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Abstract

The current vaccination schedule for childhood vaccination in the UK consists of vaccinating
children age 0-5 against 11 vaccine preventable diseases including measles, mumps and rubella.
Under the current schedule a single MMR vaccine is given to prevent against all of these three
diseases: measles, mumps and rubella and it is administered as a single dose at 12 months of age
and a top-up second dose at 40 months old. Changes to the current MMR vaccination schedule
may affect the impact of the MMR vaccine and in this project we aim to explore this. Specifically,
within the scope of this work we will develop, calibrate and analyse a mathematical model for
transmission of measles, mumps or rubella. The model will allow us to explore the impact as the
number of disease cases under different MMR vaccination scenarios including changes to vaccine
coverage orscheduled timing of vaccine administration.
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Chapter 1

Introduction & Motivation

1.1 Childhood vaccination in the UK

The current childhood vaccination in the UK includes vaccinating children ages 0 to 5 years,
immunizes children against 11 preventable infectious diseases and is offered is freely as part of the
childhood health care supplied by the National Health Service (NHS). This childhood immuni-
sation programme starts at 2 months and extends to 40 months with administration of different
vaccines at different times over this period [6]. The full details of the current schedule are con-
tained in Figure 1.1

Figure 1.1: Current childhood vaccination schedule in the UK from 2 month to 4 years of age.

Although the vaccine programme is effective in preventing a vast amount of disease cases
across different disease and population groups, in the recent years there have been outbreaks in
a number of the diseases included in the current vaccine programme, even though none of these
diseases are in an endemic state in the UK. Specifically there have been large outbreaks of measles,
mumps and whooping cough (pertussis) in 2011, 2012 and 2013 and the again mumps and pertussis
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1.2. MODELLING VACCINATION-PREVENTABLE DISEASESCHAPTER 1. INTRODUCTION & MOTIVATION

in 2014. In additionsome smaller and irregular outbreaks of rubella have also been observed in [5] .

These recent outbreaks might have been a result of a decline in vaccine uptake. Specifically for
measles, mumps and rubella the vaccination was introduced in the UK in 1988 [7] and although
the currently reported coverage is high at 92% [8], the vaccine uptake fell in the late 1990s from
92% in 1996 to 80% in 2003 [10]. This was a consequence of the suggestion of a potential link
between this vaccine and the onset of autism in children as reported in the study by Wakefield
and collegues [18]. This study was subsequently proved to be unfounded, falsely obtained and
discredited on many occasions [13, 9, 15].

The presence of the outbreaks brought into questioning the influence of vaccine coverage on
the vaccine impact and how possible changes to schedule (e.g. missing a dose of a vaccine) can
affect the overall impact and effectiveness of the vaccination programme across different target
groups. Possible questions were raised around how any changes in the programme such as altering
the vaccination timing or adding a new vaccine, which is currently done on a case-by-case basis,
can influence the effectiveness of the immunisation programme as a whole.

1.2 Modelling vaccination-preventable diseases

Mathematical modelling combined with numerical simulations provide a platform for understand-
ing the dynamics of vaccine-preventable diseases and evaluating the impact of different vaccine
scenarios. Specifically mathematical equations can be designed to describe the transmission of the
disease and then using simulations it is possible to investigate the effect of different scenarios and
vaccination strategies impossible without the use of these tools. Moreover, such experimentations
in real life would be unethical and impossible to do. Hence, mathematical and computational
modelling provides a theoretical laboratory for diseases and their vaccines. A general approach
in modelling of infectious diseases is the development of an SIR compartmentalised model where
each compartment describes the population of Susceptible (S), Infected (I) and Recovered (R )
individuals and hence represent the different stages of the infection of the disease. In addition to
these three compartments a fourth compartment can also be used, called the Latent stage, to ac-
count for the period where individuals are infected but not yet infectious. Since different diseases
are more dangerous to different age groups vaccines are given to specific age-cohorts and hence
when modelling vaccine-preventable diseases and vaccines there is a need to include different age
groups. Then by monitoring the distribution of infected individuals in each age group the model
can determine which age-cohort drives the epidemic.

Mathematical models for infectious disease can be categorised as deterministic or stochastic
(or Markov processes) models. Both methods have their advantages and disadvantages. Stochas-
tic models are used often when the disease is not at an endemic steady state and R0 < 1 .In that
case while a deterministic model can, by design, only give a continuously declining infection, a
stochastic model can capture the probabilistic nature of the infectious disease, such as outbreaks,
and represent the dynamics better. On the other hand deterministic models are simpler and allow
for more analytical results and are good at capturing steady state epidemics. Furthermore due to
the absence of noise, it is often easier to calibrate deterministic model and also their simplicity
can often be helpful in providing insight into the basic dynamics of a disease but there are also
highly complex and complicated deterministic models. In our project we will use a deterministic
model for disease spread.
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1.3. AIMS OF THE PROJECT CHAPTER 1. INTRODUCTION & MOTIVATION

One of the most important factors concerning a disease is its ability to spread within a popu-
lation. If the spread can be controlled then the infection will not reach pandemic state and can
be constraint. One of the key things in halting the spread of infectious disease is the rate at
which additional (secondary) infections can originate from the primary infection. If no secondary
infections can occur, or they occur and are controlled then the spread of the infection can also
be controlled. A parameter that can capture this analytically is the reproduction number R0

defined as the number of secondary infections produced due to an individual entering a disease
free population. Within the mathematical models infectious disease transmission the value of R0

controls the fate of the epidemic [12], with R0 value less than 1 yielding a disease-free steady state
and controlled epidemic whereas a value of R0 greater than 1 allows for a secondary spread of the
infections and the infectious disease reaching an endemic steady state.

