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Abstract

We study electromagnetic shielding by a cage of
perfectly conducting wires - the ‘Faraday cage
effect’. In the limit as the number of wires
tends to infinity we derive continuum models for
the shielding, involving homogenized boundary
conditions on an effective cage boundary. For
wires of sufficiently large radius there are reso-
nance effects: at wavenumbers close to the nat-
ural resonances of the equivalent solid shell, the
cage actually amplifies the incident field, rather
than shielding it. By modifying the continuum
model we can calculate the wavenumbers giving
the largest response, along with the associated
peak amplitudes.
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Introduction

The Faraday cage effect is a well-known phe-
nomenon whereby electromagnetic waves can be
blocked by a wire mesh ‘cage’. Somewhat sur-
prisingly, until recently there was apparently no
widely-known mathematical analysis quantify-
ing the effectiveness of the shielding as a func-
tion of basic parameters, such as the geometry
of the cage, and the thickness, shape and spac-
ing of the wires in the mesh from which it is
constructed. The recent publications [1, 3] pro-
vide such an analysis for the two-dimensional
case where the cage comprises a large number
of equally-spaced perfectly-conducting ‘wires’ of
the same shape and radius. Our analysis in [1,3]
uses homogenized boundary conditions derived
by the method of multiple scales and matched
asymptotic expansions, as employed in [2, 4] to
study similar problems.

For brevity we consider here only TE polar-
ization, requiring the study of a scalar field sat-
isfying the Helmholtz equation and zero Dirich-
let boundary conditions on the wires. The TM
case can be treated similarly [3].

Let Ω− be a bounded simply connected open
subset of the plane with smooth boundary Γ =
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Figure 1: Faraday cage geometry

∂Ω− and let Ω+ := R2 \Ω− denote the comple-
mentary exterior domain. We consider a ‘cage’
of M non-intersecting wires {Kj}Mj=1 (compact
subsets of the plane, of identical radius r, shape
and orientation relative to Γ) distributed along
Γ with constant arc length separation

ε = |Γ|/M,

where |Γ| is the total length of Γ, see Figure 1.

We set D := R2\
(⋃M

j=1Kj

)
. Given an incident

wave φi (e.g. a plane wave or point source) we
seek a scattered field φ satisfying

(∇2 + k2)φ = 0, in D,

φ = −φi, on ∂D,

and an outgoing radiation condition at infinity.

Homogenization for ε→ 0

In the limit as ε → 0 (M → ∞) we look for
outer approximations in Ω± of the form

φ = φ±0 + εφ±1 +O(ε2) in Ω±.

The rapid variation close to Γ is modelled by a
boundary layer of width O(ε). Here we look for
a solution in multiple-scales form

φ(n, s) = Φ(N,S; s),

where (n, s) are normal and tangential coordi-
nates (see Figure 1), (N,S) are rescaled versions
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Figure 2: Resonance effects. Two slightly dif-
ferent sized cages of identical circular wires ir-
radiated by a point source. The smaller cage is
shielding while the larger cage is amplifying.

defined by (n, s) = (εN, εS), and Φ(N,S; s) is
assumed 1-periodic in the fast tangential vari-
able S, satisfying an appropriate cell problem.
Asymptotic matching gives homogenized bound-
ary conditions for φ±j on Γ, the nature of which
depend on the thickness of the wires.

For ‘thin’ wires (radius r � ε) the two-term
approximation φ0 + εφ1 is continuous across Γ
but undergoes a jump in normal derivative with[

∂φ0
∂n

+ ε
∂φ1
∂n

]+
−

= α (φ0 + εφ1) on Γ,

where

α =
|Γ|

ε log (ε/(r|Γ|)) + a0
=

M

log (1/(rM)) + a0
,

and a0 is a constant depending on the wire shape.
(Specifically, a0 can be expressed in terms of the
logarithmic capacity of the scaled wire (1/r)Kj .)
The distinguished scaling in which α = O(1) oc-
curs when r = O(εe−c/ε) for some c > 0.

For ‘thick’ wires (radius r = O(ε)) the lead-
ing order approximation satisfies

φ+0 = φ−0 = 0 on Γ. (1)

The O(ε) corrections φ±1 satisfy inhomogeneous
Dirichlet boundary conditions involving ∂φ±0 /∂n
and constants extracted from the boundary layer
cell problem. For non-resonant k, the homoge-
neous boundary condition (1) implies that φ−0 ≡
0 in Ω−, so we predict a shielding effect, with
φ = O(ε) in Ω−.

However, if k is resonant, i.e. k2 is a Dirich-
let eigenvalue of the negative Laplacian in Ω−,
then the problem for φ−0 is ill-posed and our
approximation breaks down. In practice, close
to resonance one observes a large excitation in-
side Ω−; the cage amplifies the field rather than
shielding from it, see Figure 2. For k ≈ k∗ (a
resonant wavenumber) we modify our ansatz to

φ−(x, y) =
1

ε
φ−−1 +φ−0 +εφ−1 +O(ε2) in Ω−.

Matching then reveals that

φ−−1 = C−1ψ
∗,

where ψ∗ is the eigenmode corresponding to k∗

(in general a superposition of eigenmodes), and
solvability conditions for φ−0 and φ−1 give

|C−1| = A1

1 +

(
k − k̃∗

ε2A2

)2
−1/2

,

where A1, A2, k̃
∗ are constants depending on Γ

(the cage geometry) and the wire shape/size
(for details see [3]). The maximum amplitude
occurs not at k = k∗ but rather at the shifted
value k̃∗; in [3] we derive a three-term expansion
k̃∗ = k∗ + εk̃∗1 + ε2k̃∗2, with explicit formulas for
k̃∗1 and k̃∗2. We also demonstrate the excellent
agreement between these asymptotic approxi-
mations and full numerical simulations.
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