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Exterior Dirichlet problem:

−∆u+u = 0 in R
d \ Γ ,

u = g on Γ ,

+ decay conditions at∞ .
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n

Exterior Dirichlet problem:

−∆u+u = 0 in R
d \ Γ ,

u = g on Γ ,

+ decay conditions at∞ .

1st-kind boundary integral equation: seek ϕ ∈ H̃− 1
2 (Γ) = H

− 1
2

00 (Γ)

〈Vϕ,ϕ′〉 :=

∫

Γ

∫

Γ

G(x ,y)ϕ(y)ϕ′(x) dS(y)dS(x) = −

∫

Γ

g(x)ϕ′(x) dS(x)

for all ϕ′ ∈ H̃− 1
2 (Γ).
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BIE set in jump trace space H̃−
1
2 (Γ)

(H− 1
2 with “zero boundary conditions”)
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Complex Screens

✁ Non-Lipschitz, non-orientable

complex screen

(Lipschitz/orientable only locally away

from “junction sets”)

Definition. Complex screen Γ ⊂ R
d : ∃ mutually disjoint Lipschitz domains

{Ωj}
n

j=1
, such that

Γ ∩ ∂Ωj is an orientable Lipschitz screen ∀j = 1, . . . ,n .
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Coming up next

1 Introduction

2 Trace Spaces

3 Boundary Integral Operators

4 Towards Electromagnetic BIE
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Γ =̂ complex screen

Functions which jump across Γ : H1(Rd \ Γ) , H(div,Rd \ Γ)

Functions “continuous” across Γ : H1(Rd ) , H(div,Rd )

Functions which vanish on Γ : H1
0,Γ(R

d ) , H0,Γ(div,Rd )

Closed subspaces:

H1
0,Γ(R

d ) ⊂ H1(Rd ) ⊂ H1(Rd \ Γ) ,

H0,Γ(div,Rd ) ⊂ H(div,Rd ) ⊂ H(div,Rd \ Γ) .
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Mental picture:
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2 (Γ) := H(div,Rd \ Γ)/H0,Γ(div,Rd ) .

Duality pairing: ≪ , ≫: H+ 1
2 (Γ)×H

− 1
2 (Γ)→ C

≪ u̇, ṗ ≫:=

∫

Rd\Γ

p · ∇u + u div(p) dx .
u̇, ṗ =̂ equivalence classes

l
u,p =̂ representatives☛

✡
✟
✠≪ ,≫ induces isometric isomorphism: (H+ 1

2 (Γ))′ ∼= H
− 1

2 (Γ)

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 7 / 22



Single-Trace Spaces

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 8 / 22



Single-Trace Spaces

= single valued traces on Γ of globally defined functions

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 8 / 22



Single-Trace Spaces

= single valued traces on Γ of globally defined functions

“ H+ 1
2 ([Γ]) := H1(Rd ) |Γ , H− 1

2 ([Γ]) := H(div,Rd ) · n |Γ . ”

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 8 / 22



Single-Trace Spaces

= single valued traces on Γ of globally defined functions

“ H+ 1
2 ([Γ]) := H1(Rd ) |Γ , H− 1

2 ([Γ]) := H(div,Rd ) · n |Γ . ”

“Natural trace spaces” through quotient spaces:

H+ 1
2 ([Γ]) := H1(Rd )/H1

0,Γ(R
d ) ,

H− 1
2 ([Γ]) := H(div,Rd )/H0,Γ(div,Rd ) .

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 8 / 22



Single-Trace Spaces

= single valued traces on Γ of globally defined functions

“ H+ 1
2 ([Γ]) := H1(Rd ) |Γ , H− 1

2 ([Γ]) := H(div,Rd ) · n |Γ . ”

“Natural trace spaces” through quotient spaces:

H+ 1
2 ([Γ]) := H1(Rd )/H1

0,Γ(R
d ) ⊂ H

+ 1
2 (Γ) ,

H− 1
2 ([Γ]) := H(div,Rd )/H0,Γ(div,Rd ) ⊂ H

− 1
2 (Γ) .