1.3 Aims of the project

In this project we will not have the platform to evaluate the whole childhood vaccination pro-
gramme in the UK as a whole, but instead we will focus on the vaccine against measles, mumps
and rubella in the UK. Measles, mumps and rubella are highly contagious viral diseases which are
very dangerous for young children and pregnant mothers. But all three diseases can effectively be
prevented through the single measles- mumps-rubella (MMR) vaccine [11]. The MMR vaccine in
the UK is known under the brand name Priorix or MMR-VAXPRO [11] and is currently given as
a two dose vaccine with the first dose given in the first month of the first birthday and the second
dose between 3 and 4 years old .

Within the scope of this project we will develop a mathematical framework that provides a
platform for the assessment of this MMR vaccine. We will construct and analyse a mathematical
model for transmission of infectious diseases and apply the model specifically to measles by pa-
rameterising the equations to this disease. We will use the model to project the impact of changes
in the vaccine coverage and timing on the measles disease burden quantified as the number of
disease cases per year.
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Chapter 2

Description of the mathematical model
and model parameters

2.1 Mathematical model for transmission of measles with

and without MMR vaccine

The model we develop is a general model for transmission of infectious diseases such as measles,
mumps and rubella. In its skeleton the model describes the transmission of any infectious dis-
ease from susceptible to infected individuals for different age-cohorts and constitutes a system of
ordinary differential equations (ODEs). The model is stratified into four age-cohorts: 0-1 year
old, 1-5 years old, 5-15 years old and 15-30 years old. We note that there is an upper limit in
the fourth age group to account for the fact that people over certain age are immune. Each age
compartment is divided into susceptible, infected and recovered-immune with the exception of
the first age group where there is the maternal immunity subpopulation (M). Since they do not
affect the impact of the vaccination, the recovered-immune populations are not included in our
model. Also for simplicity we assume that after infection an individual is infectious hence we do
not consider a latent infection period.

The system of equations that constitute our model is;

Age Group Age Range

1 0-1

2 1-5

3 5-15

4 15-30

There is an upper limit in the fourth age group to account for the fact that people over a certain
age are already immune. Of course further exploration and data are needed to decide which
the appropriate cut-off age is. Each age compartment is divided into susceptible, infected and
recovered-immune with the exception of the first age group where there is the maternal immunity
subpopulation (M). The recovered-immune populations are not included in our model since their
are not needed for our analysis. For simplicity we assume that after infection an individual is
infectious hence we do not consider a latent infection period.
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2.1. MATHEMATICAL MODEL FOR TRANSMISSION OF MEASLES WITH AND
WITHOUT MMR VACCINE

CHAPTER 2. DESCRIPTION OF THE MATHEMATICAL MODEL AND MODEL
PARAMETERS

dM

dt
= B − µM − α1M

dS1

dt
= µM − λ1S1 − α1S1

dS2

dt
= α1(1− eν)S1 + α1(1− eν)M − λ2S2 − α2S2

dS3

dt
= α2S2 − λ3S3 − α3S3

dS4

dt
= α3S3 − λ4S4 − α4S4

dI1
dt

= λ1S1 − γI1 − α1I1

dI2
dt

= λ2S2 + α1I1 − γI2 − α2I2

dI3
dt

= λ3S3 + α2I2 − γI3 − α3I3

dI4
dt

= λ4S4 + α3I3 − γI4 − α4I4

Here M represents the first population as the maternally immune population of age 0-1. In this
population people are born with a constant rate per year B and either lose their immune with
a rate or age above the first year of age and move directly to the susceptible population of age
1-5 (S2). The main transfer in and out of susceptible population is done by infection or ageing.
The infection term will be explained explicitly later on. In the first two susceptible population
of age 0-1 and 1-5 there are some extra terms not present in the older susceptible populations.
Individuals who lose their maternal immunity are transferred in S1 with a rate µ. Furthermore,
in S2 individuals enter the population after being vaccinated at the end of year one (in the case of
measles, mumps and rubella) and hence the uptake is the percentage of the population that was
not vaccinated plus that where the vaccine was ineffective (1-e), where e is the effectiveness and
is the uptake. These individuals come from both S1 that have not being infected and M that have
lost their immunity before the end of year 1. We make the assumption here that the vaccine on
the 12 months of age has the same effectiveness to people that have lost their immunity and people
that have not. This is sufficiently simple for the purposes of this project, but further investigation
beyond the scope of this project is needed to fully confirm this. Finally, individuals move to the
infected population groups by infection from the susceptible population and either age to move to
an older infected population or recover with a rate . Since the order of magnitude of the recovery
rate is much larger than the ageing rate, the ageing terms can potentially be ignored to a leading
order. But for completeness also aging effect is insignificant, we have included it in our model.

