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Multi-domain elliptic PDE

tm Geometry
RY = U0, QNQ=0forj#k
"z Y = ULl T = 0% Lipschitz

N3 Material caracteristics

Piecewise constants i, ¢ : RY — (0, +00)
Uinc lZ/l

o pu(x) = and e(x) = ¢ forx €

Transmission problem (well posed) :
Find u € H{,.(R?) such that
div(uVu) + e’y =0 in R?

U — Uine bounded/outgoing in Qp,

Concern:
Solution by means of boundary integral equation methods ?



Classification of boundary integral equations

Equation type advantages drawbacks
1st kind e more accurate o ill conditionned
e more versatile e trickier quadrature

e a posteriori estimates difficult

2nd kind e easier discretisation e requires stable discretisation
e well conditionned
e easier implementation

Multi-subdomain scattering

Boundary integral formulation of the first kind already exist for multi-scattering
problems (Rumsey, BETI, MTF). Until recently though, no formulation of the
2nd kind was available.

Only recently, multi-subdomain (i.e. involving junctions) boundary integral
equations of the second kind have been introduced for acoustic scattering
problems with contrast in the wave number [Claeys, 2011], [Greengard &

Lee, 2012], [Claeys, Hiptmair & Spindler, 2015].



Problem under study

Here we focus on the case of contrasts coming into play in the principal part
of the operator, see E.Spindler’s thesis (2016) and [Claeys, Hiptmair &
Spindler, 2017].

Find utos € HIOC(Rs) such that
div(1VUgos) =0 in R3

lim x| [Usot (X) — Uoo(X)| < 400
|X]— o0

where U is some smooth harmonic function.



Potential theory

Interior traces :
Yo(u) = ulgs,  w(u) == onul3g

Layer potentials :
q(y)da(y)
SL X) = s
(@)(x) o ATIX— Y]

DL (v)(x) := / wv(}')da(m

oo Amx—yJ3

Representation theorem :
For any u € H},.(Q) satisfying Au = 0in Q (+ decay condition)

SL ((u))(X) + DL (9 (u))(X) = 1o (X)u(x) ~ Vx € R®




Potential theory

Interior traces :
Yo(U) = ulgg, W) = dnuldg,

Layer potentials :
q(y)da(y)
SL;i(g)(x) :=
@0 = | eyl

DL V) = [ M) X =Y)yda(y)

a9 ar|x —y®

Representation theorem :
Foranyu € Hfoc(Qi) satisfying Au = 0 in Q; (+ decay condition)

SLj(m(u))(X) + DLj(y(u))(X) = 1g(x)u(x) ~ Vx € R®




Multi-domain trace spaces

Multi-trace space : H°(X) := H°(lo) x --- x H([y) forse (—1,+1).
Duality pairing :  ((u,0)) Z/ uvdo

Single-trace spaces :
XE(E) = { Vg, V), v € HEFS(R®) }

Xe*() == { (Mo Plry, ..o - plr,), P eHE*(div,R®) } forse (0,+1).

Polarity property :
Foranyu € H™°(X), we have uc X %(X) <= {u,v)) =0 Vo € Xi°(X)
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Multi-domain trace spaces

Single-trace spaces :
XE(E) = { Vg, VIra), v € HEPS(R®) }

Xi*(E) == { (Mo Plrys - Mo - plr,), P €HES(div,R®) } forse (0,+1).

Polarity property :
Foranyu € H™°(X), we have uc X %(X) <= {u,b0)) =0 Vo € Xi°(X)

There is another more explicit caracterisation of single trace spaces,
consistent with the previous one, that holds for s € (—1/2,+1/2), namely

X3(X) :={ (v,-)j’-;0 eH(X), vi—wk=0onT;NT}
X)) = {(g)jo € H(X), g+ gk =0o0n ;NI }

Decomposition :
H(X) = X3(X) ® X3(X) fors e (—1/2,+1/2).