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 8 / 22



Single-Trace Spaces

= single valued traces on Γ of globally defined functions

“ H+ 1
2 ([Γ]) := H1(Rd ) |Γ , H− 1

2 ([Γ]) := H(div,Rd ) · n |Γ . ”

“Natural trace spaces” through quotient spaces:

H+ 1
2 ([Γ]) := H1(Rd )/H1

0,Γ(R
d ) ⊂ H

+ 1
2 (Γ) ,

H− 1
2 ([Γ]) := H(div,Rd )/H0,Γ(div,Rd ) ⊂ H

− 1
2 (Γ) .

✬

✫

✩

✪

Polarity by Green’s formula:

u̇ ∈ H+ 1
2 ([Γ]) ⇔ ≪ u̇, q̇ ≫ = 0 ∀q̇ ∈ H− 1

2 ([Γ]) ,
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps by duality!

H̃+ 1
2 ([Γ]) := (H− 1

2 ([Γ]))′ , H̃− 1
2 ([Γ]) := (H+ 1

2 ([Γ]))′ .
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Definition. Spaces of Dirichlet- and Neumann jumps

H̃+ 1
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{
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{
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u̇ 7→ {q̇ 7→≪ u̇, q̇ ≫}☛
✡

✟
✠[·] surjective ∧ Kern([·]) = H± 1
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Definition. Spaces of Dirichlet- and Neumann jumps

H̃+ 1
2 ([Γ]) := (H− 1

2 ([Γ]))′ , H̃− 1
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps

H̃+ 1
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jump operator: [·] :

{
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Exact sequences:

0 −−−−→ H± 1
2 ([Γ])

ι
−−−−→ H

± 1
2 (Γ)

[·]
−−−−→ H̃± 1

2 ([Γ]) −−−−→ 0☛
✡

✟
✠[·] : H± 1

2 (Γ)/H± 1
2 ([Γ])→ H̃± 1

2 ([Γ]) isometric isomorphism
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Jump Spaces

Definition. Spaces of Dirichlet- and Neumann jumps
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[·]
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✠[·] : H± 1
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∼= orth. comp. H± 1
2 ([Γ])⊥
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Example: Jump Spaces on Simple Screens
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Example: Jump Spaces on Simple Screens

Ω1

Γ

Ω2

Γ ⊂ ∂Ω (“part of a boundary”, simple screen)

H
+ 1

2 (Γ) ∼=

{
(v1, v2) ∈ H+ 1

2 (Γ)× H+ 1
2 (Γ) :

v1 − v2 ∈ H̃
1
2 (Γ)

}
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Γ
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H
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2 (Γ) ∼=

{
(v1, v2) ∈ H+ 1

2 (Γ)× H+ 1
2 (Γ) :

v1 − v2 ∈ H̃
1
2 (Γ)

}

a jump!

jump space!

Note: H− 1
2 ([Γ]) = H(div,Rd ) · n |Γ = H− 1

2 (Γ)

➣ H̃+ 1
2 ([Γ]) = (H− 1

2 ([Γ]))′ = (H− 1
2 (Γ))′ = H̃

1
2 (Γ)
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Example: Jump Spaces on Simple Screens

Ω1

Γ

Ω2

Γ ⊂ ∂Ω (“part of a boundary”, simple screen)

H
+ 1

2 (Γ) ∼=

{
(v1, v2) ∈ H+ 1

2 (Γ)× H+ 1
2 (Γ) :

v1 − v2 ∈ H̃
1
2 (Γ)

}

a jump!

jump space!

Note: H− 1
2 ([Γ]) = H(div,Rd ) · n |Γ = H− 1

2 (Γ)

➣ H̃+ 1
2 ([Γ]) = (H− 1

2 ([Γ]))′ = (H− 1
2 (Γ))′ = H̃

1
2 (Γ)

➣ “Customary jump spaces” recovered
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Potentials

Dirichlet trace: γD : H1(Rd \ Γ)→ H
+ 1

2 (Γ),
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Potentials

Dirichlet trace: γD : H1(Rd \ Γ)→ H
+ 1

2 (Γ), γD := π
H

+ 1
2 (Γ)

,
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Potentials

Dirichlet trace: γD : H1(Rd \ Γ)→ H
+ 1

2 (Γ), γD :=

Canonical projections

π
H

+ 1
2 (Γ)
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Potentials

Dirichlet trace: γD : H1(Rd \ Γ)→ H
+ 1

2 (Γ), γD :=

Canonical projections

π
H

+ 1
2 (Γ)

,

Neumann trace: γN : H1(∆,Rd \ Γ)→ H
− 1

2 (Γ), γN := π
H

−
1
2 (Γ)
◦ grad.
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Potentials
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+ 1

2 (Γ), γD := π
H

+ 1
2 (Γ)

,

Neumann trace: γN : H1(∆,Rd \ Γ)→ H
− 1

2 (Γ), γN := π
H

−
1
2 (Γ)
◦ grad.