The force of infection, i , is given by the following equation:

λi = β
∑
j

ρij
Ij
Nj

Here, ρ is the mixing matrix that contains the average number of contacts of an individual in
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2.2. PARAMETER DEFINITION AND VALUES
CHAPTER 2. DESCRIPTION OF THE MATHEMATICAL MODEL AND MODEL

PARAMETERS

age group i (row) with the each age group j (column) per year. These values are given in table

below and were taken from [14]. represent the infectivity and
Ij
Nj

represents the fraction of the

population in cohort j (given by Nj) that is infected (Ij).

0 - 1 1 - 5 5 - 15 15 - 30

0 - 1 0 60.6 24.1 31.4

1 - 5 226.3 647.1 176.3 127

5 - 15 234.7 458.4 2652.1 470.9

15 - 30 503 543.5 774 2403.1

2.2 Parameter definition and values

Although the model developed in 2.1 can readily be applicable to measles, mumps and rubella in
this project we parametrise the model to measles. The model parameters and their values specific
to measles are contained in the next table. As mentioned before the mixing matrix is populated
with values from [14]. The rest of the values were taken from he available literature and beta was
varied as part of the calibration of the model.

Parameter Description
Parameter

Symbol
Value Reference

Birth rate B 698,512 [1]

Loss of maternal immunity rate per
individual

µ 1(per year) [2]

Ageing rate for each age group αi 1, 0.25, 0.1, 0.066
model

paramater

Vaccination coverage ν 97% [16]

Vaccination efficacy e 95%c [16]

Infectivity β
found through

calibration
model

parameter

Contact rate matrix between the
different age groups

ρij see specific table [14]

Recovery rate (one over the
infectiousness period)

γ
disease specific
(infectiousness

period)
[4]

All rates are given as per year.
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2.3. DEFINING DIFFERENT VACCINATION SCENARIO
CHAPTER 2. DESCRIPTION OF THE MATHEMATICAL MODEL AND MODEL

PARAMETERS

2.3 Defining different vaccination scenario

Every vaccine is characterised by vaccine coverage and vaccine effectiveness. The proportion of
people who are vaccinated makes up the coverage of the vaccination program and this can vary
per year, across age groups and risk groups. The proportion of the vaccinated population who
become fully immune is determined by the efficacy. The coverage of the current MMR vaccine is
high at 92% and its efficacy is around 95%. The product of vaccine coverage and vaccine efficacy
represents effective vaccine coverage and in our model this is the product eν.

Currently the MMR vaccine in the UK is given as a 2-dose vaccine with the first dose ad-
ministered around the 1st birthday and the second dose at around 40 months old. There are
currently discussions whether earlier administration of the vaccine can impact the effectiveness of
the vaccine. Furthermore, following the reduced uptake of MMR vaccine in the late 1990s worries
exist if this might happen again. Hence within this project we will explore the impact of shifting
timing of the MMR 1st dose vaccine from 12 months to 9 months and also what if the second
dose of the vaccine is not taken. Details of these 4 different scenarios are given in the next 4
subsections

2.3.1 Scenario 1: Single dose MMR vaccination at 12 months old

The first scenario assumes that only a single dose of the MMR vaccine is given at the age of 12
months and that individuals do not show for the top-up second dose at 40 months. This represents
the simplest scenario with the model to be used without further modifications. We project the
number of measles cases for different levels of effective coverage of the vaccine when we vary v
and assume vaccine efficacy is 95%.

2.3.2 Scenario 2: Single dose MMR vaccination at 9 months old

The second scenario is again a single dose scenario but the vaccine in given on the 9th month
instead of the 12th. In order to account for the earlier vaccination there are a few changes and
assumptions that need to be made in order to modify the model.

The second scenario assumes an earlier administration of the vaccine (9th instead of the 12th
month) but again a single dose scenario. In accommodate for this we stratified the 0-1 years old
age cohort into two age cohort 0-9 months and then incorporated the 9-12 months population in
the 2nd age-cohort. Hence in this case we have the following age groups: 0-9 months, 9 months to
5 years, 5 years to 15 years and 15 to 30 years old. The only differences with the previous case (12
month vaccine) are the first two ageing rates, α1, α2 the first two total population sizes as well as
the mixing rates between that include these age groups. Since the data available for the mixing
rates have year precision the new rates were found by increasing or decreasing the appropriate
rates. To see this we first have to make some basic assumptions. (a) By decreasing the duration
of the first group from 12 months to 9 months we are taking one quarter of the population off
and adding it to the second group which now extends from 9 months to 5 years. (b) Reducing
the population of the first group does not affect the contact patterns of the individuals in this
group and hence ρ1j stay exactly the same. As a result ρj1 decreases by one quarter due to the
balance equation. (c) The contact rates of individuals from other groups with group 2 increase
due to the increased population. (d) The mixing patterns of group 2 change due to the fact
that the composition of the groups changes due to the addition of the individuals of age (9-12
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2.3. DEFINING DIFFERENT VACCINATION SCENARIO
CHAPTER 2. DESCRIPTION OF THE MATHEMATICAL MODEL AND MODEL

