Operators
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NEW: Surface Differential Operators

Domain sequences:
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NEW: Surface Differential Operators

Domain sequences:

O @\ 2 Heur,R3\T) —, H(div,R3\T),
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NEW: Surface Differential Operators

Domain sequences:

O @\ 2 Heur,R3\T) —, H(div,R3\T),
o: H'(R3) 20, Heurl,R®) %",  H(div,R?),
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NEW: Surface Differential Operators

Domain sequences:

O @\ 2 Heur,R3\T) —, H(div,R3\T),
o: H'(R3) 20, Heurl,R®) %",  H(div,R?),

©  HIR3\T) 2% Hocurl, R3\ 1) — Ho(div,R3\T).

R.Hiptmair (SAM, ETH Ziirich) BIE on Complex Screens UCL March 30, 2017



NEW: Surface Differential Operators

Domain sequences:

O @\ 2 Heur,R3\T) —, H(div,R3\T),
o: H'(R3) 20, Heurl,R®) %",  H(div,R?),

©  HIR3\T) 2% Hocurl, R3\ 1) — Ho(div,R3\T).

® P (differential operators compatible with canonical projections !
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NEW: Surface Differential Operators

Domain sequences:

O @\ 2 Heur,R3\T) —, H(div,R3\T),
o: H'(R3) 20, Heurl,R®) %",  H(div,R?),

©  HIR3\T) 2% Hocurl, R3\ 1) — Ho(div,R3\T).
® P (differential operators compatible with canonical projections !

grad curl

H (R3\ 1) —22%, Hcurl, R3\ ) —" H(div,R3\T)

I I -

HA(M) 2O m-d(curl,T) U
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NEW: Surface Differential Operators

Domain sequences:

O @\ 2 Heur,R3\T) —, H(div,R3\T),
o: H'(R3) 20, Heurl,R®) %",  H(div,R?),

©  HIR3\T) 2% Hocurl, R3\ 1) — Ho(div,R3\T).
® P (differential operators compatible with canonical projections !

grad curl

H (R3\ 1) —22%, Hcurl, R3\ ) —" H(div,R3\T)

I I -

curlr

HAT) 2 Ho(curlr,T) H3(T)
o = HA(I) % H- (eurlr, [1]) —" H-3(r)).
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Dr on Jump Spaces
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Dr on Jump Spaces

Green’s formula on I':
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Dr on Jump Spaces

Green’s formulaon I':  Vp e Hz(I'),v € H 2 (curlr,T)
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Dr on Jump Spaces

Green’s formulaon I':  Vp e Hz(I'),v € H 2 (curlr,T)

< p,eurlr(v) >
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Dr on Jump Spaces

Green’s formulaon I':  Vp e Hz(I'),v € H 2 (curlr,T)

< p,eurlr(v) > = / grad p - curlv + pdivcurlvdx
R3\I
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Dr on Jump Spaces

Green’s formulaon I':  Vp e Hz(I'),v € H 2 (curlr,T)
< p,eurlr(v) > = / gradp - curlv + pdivcurlvdx
R3\T

= gradp - curlv + curlgrad p - vdx
R3\I
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Dr on Jump Spaces

Green’s formulaon I: Vp € Hz(I'),v € H2(curlr,T)
< p,eurlr(v) > = / gradp - curlv + pdivcurlvdx
R3\T

= gradp-curlv +curlgrad p - vdx = < v,grad (p) >,
R3\T
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Dr on Jump Spaces

Green’s formulaon I':  Vp e Hz(I'),v € H 2 (curlr,T)
< p,eurlr(v) > = / grad p - curlv + pdivcurlvdx
R3\T

= gradp-curlv + curlgrad p - vdx = < v,grad.(p) >
R3\T
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Dr on Jump Spaces

Green’s formulaon I: Vp € Hz(I'),v € H2(curlr,T)

< p,eurlr(v) > = / grad p - curlv + pdivcurlvdx
R3\I

= gradp-curlv +curlgrad p - vdx = < v,grad (p) >,
R3\T

> gradf =curlr < curlf = grad
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Dr on Jump Spaces

Green’s formulaon I: Vp € Hz(I'),v € H2(curlr,T)

< p,eurlr (V) > = gradp - curlv + pdivcurlvdx
R3\T

= gradp-curlv +curlgrad p - vdx = < v,grad (p) >,

R3\T
o grad; = curlr « curl; =grad;
[ by duality:
HAI) 220 Hod(eurln ) 5 HOA(T),
grad/ =curlr ~ curlf =grad.

H-3([r]) &= H #(eurlr,[[]) «——— Hz([r]).
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Summary: Relationships of Trace Spaces
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Summary: Relationships of Trace Spaces

0 0 0

l ! l
HA(IN) 5 Hi(eurr M) % HEE(IN)
| | |

HY() % Ho*(cur,l) 2% H-:()

8 8 [0

() 5 Hod(eurr ) % AE(IM)
0

0 0
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Summary: Relationships of Trace Spaces

0 0 0
| | | |
< Commuting
HEE(M) 5% Hoz(eurlr, [1) 2% H-2(I]) diagram
| | |

H (M) 5 H-:(curl,l) 2% H-3(T)

8 8 [0

A 5 Ht(eurlr,[r]) &% A-2([1)
0

0 0
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Summary: Relationships of Trace Spaces

0 0 0

| l | |

i v 1 curl ; < Commuting
Hez([r]) —» H7z(curlr, 1)) = H2([r]) diagram

| L L

Horizontal:
HY() % Ho*(cur,l) 2% H-:()

8 8 [0

() 5 Hod(eurr ) % AE(IM)
0

0 0

Hilbert complexes
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Summary: Relationships of Trace Spaces

0 0 0

| l | |

i v 1 curl ; < Commuting
Hez([r]) —» H7=z(curlr, 1)) — H2([r]) diagram

| L L

Horizontal:
H (M) X5 H-3(curlr,l) 25 H-3(r)

8 8 [0

A 5 Hieurr M) 5% HE4([T)
0

0 0

Hilbert complexes

Vertical:

exact sequences
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Trace operators = canonical projections

Duality by Green’s formula in R?\ I

Jump spaces by duality

vV v . vY

B Framework for analysis of 1st-kind BIE

[1 X. CLAEYS AND R. HIPTMAIR, Integral equations on multi-screens,
Integral Equations and Operator Theory, 77 (2013), pp. 167-197.

B

, Integral equations for electromagnetic scattering at multi-screens,
Integral Equations and Operator Theory, 84 (2016), pp. 33-68.
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Duality

Duality pairing: <, > H (N xH () = C
u,p £ equivalence classes
LU p>= p-Vu+ udiv(p)dx. )
RI\F u,p = representatives
o | <, p> | < lUlm@an - IPla@vrarn YUEUPEP.

® uc H'(RY\T) = minimum norm representative of i1 € Hz(T)
> —Au+u=0inRI\T (%)
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Multi-Trace Spaces: Examples

M= ULy 09 (“skeleton”)

- Q HY (M) = H (090) x - x H}(09) .
a I C 99 (“part of a boundary”, simple screen)
I 1 Zy,2o eHi%F xHi%F :
", [ Hiz(r)_{( ) ~j:%() ()
Q8 Z1FZo € H (I‘)
‘\ % > “(traces of) z;, z» agree " on oI

~ -

-, V4
Duality pairing: = ==~

v
< (V;>’ (Z;) >= (Vi — Vo, Qi) + (Vo, g1 + Qo) = (V1, G1)r + (V2, @) -
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