Continuous potential operators:
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Dirichlet trace: γD : H1(Rd \ Γ)→ H
+ 1

2 (Γ), γD := π
H

+ 1
2 (Γ)

,

Neumann trace: γN : H1(∆,Rd \ Γ)→ H
− 1

2 (Γ), γN := π
H

−
1
2 (Γ)
◦ grad.

Continuous potential operators:

SL := N ◦ γ′
D : H− 1

2 (Γ)→ H1(∆,Rd \ Γ),

Newton potential

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 12 / 22



Potentials

Dirichlet trace: γD : H1(Rd \ Γ)→ H
+ 1

2 (Γ), γD := π
H

+ 1
2 (Γ)

,

Neumann trace: γN : H1(∆,Rd \ Γ)→ H
− 1

2 (Γ), γN := π
H

−
1
2 (Γ)
◦ grad.

Continuous potential operators:
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2 (Γ)→ H1(∆,Rd \ Γ), (SL(q̇))(x) =≪ γD G(x − ·), q̇ ≫ ,

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 12 / 22
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+ 1
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+ 1
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− 1

2 (Γ), γN := π
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−
1
2 (Γ)
◦ grad.

Continuous potential operators:

SL := N ◦ γ′
D : H− 1

2 (Γ)→ H1(∆,Rd \ Γ), (SL(q̇))(x) =≪ γD G(x − ·), q̇ ≫ ,

Newton potential

DL := −N ◦ γ′
N : H+ 1

2 (Γ)→ H1(∆,Rd \ Γ),
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◦ grad.

Continuous potential operators:

SL := N ◦ γ′
D : H− 1

2 (Γ)→ H1(∆,Rd \ Γ), (SL(q̇))(x) =≪ γD G(x − ·), q̇ ≫ ,

DL := −N ◦ γ′
N : H+ 1

2 (Γ)→ H1(∆,Rd \ Γ), (DL(v̇))(x) =≪ − γN G(x − ·), v̇ ≫
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Potentials

Dirichlet trace: γD : H1(Rd \ Γ)→ H
+ 1

2 (Γ), γD := π
H

+ 1
2 (Γ)

,

Neumann trace: γN : H1(∆,Rd \ Γ)→ H
− 1

2 (Γ), γN := π
H

−
1
2 (Γ)
◦ grad.

Continuous potential operators:

SL := N ◦ γ′
D : H− 1

2 (Γ)→ H1(∆,Rd \ Γ), (SL(q̇))(x) =≪ γD G(x − ·), q̇ ≫ ,

DL := −N ◦ γ′
N : H+ 1

2 (Γ)→ H1(∆,Rd \ Γ), (DL(v̇))(x) =≪ − γN G(x − ·), v̇ ≫

By definition of duality pairing:

∫

R3\Γ

∆u v − u ∆v dx =≪ γN u, γD v ≫ −≪ γD u, γN v ≫
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DL := −N ◦ γ′
N : H+ 1

2 (Γ)→ H1(∆,Rd \ Γ), (DL(v̇))(x) =≪ − γN G(x − ·), v̇ ≫

representation formula:
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representation formula:

u = N(− ∆ |Rd\Γ u + u) + DL(γD u) + SL(γN u) .

Jump relations:✗
✖

✔
✕

,
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representation formula:

u = N(− ∆ |Rd\Γ u + u) + DL(γD u) + SL(γN u) .

Jump relations:✗
✖

✔
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Jumps here!

[γD] (SL(ṗ)) = 0 , [γN ] (SL(ṗ)) = [ṗ] ∀ṗ ∈ H
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2 (Γ) ,
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Boundary Integral Operators

Single layer operator: V := γD SL : H− 1
2 (Γ)→ H

+ 1
2 (Γ)
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Boundary Integral Operators

Single layer operator: V := γD SL : H− 1
2 (Γ)→ H

+ 1
2 (Γ)

Hypersingular operator:
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✖

✔

✕
Kernels.
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Boundary Integral Operators

Single layer operator: V := γD SL : H− 1
2 (Γ)→ H

+ 1
2 (Γ)

Hypersingular operator: W := γN DL : H+ 1
2 (Γ)→ H

− 1
2 (Γ)

✗

✖

✔

✕
Kernels. = the single trace spaces!