PARAMETERS

months) which have the same contact patterns as group 1 individuals. In mathematical terms the
assumption are as follows:

Balance Equation:
Niρij = Njρji (2.1)

N ′1 =
3

4
N1 (2.2)

N ′2 = N2 +
1

4
N1 (2.3)

Mixing rates of individuals from group j wih group 1 (assumption b):

N ′1 ∗ ρ1j = Njρ
′
j1

ρ′j1 =
N ′1
N1

ρ1j =⇒ (2.2), (2.1)

ρ′j1 =
3

4
ρj1 (2.4)

Mixing rates of individuals from group j with group 2 (assumption c):

ρ′j2 = ρj2 +
1

4
ρj1 (2.5)

Mixing rates of individuals from group 2 with other groups (assumption c)

ρ′2j(N2 +
1

4
N1) = ρ′j2Nj =⇒ (2.5), (2.1)

ρ′2j =
N2

N2 + 1
4
N1

ρ2j +
N1

N2 + 1
4
N1

ρ1j (2.6)

The new mixing matrix for vaccination at 9 months is given at the Mixing Matrices section.

Simulations of these model give the infected population for each age group but the first two age
groups have different time windows, as already mentioned (1-9 months, 9-60 months). Hence, in
order to be able to compare our results with the earlier scenario we needed the cases for the initial
age groups (0-1,1-5,5-15,15-30). This was achieved by dividing the number of cases of the second
group (I2) into 51 months, I2/51. 3/51 of I2 were given to I1 to account for the three month
difference (9 to 12 months) and the rest was the new I2 (48/51*I2) which represented the infected
population of age 1-5. Of course this is not the most effective way of finding which percentage of
the infected individuals in I2 belong to the age of 9-12 months but there was currently no other
way of tracking them without introducing a separate age group.
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CHAPTER 2. DESCRIPTION OF THE MATHEMATICAL MODEL AND MODEL

PARAMETERS

2.3.3 Scenario 3: Two dose MMR vaccination with 1st dose at 12
months old and 2nd dose at 40 months old

This scenario represents the current vaccination strategy in the UK. We add a second vaccine
dose to the model by splitting the second age cohort. Initially it was 1-5 year but to account for
the second dose at 40 months the second age group was broken down to two, 1- 1

α2ndD
and 1

α2ndD

-5. Due to this division of the second age group there was the need to use a new mixing matrix
which was given for the contacts between the groups 0-1, 1-3 ,3-5, 5-15 and15-30 giving a total of
five age groups. The second dose is given at 40 months and hence 4 months needed to be added
to the second age group and subtracted from the third. The procedure we used to do this and
find the new mixing matrix was the same described earlier for the 9 months scenario. The 12-40
scenario mixing matrix is given at the Mixing Matrices section and the modifications are given
by the following equations:

Mixing rates of individuals from group j wih group 1 (assumption b):

ρ′j3 =
5

6
ρj3 (2.7)

Mixing rates of individuals from group j with group 2 (assumption c):

ρ′j2 = ρj2 +
1

6
ρj3 (2.8)

Mixing rates of individuals from group 2 with other groups (assumption c)

ρ′2j =
N2

N2 + 1
6
N1

ρ2j +
N3

N2 + 1
6
N3

ρ3j (2.9)

For the two dose vaccination there are two cases depending on the current vaccination policy.

CASE A. The second dose is available to everyone even if they did not take the first. For
this case no further modification is needed to the model other than the addition of a new group
for each part of the model (susceptible, infected and recovered). The age groups are:

Age Group Age Range
Ageing
Rate

1 0-1 1

2 1-3.3 0.43

3 3.3-5 0.6

4 5-15 0.1

5 15-30 0.066

Again in order to have consistency in the age groups, the two groups of age 1-3.3 and 3.3-5
are added to a single group 1-5.
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CASE B. In this case people who got the first dose of vaccine can get or want to get the
second. To model case B we have to break the susceptible population of the new second age group
into two subpopulations. The first subpopulation is the susceptible that got vaccinated but the
vaccine did not work due to not perfect efficacy, Seff2 . The second subpopulation is the susceptible
that did not take the vaccine at all, Sno2 . As a result susceptibles from these two subpopulation
move to the next susceptible age group with different rates. The second population moves with
an ageing rate of α2ndDS

no
2 in contrast to the first which moves with a rate similar to what we

had in our original model, α2ndD(1 − eν). The effective coverage of the second dose is different
than that of the first. The relevant part of the model is:

dSeff2

dt
= α1ν(1− e)(S1 +M)− λ2Seff2 − α2S

eff
2

dSno2
dt

= α1(1− ν)(S1 +M)− λ2Sno2 − α2S
no
2

The mixing matrix can be found at the Mixing Matrices section.