Multi-domain diffusion problem

Find User € H},.(R®) such that
div(uVUies) =0 in R3

limsup |X| |Usot(X) — Uso (X)| < 400

| x| =00



Multi-domain diffusion problem

Find User € H},.(R®) such that
div(uVUies) =0 in R3

limsup |X| |Usot(X) — Uso (X)| < 400

| x| =00

For u := Usot — Uso

limsup |xu(x)| < 400

|X] =00

{ Au=0 inQ,j=0...n

U|r/ - U|rk =0
,ul-a,,j(u + Uoo)|rj + ,Ukank(u + u°0)|rk =0
on r]ﬂrk Vj,k:Oﬂ



Multi-domain diffusion problem

limsup |xu(x)| < 400

|X] =00

{ Au=0 inQ,j=0...n

U|r/ —U|rk =0
/,L/'anj(u + Uoo)|rj + ,u’kank(u + u°o)|rk =0
on rjﬂrk Vji,k=0...n



Multi-domain diffusion problem

limsup |xu(x)| < 400

|x|— o0

{ Au=0 inQ;, j=0...n

U|rl. —U|rk =0
10 (U + Uoo)r; + kO, (U + Uso)|r, = 0
on [;NTlg Vji,k=0...n



Multi-domain diffusion problem

|x|— o0

u(x)1q, (X) = SLe(74(u))(X) + DLk (4 (u))(x)  Vk=0...n, Vx € R3



Multi-domain diffusion problem

limsup |xu(x)| < 400

[x]—o0

{ Au=0 inQ;, j=0...n

ulg, = SLk(7&(u)) + DLk(7A(u)) VK

Il
o
3



Multi-domain diffusion problem

limsup |xu(x)| < 400

[x]—o0

{ Au=0 inQ;, j=0...n

koo U T, = 2oi_oSLk(i(w)) + DLk(75(v))



Multi-domain diffusion problem

limsup |xu(x)| < 400

[x]—o0

{ Au=0 inQ;, j=0...n

Yoot T, = 30 oSLe(%i(w)) + DLk (75(v))



Multi-domain diffusion problem

limsup |xu(x)| < 400

[x]—o0

{ Au=0 inQ;, j=0...n

U o T, = 0 oSLu(i(u)) + DLk(75(v))



Multi-domain diffusion problem

{ Au=0 inQ;, j=0...n

limsup |xu(x)| < 400

[x]—o0

u = > h_oSLk(7k (1)) + DLk (75 (1))



Multi-domain diffusion problem

{ Au=0 inQ;, j=0...n

limsup |xu(x)| < 400

[x]—o0

U =Y o SLe(m (1)) + >p_o DLk (5 (w))



Multi-domain diffusion problem

Proposition
2o DLi(v) = 0 V(v)) € X55(X)

U =300 SLe((U)) + >4 DLk (75(1))



Multi-domain diffusion problem

= (B(), . B(W) € X3(%)

Proposition
2o DLi(v) = 0 V(v)) € X55(X)

U= Y1, SL(~k(w))



Multi-domain diffusion problem

U‘r/ — U|rk =0

U =30 SLi(m(u)+7%(Usx))

Proposition
2o DLi(v) = 0 V(v)) € X55(X)




Multi-domain diffusion problem

Proposition
Yo DLi(v) = 0 V() € X3°(X)
270 SLi(g)) = 0 V(g) € X°(%)

U =30 SLi(m(u)+7%(Usx))

'y

Uso SMOOth = (13(Uso), - - ., ¥1(Uso)) € Xy /2(X)



Multi-domain diffusion problem

U= 0o SLi((u) +¥E(Uso))



Multi-domain diffusion problem

AU+ Uso) = 2 7o SLi(h (U + Use)) +74(Use)



Multi-domain diffusion problem

AU+ Uso) = 7 o SLi(Y (U + Use)) + 7 (Uso)



Multi-domain diffusion problem

10 (U + Uoo)r; + kO, (U + Uso)|r, = 0

AU+ Uso) = 7 o SLi(Y (U + Use)) + 7 (Uso)



Multi-domain diffusion problem

1 (U + Uso) + V(U + Uso) = 0

AU+ Uso) = 7 o SLi(Y (U + Use)) + 7 (Uso)