Kern(V) = H− 1
2 ([Γ]) , Kern(W) = H+ 1

2 ([Γ]) .
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Boundary Integral Operators

Single layer operator: V := γD SL : H− 1
2 (Γ)→ H

+ 1
2 (Γ)

Hypersingular operator: W := γN DL : H+ 1
2 (Γ)→ H

− 1
2 (Γ)

✗

✖

✔

✕
Kernels.

Kern(V) = H− 1
2 ([Γ]) , Kern(W) = H+ 1

2 ([Γ]) .

✛

✚

✘

✙
Ellipticity. There is C > 0: for all q̇ ∈ H̃− 1

2 ([Γ]), v̇ ∈ H̃+ 1
2 ([Γ])

≪ Vq̇, q̇ ≫≥ C ‖q̇‖
2

H̃
−

1
2 ([Γ])

, ≪Wv̇ , v̇ ≫≥ C ‖v̇‖
2

H̃
+ 1

2 ([Γ])
.
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Boundary Integral Operators

Single layer operator: V := γD SL : H− 1
2 (Γ)→ H

+ 1
2 (Γ)

Hypersingular operator: W := γN DL : H+ 1
2 (Γ)→ H

− 1
2 (Γ)

✗

✖

✔

✕
Kernels.

Kern(V) = H− 1
2 ([Γ]) , Kern(W) = H+ 1

2 ([Γ]) .

✛

✚

✘

✙
Ellipticity. There is C > 0: for all q̇ ∈ H̃− 1

2 ([Γ]), v̇ ∈ H̃+ 1
2 ([Γ])

≪ Vq̇, q̇ ≫≥ C ‖q̇‖
2

H̃
−

1
2 ([Γ])

, ≪Wv̇ , v̇ ≫≥ C ‖v̇‖
2

H̃
+ 1

2 ([Γ])
.

Isomorphisms: V : H̃− 1
2 ([Γ])→ H+ 1

2 ([Γ]), W : H̃+ 1
2 ([Γ])→ H− 1

2 ([Γ])
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space:

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 15 / 22



Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
− 1

2 (curlΓ, Γ) := H(curl,R3 \ Γ)/H0(curl,R3 \ Γ)
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
− 1

2 (curlΓ, Γ) := H(curl,R3 \ Γ)/H0(curl,R3 \ Γ)

Single-trace space:
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
− 1

2 (curlΓ, Γ) := H(curl,R3 \ Γ)/H0(curl,R3 \ Γ)

Single-trace space: H− 1
2 (curlΓ, [Γ]) := H(curl,R3)/H0(curl,R3 \ Γ)
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
− 1

2 (curlΓ, Γ) := H(curl,R3 \ Γ)/H0(curl,R3 \ Γ)

Single-trace space: H− 1
2 (curlΓ, [Γ]) := H(curl,R3)/H0(curl,R3 \ Γ)

Duality pairing:
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
− 1

2 (curlΓ, Γ) := H(curl,R3 \ Γ)/H0(curl,R3 \ Γ)

Single-trace space: H− 1
2 (curlΓ, [Γ]) := H(curl,R3)/H0(curl,R3 \ Γ)

Duality pairing:





H
− 1

2 (curlΓ, Γ)×H
− 1

2 (curlΓ, Γ)→ C ,

≪ u̇, v̇≫x :=
∫
R3\Γ

curl u · v− u · curl v dx .
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
− 1

2 (curlΓ, Γ) := H(curl,R3 \ Γ)/H0(curl,R3 \ Γ)

Single-trace space: H− 1
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Self-duality!

Duality pairing:
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
− 1
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



H
− 1

2 (curlΓ, Γ)×H
− 1

2 (curlΓ, Γ)→ C ,

≪ u̇, v̇≫x :=
∫
R3\Γ

curl u · v− u · curl v dx .

Tangential jump space:
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
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
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− 1

2 (curlΓ, Γ)×H
− 1

2 (curlΓ, Γ)→ C ,

≪ u̇, v̇≫x :=
∫
R3\Γ

curl u · v− u · curl v dx .