2.3.4 Scenario 4: Two dose MMR vaccination with 1st dose at 9
months old and 2nd dose at 40 months old

The changes in the model are equivalent to those in section 2.3.3 except for instead of splitting
the 1st age cohort to 0-12 and 12-40 months we now split it to 0-9months and 9-40 months old.
The rest of the methodology remains the same. Again the mixing matrix can be found at the
Mixing Matrices section.
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Chapter 3

Methods

3.1 Calculation of R0 for measles

R0 as mentioned in the introduction is defined as the average number of secondary infection
produced from an infected individual when entering a disease-free environment. This definition
is clear for single population models and R0 is generally given by the contact rate times the
infectious period or death-adjusted infectious period, depending on the model [12]. Hence, it is
usually given by the simple formula:

R0 =
β

γ + α
(3.1)

Here, α is an ageing rate (death rate) and γ is the recovery rate.

The situation is more complicated for models where there is more than one compartments. For
these models a more general definition is appropriate where R0 is defined as the number of new
infections produced by a typical infective individual in a population at a disease free equilibrium
[17].Van den Driessche and Watmough [17] addressed this problem and proposed a general method
for calculating R0 for compartmental models. Their method was used to derive the reproduction
number for our models . Here we derive R0 for the original model intented for single vaccination
at 12 months and measles. The same method is used to derive it the other scenarios as well.

First let us define Fi as the rate of new infections for compartment i and Vi the transfer
of individuals from compartment i by means other than infection. For our model there are 9
compartments or 13 if we include the recovered/immune populations. Hence we have the following
two matrices:

13



3.1. CALCULATION OF R0 FOR MEASLES CHAPTER 3. METHODS

F =



0
0
0
0
0

β
∑4

j=1 ρ1j
Ij
Nj
S1

β
∑4

j=1 ρ2j
Ij
Nj
S2

β
∑4

j=1 ρ3j
Ij
Nj
S3

β
∑4

j=1 ρ4j
Ij
Nj
S4



V =



−B + µM + α1M

µM + β
∑4

j=1 ρ1j
Ij
Nj
S1 + α1S1

−α1(1− eν)(M + S1) + α2S2 + β
∑4

j=1 ρ2j
Ij
Nj
S2

−α2S2 + α3S3 + β
∑4

j=1 ρ3j
Ij
Nj
S3

−α3S3 + α4S4 + β
∑4

j=1 ρ4j
Ij
Nj
S4

γI1 + α1I1
γI2 − α1I1 + α2I2
γI3 − α2I2 + α3I3
γI4 − α3I3 + α4I4



To proceed let us also define F and V, where F = ∂Fi

∂xj
(x0) and F = ∂Vi

∂xj
(x0). Only the in-

fected compartments are taken into account for this calculation, so {i,j,k}=Ic, Isw. x0 is the
value of the population in each compartment at the disease free equilibrium, so in this case
x0 = (M0, S

0
1 , S

0
2 , S

0
3 , S

0
4 , 0, 0, 0, 0, R

0
1, R

0
2, R

0
3, R

0
4). From these formulas we can see that the {i,j}

component of F gives the rate at which infected individuals from compartment j produce new
infections in compartment i and the {j,k} component of V −1 gives the time an individual from
compartment k spends at compartment j. Hence, FV −1 admits the average number of new infec-
tions in compartment i produced by an individual introduced in compartment k. This is called
the next generation matrix [?] and its spectral radius gives R0 for the system. In our particular
model F and V are:

F =


β
S0
1

N1
ρ11 β

S0
1

N2
ρ12 β

S0
1

N3
ρ13 β

S0
1

N4
ρ14

β
S0
2

N1
ρ21 β

S0
2

N2
ρ22 β

S0
2

N3
ρ23 β

S0
2

N4
ρ24

β
S0
3

N1
ρ31 β

S0
3

N2
ρ32 β

S0
3

N3
ρ33 β

S0
3

N4
ρ34

β
S0
4

N1
ρ41 β

S0
4

N2
ρ42 β

S0
4

N3
ρ43 β

S0
4

N4
ρ44



V =


γ + α1 0 0 0
−α1 γ + α2 0 0

0 −α2 γ + α3 0
0 0 −α3 γ + α4
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3.2. CALIBRATION OF THE MODEL USING MEASLES SPECIFIC UK DATACHAPTER 3. METHODS

Substituting values to all parameters except β and the disease-free values of the susceptible
populations yields:

FV −1 =



4.33 ∗ 10−8S0
1β 2.014 ∗ 10−6S0

1β 8.054 ∗ 10−7S0
1β 1.044 ∗ 10−6S0

1β

2.118 ∗ 10−6S0
2β 5.754 ∗ 10−6S0

2β 1.57 ∗ 10−6S0
2β 1.131 ∗ 10−6S0

2β

8.279 ∗ 10−7S0
3β 1.615 ∗ 10−6S0

3β 9.079 ∗ 10−6S0
3β 1.613 ∗ 10−6S0

3β

1.058 ∗ 10−6S0
4β 1.137 ∗ 10−6S0

4β 1.622 ∗ 10−6S0
4β 5.007 ∗ 10−6S0

4β



To find the eigenvalues with respect to β we need to give values to the disease-free steady state
values for the susceptible populations. This is done by numerically solving the model for the
disease free steady state with an effective coverage of 92%. The final results is:

R0 = 5.7β (3.2)

3.2 Calibration of the model using measles specific UK

data

We calibrate the model using UK data for the transmission and spread of measles in 2013 [3].
Specifically, we fix all the model parameters to known values as per Table 1 and only vary the
transmission probability β. It represents how infectious is a disease and need to be calibrated for
each disease specifically since this is a very important parameter of the model that affects the
steady state solution for the infected cases, as evident from Figure 2.1 showing the number of
cases in the single dose (12 months) scenario with respect to β.