Multi-domain diffusion problem

) B —1/2
(U + Uoo) + (U + Uoo) = 0 = P—(Po,---,Pn)'G XV (X))
where p; == v (U + Uss)

AU+ Uso) = 7 o SLi(Y (U + Use)) + 7 (Uso)



Multi-domain diffusion problem

) B —1/2
(U + Uoo) + (U + Uoo) = 0 = P—(Po,---,Pn)'G XV (X))
where p; == v (U + Uss)

|
l l

(U + Use) = % Sp_o SLi(9 (U + Uso)) + Ya(Uso)




Multi-domain diffusion problem

) B —1/2
(U + Uoo) + (U + Uoo) = 0 = P—(Po,---,Pn)'G XV (X))
where p; == v (U + Uss)

iy Pr = ko WL Py) = 7h(Use)



Multi-domain diffusion problem

) B —1/2
(U + Uoo) + (U + Uoo) = 0 = P—(Po,---,Pn)'G XV (X))
where p; == v (U + Uss)

,“j_1p/' - ZZ:O ')/r‘\lSLk(qup/') = ’}/,;(Uoo) Vj=0...n



Multi-domain diffusion problem

. _ —1/2
AW+ Us) + U+ us) =0 =7 P = (Poreeupn) € X TR
where p; == v (U + Uss)

Po/ ko %WSLo ---  SLa Po/ ko 7R (Uso)

Pn/tn WSLo --- SLn Pn/pn M (Uso)



Multi-domain diffusion problem

limsup |xu(x)| < 400

|x|— o0

{ Au=0 inQ, j=0...n

U|rl. — U|rk =0

; _ —1/2
u,’)/,q(u—ﬁ—uoo)—l—uk'y’,j(uﬂ-uoo):o p_(p07"'7pn) GXN (z)
on [[NTx ¥,k=0...n where p; := (U + Uso)
Po/ ko WSLo -+ SLn Po/ o o (Uso)
pﬂ/llfﬂ MWSLo -+ AnSLp Pn/#n ’Yﬂ(uoo)
~—— ———
Lu(p) = A= fi=

I, = diag(u._1) Continuity :
! A:HS(Z) —» H(X), s € (0,1)



Boundary integral formulation

Find p € X°(X) such that
(Id-A)L(p) = f



Boundary integral formulation

Find p € X°(X) such that
((@d = A)Lu(p), 0) = (f.0) Vo € H'(X)



Boundary integral formulation

Find p € X°(X) such that
((@d = A)Lu(p), 0) = (f.0) Vo € H'(X)

Proposition :
Forany s € (0, 1) the operator A : H™°(X) — H°(X) is a continuous projector
A2 = A such that ker(A) = X;°(X).

As a consequence range(Id — A) = X;°(X) and, due to the polarity property,
we have {((Id — A)I,(p), b)) = 0 Vo € XZ°(X).



Boundary integral formulation

Find p € X °(X) such that
((1d = A)TLu(p), 0)) = (f,0) Vo € X{°(X) @ X5°(X)

Proposition :
Forany s € (0, 1) the operator A : H™°(X) — H°(X) is a continuous projector
A2 = A such that ker(A) = X;°(X).

As a consequence range(Id — A) = X;°(X) and, due to the polarity property,
we have {((Id — A)I,(p), b)) = 0 Vo € XZ°(X).



Boundary integral formulation

Find p € X{°(X) such that

((1d = A)Lu(p), v)) = (F.0) Vo € XP(X) & X%(X)
ad

Proposition :
Forany s € (0, 1) the operator A : H™°(X) — H°(X) is a coniirfuous projector
A2 = A such that ker(A) = X;°(X).




Boundary integral formulation

Find p € X °(X) such that
((1d = A)Lu(p), 0)) = (f,0) Vo e X{*(X), s€ (1/2,1/2+¢)

Proposition :
Forany s € (0, 1) the operator A : H™°(X) — H°(X) is a continuous projector
A? = A such that ker(A) = X;5(X).