Tangential jump space: H̃− 1
2 (curlΓ, [Γ]) := (H− 1

2 (curlΓ, [Γ]))
′
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
− 1

2 (curlΓ, Γ) := H(curl,R3 \ Γ)/H0(curl,R3 \ Γ)

Single-trace space: H− 1
2 (curlΓ, [Γ]) := H(curl,R3)/H0(curl,R3 \ Γ)
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

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H
− 1

2 (curlΓ, Γ)×H
− 1

2 (curlΓ, Γ)→ C ,

≪ u̇, v̇≫x :=
∫
R3\Γ

curl u · v− u · curl v dx .

Tangential jump space: H̃− 1
2 (curlΓ, [Γ]) := (H− 1

2 (curlΓ, [Γ]))
′

Jump operator:
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Tangential Trace Spaces

Domain spaces: H0(curl,R3 \ Γ) ⊂H(curl,R3) ⊂H(curl,R3 \ Γ)

Multi-trace space: H
− 1

2 (curlΓ, Γ) := H(curl,R3 \ Γ)/H0(curl,R3 \ Γ)

Single-trace space: H− 1
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



H
− 1

2 (curlΓ, Γ)×H
− 1

2 (curlΓ, Γ)→ C ,

≪ u̇, v̇≫x :=
∫
R3\Γ

curl u · v− u · curl v dx .

Tangential jump space: H̃− 1
2 (curlΓ, [Γ]) := (H− 1

2 (curlΓ, [Γ]))
′

Jump operator: [ ]x :

{
H

− 1
2 (curlΓ, Γ) → H̃− 1

2 (curlΓ, [Γ]) ,
u̇ 7→ {v̇→≪ u̇, v̇≫x} .
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

H
− 1

2 (curlΓ, Γ)×H
− 1

2 (curlΓ, Γ)→ C ,

≪ u̇, v̇≫x :=
∫
R3\Γ

curl u · v− u · curl v dx .

Tangential jump space: H̃− 1
2 (curlΓ, [Γ]) := (H− 1

2 (curlΓ, [Γ]))
′

isometry on factor space

Jump operator: [ ]x :

{
H

− 1
2 (curlΓ, Γ) → H̃− 1

2 (curlΓ, [Γ]) ,
u̇ 7→ {v̇→≪ u̇, v̇≫x} .
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NEW: Surface Differential Operators
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NEW: Surface Differential Operators

Domain sequences:

➊: H1(R3 \ Γ)
grad
−−−−→ H(curl,R3 \ Γ)

curl
−−−−→ H(div,R3 \ Γ) ,
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NEW: Surface Differential Operators

Domain sequences:

➊:

➋:

H1(R3 \ Γ)
grad
−−−−→ H(curl,R3 \ Γ)

curl
−−−−→ H(div,R3 \ Γ) ,

H1(R3)
grad
−−−−→ H(curl,R3)

curl
−−−−→ H(div,R3) ,
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NEW: Surface Differential Operators

Domain sequences:

➊:

➋:

➌:

H1(R3 \ Γ)
grad
−−−−→ H(curl,R3 \ Γ)

curl
−−−−→ H(div,R3 \ Γ) ,

H1(R3)
grad
−−−−→ H(curl,R3)

curl
−−−−→ H(div,R3) ,

H1
0 (R

3 \ Γ)
grad
−−−−→ H0(curl,R3 \ Γ)

curl
−−−−→ H0(div,R3 \ Γ) .
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NEW: Surface Differential Operators

Domain sequences:

➊:

➋:

➌:

H1(R3 \ Γ)
grad
−−−−→ H(curl,R3 \ Γ)

curl
−−−−→ H(div,R3 \ Γ) ,

H1(R3)
grad
−−−−→ H(curl,R3)

curl
−−−−→ H(div,R3) ,

H1
0 (R

3 \ Γ)
grad
−−−−→ H0(curl,R3 \ Γ)

curl
−−−−→ H0(div,R3 \ Γ) .

➌ differential operators compatible with canonical projections !
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NEW: Surface Differential Operators

Domain sequences:

➊:

➋:

➌:

H1(R3 \ Γ)
grad
−−−−→ H(curl,R3 \ Γ)

curl
−−−−→ H(div,R3 \ Γ) ,

H1(R3)
grad
−−−−→ H(curl,R3)

curl
−−−−→ H(div,R3) ,

H1
0 (R

3 \ Γ)
grad
−−−−→ H0(curl,R3 \ Γ)

curl
−−−−→ H0(div,R3 \ Γ) .