Figure 3.1: Population sizes of infected population per age group with respect to β.
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3.3. DEFINING THE BURDEN OF MEASLES CHAPTER 3. METHODS

The model was calibrated against the UK data for 2013, stratified per age cohort. The vac-
cination efficacy and coverage was kept constant both for the single and double dose models and
at a level of 97% coverage and 95% efficacy as reported from previous work [16].

The model calibration includes calculation of the number of measles cases in each age-cohort
for each scenario from the model and comparing these to the number of cases from the 2013 data.
We do a two step calibration by first restricting R0 to be within (10,20) (as adviced by Matt
Keeling) and this gives us a range for β. We then calculate the optimal β in the best fit case.
We define a best-fit measure as the minimal value of the sum of the absolute difference between
model and data values. This best-fit measure is called the score and is given by:

Score = |Imodel1 − Ireal1 |+ |Imodel2 − Ireal2 |+ |Imodel3 − Ireal3 |+ |Imodel4 − Ireal4 |

The minimal value of the score gives an optimal value of β and optimal β then induces a value
for R0.

Of course each scenario admits different R0 as a function of beta and hence different β range
and different optimal βs, but it is not possible to have a valid comparison between the four
scenarios if each has each own β. In order to resolve that after finding the optimal β for each
scenario we examined which of these produces acceptable R0 values for all four scenarios. The
optimal β values that did were then simulated in all four scenarios so as to have a common base
for comparison. Finally the calibrated model was used to project the number of cases for each
age cohorts as well as the percentage of averted cases due to each vaccination scenario.

3.3 Defining the burden of measles

The burden of measles is defined as the total number of infected cases (number of infected cases
per age group added to a total number) as found by the endemic steady-state solution of the
model.

3.4 Calculating the impact of the MMR vaccine

We asses the impact of vaccination by calculating the disease burden with and without vaccine
and for all four vaccination scenarios. The comparison is done both on an age cohort basis as on
a total number of cases basis.

3.5 Analysis of the model

The model is solved for its endemic steady state. The endemic steady was chosen al though most
of the vaccine-preventable diseases are not endemic in the UK. The reason behind that is that
there seems to be an almost fixed number of cases for measles, mumps and rubella in the UK
in the last few years. Despite the fact that the dynamics of these diseases are complex and the
seasonality of the mixing patterns at the end of each year the number of cases accumulated for
each age group is confined a specific range making it almost constant. Moreover, we are not
interested in the dynamics and what happen in between the year but in the total number cases
so as to use it as a measure of the benefit of different vaccination scenarios.
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Chapter 4

Results

4.1 Finding the optimal beta and R0 for measles

The tabla below contains the optimal values of beta and the corresponding R0 values for each of
the four vaccination scenarios. We note that these optimal βs are specific for each scenario 1-4.

Scenario R0(β) Optimal β R0

Single dose 12
months

5.7β 2.31 13.2

Single dose 09
months

57β 3.15 18

Two doses 12 - 40
months

2.7β 3.7 10

Two doses 09 - 40
months

2.66β 4.08 10.8
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4.2. NUMBER OF MEASLES CASES FOR EACH SCENARIO AND DIFFERENT
OPTIMAL β CHAPTER 4. RESULTS

4.2 Number of measles cases for each scenario and differ-

ent optimal β

Figure 4.1: Histogram of the number of cases for each age cohort for each of the four vaccination
scenarios for their respective optimal β and the no vaccine case.

4.3 Number of measles for same optimal β.

In order to compare the number of measles cases across different scenarios we need to choose a
single optimal β and run the model for that beta. In order to restrict the value of R0 within the
realistic range [10,21] we need to choose a beta of 3.7 in which case the R0 is respectively (21.1,
21.1, 10, 10) for the different scenario. This is the optimal β for the current vaccination schedule
of 12-40 scenario. The results are contained in the following table and illustrated in Figure 4.2.

Scenario R0 N. of Cases
N. of Cases

Averted per age
group

Total n. of
cases

averted

Single dose 12
months

21.1 1768/955/145/19 3156/9030/280/-2 12464

Single dose 09
months

21.1 1231/915/167/23 3693/9070/258/-6 13015

Two doses 12 - 40
months

10 1428/836/49/8 3496/9149/376/9 13030

Two doses 09 - 40
months

10 1063/746/60/17 3861/9239/365/0 13471
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4.3. NUMBER OF MEASLES FOR SAME OPTIMAL β. CHAPTER 4. RESULTS

Figure 4.2: Histogram of the number of cases for each age group in the four vaccination scenarios
for β=3.7.