As a consequence range(Id — A) = X;°(X) and, due to the polarity property,
we have {((Id — A)I,(p), b)) = 0 Vo € XZ°(X).

Theorem (well posedness) :
There exists e > 0 such that the operator (Id—A)I,, isomorphically map X *(X)
onto X °(X) foralls € (1/2 —¢,1/2).

There exist geometrical configurations involving junctions such thate < 1/2, so
that well-posedness (and Fredholmness) does not hold in an L?-setting. One
might expect that Fredholmness is restored in a weighted L?-setting though.




Rewriting the equation interface-wise
Interfaces: ¥ = u Lolj = Usesl s with

j_{J_(J+7 )|J:l:—0 n,J+>J,andFJ::FJ+ﬂFJ_}

Z:F10UF20UF21

3={(1,0), (2,0), (2,1)}

n

((u,0)) = Z <U/',Vj>rj. = Z <UJ+7VJ+>FJ+ + <uJ—vVJ—>rJ_

=0 Jed
= Z %([UJ]v [VJ]>I'J + 2<{UJ}, {VJ})FJ for u € H—s(z)7 e H+S(Z)
Jed

where [UJ] =ujy, —uj_, {UJ} = (UJJr +uy_ )/2



Rewriting the equation interface-wise
Interfaces: ¥ = u Lolj = Usesl s with

j_{J_(J+7 )|J:l:—0 n,J+>J,andFJ::FJ+ﬂFJ_}

Z:F10UF20UF21

3={(1,0), (2,0), (2,1)}

n

((u,0)) = Z <U/',Vj>rj. = Z <UJ+7VJ+>FJ+ + <uJ—vVJ—>rJ_

i=0 Jed
- Z %([UJ]v Val)r, +2({us}, {vs})r, forueH °(X), v € H(X)
Jes

where [UJ] =uy, —uj_, {UJ} = (UJ‘ +uy_ )/2 =0 ifue X,\TS(Z).



Rewriting the equation interface-wise

Interfaces: ¥ = ;’:OI',- = Ujesly with
3={J=0J,J)|J+=0,...n,Jy >J_and [y :=T;, NI,_}

Considering our BIE posed in X *(X) with s € (1/2 — ¢,1/2), traces can be
decomposed traces according to interfaces. Taking p; = [uj] as unknowns,
our integral equation can be re-arranged as

Find p; € H°(T;), J € J such that

My — HI_
P+ 27AJ’ pg)=1f; VIeT.
Qzej o T a(pQ)

where ) ( )
o ny(x)-(y —x -
Aa@I) = i [ e nde)

§—04



Numerical experiment

Geometry : Oy = R®\ B(0,1/2),
Backrground field : u..(x) = sin(x;) sinh(x2)
Material carac : o =5, 1 =1,y =7

Discretisation : piecewise constants.

o 5 = E £ DA



Numerical experiment

10! ---@--- Neumann first kind L?(X)
----- Neumann second kind L*(X)
----- @~ Neumann first kind H='/2(%)

e... Og wongee Neumann second kind H=1/2(%)

e “® 08

—e— Dirichlet first kind L?(X)
—w— Dirichlet second kind L2(X)
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—4
10" 10! 10°



H

Euclidean condition number

Numerical experiment

© first kind 10°
s¢second kind

_
9
5

2-norm of residual
=
o
4

1077

\

1071

-« first kind, Np = 44

o first kind, N = 176

-+ first kind, N = 704

-« first kind, Ny = 2816

<o first kind, Ny = 11264
-esecond kind, Nt = 44
--second kind, Nt = 176
~-second kind, Ny = 704
~-second kind, N = 2816
--second kind, Np = 11264

%

20 40 60 S0 100 120 140 160 180 2
number of iterations



IABEM 2018

Symposium of the International Association
for Boundary Element Methods

What ?

International conference focused on
boundary integral equations

Both theory and application oriented

Where ?
University Pierre-et-Marie Curie (Paris 6)

When?
June 26-28, 2018

Website
https://project.inria.fr/iabem2018/
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Thank you
for your attention