➌ differential operators compatible with canonical projections !

H1(R3 \ Γ)
grad
−−−−→ H(curl,R3 \ Γ)

curl
−−−−→ H(div,R3 \ Γ)

yπx

yπt

yπn

H
1
2 (Γ)

gradΓ−−−−→ H
− 1

2 (curlΓ, Γ)
curlΓ−−−−→ H

− 1
2 (Γ)
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NEW: Surface Differential Operators

Domain sequences:

➊:

➋:

➌:

H1(R3 \ Γ)
grad
−−−−→ H(curl,R3 \ Γ)

curl
−−−−→ H(div,R3 \ Γ) ,
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grad
−−−−→ H(curl,R3)

curl
−−−−→ H(div,R3) ,

H1
0 (R
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grad
−−−−→ H0(curl,R3 \ Γ)

curl
−−−−→ H0(div,R3 \ Γ) .

➌ differential operators compatible with canonical projections !

H1(R3 \ Γ)
grad
−−−−→ H(curl,R3 \ Γ)

curl
−−−−→ H(div,R3 \ Γ)

yπx

yπt

yπn

H
1
2 (Γ)

gradΓ−−−−→ H
− 1

2 (curlΓ, Γ)
curlΓ−−−−→ H

− 1
2 (Γ)

➋ H
1
2 ([Γ])

gradΓ−−−−→ H− 1
2 (curlΓ, [Γ])

curlΓ−−−−→ H− 1
2 ([Γ]) .
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DΓ on Jump Spaces
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DΓ on Jump Spaces

Green’s formula on Γ:

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 17 / 22



DΓ on Jump Spaces

Green’s formula on Γ: ∀ṗ ∈ H
1
2 (Γ), v̇ ∈ H

− 1
2 (curlΓ, Γ)
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DΓ on Jump Spaces

Green’s formula on Γ: ∀ṗ ∈ H
1
2 (Γ), v̇ ∈ H

− 1
2 (curlΓ, Γ)

≪ ṗ,curlΓ(v̇)≫
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DΓ on Jump Spaces

Green’s formula on Γ: ∀ṗ ∈ H
1
2 (Γ), v̇ ∈ H

− 1
2 (curlΓ, Γ)

≪ ṗ,curlΓ(v̇)≫ =

∫

R3\Γ

grad p · curl v + p div curl v dx
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DΓ on Jump Spaces

Green’s formula on Γ: ∀ṗ ∈ H
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− 1
2 (curlΓ, Γ)

≪ ṗ,curlΓ(v̇)≫ =

∫

R3\Γ

grad p · curl v + p div curl v dx
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R3\Γ

grad p · curl v + curl grad p · v dx
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DΓ on Jump Spaces

Green’s formula on Γ: ∀ṗ ∈ H
1
2 (Γ), v̇ ∈ H

− 1
2 (curlΓ, Γ)

≪ ṗ,curlΓ(v̇)≫ =

∫

R3\Γ

grad p · curl v + p div curl v dx

=

∫

R3\Γ

grad p · curl v + curl grad p · v dx = ≪ v̇,gradΓ(ṗ)≫x

grad∗
Γ = curlΓ ↔ curl∗Γ = gradΓ
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DΓ on Jump Spaces

Green’s formula on Γ: ∀ṗ ∈ H
1
2 (Γ), v̇ ∈ H

− 1
2 (curlΓ, Γ)

≪ ṗ,curlΓ(v̇)≫ =

∫

R3\Γ

grad p · curl v + p div curl v dx

=

∫

R3\Γ

grad p · curl v + curl grad p · v dx = ≪ v̇,gradΓ(ṗ)≫x

grad∗
Γ = curlΓ ↔ curl∗Γ = gradΓ

by duality:

H
1
2 ([Γ])

gradΓ−−−−→ H− 1
2 (curlΓ, [Γ])

curlΓ−−−−→ H− 1
2 ([Γ]) ,

∥∥∥
∥∥∥

∥∥∥

H̃− 1
2 ([Γ])

grad∗

Γ=curlΓ
←−−−−−−− H̃− 1

2 (curlΓ, [Γ])
curl∗Γ=gradΓ←−−−−−−− H̃

1
2 ([Γ]) .
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Summary: Relationships of Trace Spaces
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Summary: Relationships of Trace Spaces