It is interesting to compare this with the projections when the optimal value of β for the 9-40
vaccination scenario. In this case the optimal β is larger (β=4.08) but the values of R0 are out of
the realistic bounds (8.4, 8.4, 10, 10.8 respectively). Results are shown in Figure 4.3.

Scenario R0 N. of Cases
N. of Cases

Averted per age
group

Total n. of
cases

averted

Single dose 12
months

8.4 1907/966/130/16 3017/9019/295/1 12332

Single dose 09
months

8.4 1334/929/151/20 3590/9056/274/-3 12917

Two doses 12 - 40
months

11 1571/862/41/6 3353/9123/384/11 12871

Two doses 09 - 40
months

10.8 1087/773/51/9 3837/9212/374/8 13431
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4.4. IMPACT OF VACCINATING EVERYONE WITH A SECOND DOSE OF THE MMR
VACCINE CHAPTER 4. RESULTS

Figure 4.3: Histogram of the number of cases for each age group in the four vaccination scenarios
for β=4.08.

We note that the optimal β of the single dose cases were not used as the R0 in this case is
even smaller than the lower limit of the acceptable range.

4.4 Impact of vaccinating everyone with a second dose of

the MMR vaccine

When we simulated the Case A for both scenarios 12-40 and 9-40 our results show that zero number
of measles cases for the steady state. Therefore the impact of such a vaccine is to diminish the
disease. However this is not realistic and hence we have in the remainder of these results focused
on exploring only Case B, where the second dose of the vaccine is given only to those that had
the 1st vaccine.

4.5 Projections of the number of measles cases in absence

of vaccination

When we run the model without any MMR vaccine the number of cases at the long-time steady
state are shown in Figure 4.4. We note that the majority of measles cases are in the youngest
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4.6. PROJECTIONS OF THE BURDEN OF MEASLES UNDER DIFFERENT
VACCINATION SCENARIOS CHAPTER 4. RESULTS

age-cohorts with a very small number of cases in the adult (15+) cohort.

Figure 4.4: Histogram of the number of cases without vaccination.

4.6 Projections of the burden of measles under different

vaccination scenarios

Under any of the vaccination scenarios there is a dramatic reduction in number of measles cases
(Figure 4.5). The biggest decline in cases is observed in the second age group, young children
between 1-5 years of age, were the most cases were found without vaccination (9985).

(a) (b)

Figure 4.5: (a)Histogram of percentage of averted cases for each vaccination scenarion in the four
different age groups for β=3.7. (b)Histogram of percentage of averted cases for each vaccination scenarion
in the four different age groups for β=4.08.
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4.6. PROJECTIONS OF THE BURDEN OF MEASLES UNDER DIFFERENT
VACCINATION SCENARIOS CHAPTER 4. RESULTS

4.6.1 Is adding a second dose of MMR vaccine more effective?

Adding of the second dose of the vaccine also reduces the number of cases.There is an evident
decrease in the number of cases and hence an increase of the averted cases between the single
dose and the respective two dose scenarios. For both βs there is an increase in the total number
of averted cases of 566 and 539 (4.5% and 4.3%) for the 12-40 scenario in comparison to the 12
scenarioand an increase of 456 and 514 (3.5% and 4%) for the 09-40 scenario in comparison to the
09 scenario. The main difference is due to the decreases number of cases in the third age group,
children and teenagers between 5-15 years of age, due to the addition of the second dosage a few
months before that age window.

4.6.2 Should the 1st dose of the MMR vaccine be administered at 9
months instaed of 12?

When we compare the number of measles cases with a vaccines 1st dose at 9 months instead of
12, we observe a reduction in the number of cases in some age-cohorts. For example in the case
where β=3.7, with earlier vaccination there is a reduction in the number of measles cases in the
two young age-cohorts (25% reduction from 1063 to 1428 in I1 and 11% reduction from 746 to
836 in I2) but there is a slight increase in the number of cases in the older age cohorts (18% from
49 to 60 in I3 and 53% 8 to 17 in I4) for the single dose scenarios. The same holds for the two-
dose scenario as it is evident also evident from percentages of averted cases in Figure 4.5 (7.3%
less cases in I1 and 0.9% less cases in I2). We observe that the main difference between the ear-
lier first dose scenarios comes from the first age group as is expected due to the earlier vaccination.

Moreover, three months earlier vaccination increases the number of cases in the older age
groups, I3 and I4. Despite the fact that the increase is large as a percentage for I4 (35% increase
with 09 scenario for β = 3.7) as an absolute number is very small and not comparable with
the benefits earlier vaccination has in decreasing the number of cases for infants and very young
children in I1. So to sum up our model clearly shows that earlier vaccination is beneficial and
it might even suggest that single dose 09 vaccination might be comparable to two-dose 12-40
vaccination.

4.6.3 What is the effect of vaccine effective coverage on the burden
of measles?

Finally, we demonstrate what is the effect of changing the effective coverage on the number of
cases.
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4.6. PROJECTIONS OF THE BURDEN OF MEASLES UNDER DIFFERENT
VACCINATION SCENARIOS CHAPTER 4. RESULTS

(a) (b)

Figure 4.6: (a)Plot of number of cases per age group versus effective coverage in the 12 months single
dose scenario. (b)Plot of number of cases per age group versus effective coverage in the 9 months single
dose scenario.