0 0 0

y
y

y

H+ 1
2 ([Γ])

∇Γ−→ H− 1
2 ( curlΓ, [Γ])

curlΓ−→ H− 1
2 ([Γ])

y ι
y ι

y ι

H
+ 1

2 (Γ)
∇Γ−→ H

− 1
2 ( curlΓ, Γ)

curlΓ−→ H
− 1

2 (Γ)

y[ · ]
y[ · ]

y[ · ]

H̃+ 1
2 ([Γ])

∇Γ−→ H̃− 1
2 ( curlΓ, [Γ])

curlΓ−→ H̃− 1
2 ([Γ])

y
y

y

0 0 0
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Summary: Relationships of Trace Spaces
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y
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∇Γ−→ H− 1
2 ( curlΓ, [Γ])
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2 ([Γ])

y ι
y ι

y ι

H
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− 1
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y[ · ]
y[ · ]

y[ · ]

H̃+ 1
2 ([Γ])

∇Γ−→ H̃− 1
2 ( curlΓ, [Γ])

curlΓ−→ H̃− 1
2 ([Γ])

y
y

y

0 0 0

✁ Commuting

diagram

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 18 / 22



Summary: Relationships of Trace Spaces

0 0 0

y
y

y

H+ 1
2 ([Γ])

∇Γ−→ H− 1
2 ( curlΓ, [Γ])

curlΓ−→ H− 1
2 ([Γ])

y ι
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y ι

H
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− 1
2 ( curlΓ, Γ)

curlΓ−→ H
− 1

2 (Γ)

y[ · ]
y[ · ]

y[ · ]

H̃+ 1
2 ([Γ])

∇Γ−→ H̃− 1
2 ( curlΓ, [Γ])

curlΓ−→ H̃− 1
2 ([Γ])

y
y

y

0 0 0

✁ Commuting

diagram

Horizontal:

Hilbert complexes
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Questions ?
1 Introduction

Screen Boundary Value Problems

Simple Screens: BVP & BIE

Complex Screens

2 Trace Spaces

Trace Spaces as Factor Spaces

Multi-Trace Spaces

Single-Trace Spaces

Jump Spaces

Jump Spaces on Simple Screens

3 Boundary Integral Operators

Potentials

Boundary Integral Operators

4 Towards Electromagnetic BIE

Tangential Trace Spaces

NEW: Surface Differential Operators

DΓ on Jumps

Summary: Relationships of Trace Spaces

Conclusion
R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 20 / 22



Duality

Duality pairing: ≪ , ≫: H+ 1
2 (Γ)×H

− 1
2 (Γ)→ C

≪ u̇, ṗ ≫:=

∫

Rd\Γ

p · ∇u + u div(p) dx .
u̇, ṗ =̂ equivalence classes

l
u,p =̂ representatives
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➊ | ≪ u̇, ṗ ≫ | ≤ ‖u‖H1(Rd\Γ) · ‖p‖H(div,Rd\Γ) ∀u ∈ u̇,p ∈ ṗ .
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u̇, ṗ =̂ equivalence classes

l
u,p =̂ representatives

➊ | ≪ u̇, ṗ ≫ | ≤ ‖u‖H1(Rd\Γ) · ‖p‖H(div,Rd\Γ) ∀u ∈ u̇,p ∈ ṗ .
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∫
Rd\Γ
∇u · ∇u + u ∆u dx = ‖u‖2

H1(Rd\Γ)

R.Hiptmair (SAM, ETH Zürich) BIE on Complex Screens UCL March 30, 2017 21 / 22



Duality

Duality pairing: ≪ , ≫: H+ 1
2 (Γ)×H

− 1
2 (Γ)→ C

≪ u̇, ṗ ≫:=
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➋ u ∈ H1(Rd \ Γ) =̂ minimum norm representative of u̇ ∈ H
+ 1

2 (Γ)

−∆u + u = 0 in R
d \ Γ (∗)

Set p := ∇u: ‖p‖H(div,Rd\Γ)

(∗)
= ‖u‖H1(Rd\Γ) −→ ṗ ∈ H
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