The observed behavior is expected and what we can see is that as we move to older age groups
the changing effective coverage has diminishing effect. The same behavior is obsrved in the two
dose scenarios and as it is expected the second dose plays only a very small part in the overall
outcome as seen from the figures below:

(a) (b)

Figure 4.7: (a)Plot of number of cases per age group versus the second dose effective coverage in the
12-40 months scenario. (b)Plot of number of cases per age group versus the second dose effective coverage
in the 9-40 months scenario.

The sudden drop at near 100% effective coverage is due to the fact that for effective coverage
of the second dose equal to 100% the steady state gives zero infected populations but this is
probably a simulation artifact rather than a result.

23



Chapter 5

Discussion

5.1 Summary of results

The aim of this project was to develop and apply a mathematical model for transmission of measles
to explore the impact as the number of disease cases under different MMR vaccination scenarios.
The modelling framework we have developed was parameterised with UK data and calibrated
against number of measles cases for 2013. The calibrated model was then used to explore the
impact of different vaccination scenarios. Such scenarios include changes to vaccine coverage or
scheduled timing of vaccine administration.

Currently the MMR vaccine in the UK is given as a 2-dose vaccine with the first dose ad-
ministered around the 1st birthday and the second dose at around 40 months old . Currently
considerations are given whether earlier administration of the vaccine can impact the effective-
ness of the vaccine. Furthermore, following the reduced uptake of MMR vaccine in the late 1990s
worries exist if this might happen again. Hence within this project we explored the impact of
shifting timing of the MMR 1st dose vaccine from 12 months to 9 months and also what if the
second dose of the vaccine is not taken.

Our results suggest that bringing the MMR 1st dose vaccine to 9 months instead of 12 months
can reduce the number of cases in the younger age but it might induce an increase in the number
of cases in the older age-cohorts. But as an absolute number these are still very small and not
comparable with the benefits earlier vaccination has in decreasing the number of cases for infants
and very young children.

Adding the second dose of the MMR vaccine is also more effective: there is a an increase in
the total number of averted cases of 566 and 539 (4.5% and 4.3%) for the 12-40 scenario in com-
parison to the 12 scenario and an increase of 456 and 514 (3.5% and 4%) for the 09-40 scenario
in comparison to the 09 scenario.

In summary our results show that a two- dose MMR vaccines more beneficial than a single
dose MMR vaccine. Moreover, our results indicate that earlier first dose results in less infected
cases per year and hence is more beneficial. In addition, our framework captures correctly the
differences induced in the number of cases for each age group due to the different vaccination
scenarios. Hence, these results suggest that our framework is effective in evaluating a vaccine and
the effect of changing its timing and could potentially be used for more vaccines.
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5.2. FUTURE WORK CHAPTER 5. DISCUSSION

5.2 Future work

Further work is needed to explore whether different upper age limit after which individuals are
immune can affect the model results. In our model we have used the upper age limit of 30 year of
age. Additionally, there is need for investigating how the effectiveness of a vaccine is affected by
maternal immunity. In our model we have assumed that there is no change in the efficacy of the
vaccine whether it is given at 9 or 12 months but that is up to a lot of discussion and in need for
verification by biological data. Another important factor is the mixing rates between individuals
in age group 0-1. Although the number is in reality very small it is not zero. The zero in the
mixing matrix is a result of under sampling. There is a lot of variation for this value, as seen from
the figure below, and hence there is the need for sensitivity analysis but it does not make much
difference between zero and a small value close to zero.

Figure 5.1: Distribution of the value for p11 generated from 1000 bootstrap samples from POLY-
MOD

5.3 Extension to this work

There is a potential of this work to be used as a tool in a evaluating different vaccines as art of
the childhood vaccination schedule. To attain this the mathematical model presented here needs
to be combined with a previously developed Markov model [16] .The Markov gives the possible
childhood vaccination scheduling options and hence the combination of both models can give a
formal way of assessing a schedule as a whole and not on a case by case basis.
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Chapter 6

Mixing Matrices

Single dose at 9 months mixing matrix:

0 - 1 1 - 5 5 - 15 15 - 30

0 - 1 0 45.5 18.1 23.6

1 - 5 226.3 621.9 182.3 134.9

5 - 15 234.7 445 2652.1 470.9

15 - 30 503 541.1 774 2403.1

Two doses at 12-40 months mixing matrix:

0 - 1 1 - 3.3 3.3 - 5 5 - 15 15 - 30

0 - 1 0 44.6 74.4 21.9 18.7

1 - 3.3 99.5 243 136.1 107.3 95.7

3.3 - 5 116.8 103 665 109.5 46.5

5 - 15 286.5 445.8 684.3 2934.4 483.9

15 - 30 401.9 656.6 477.4 795.3 2348.9

Two doses at 09-40 months mixing matrix:

0 - 0.75 0.75 - 3.3 3.3 - 5 5 - 15 15 - 30

0 - 1 0 33.5 55.8 29.2 24.9

1 - 3.3 99.5 254.2 154.7 100 89.5

3.3 - 5 116.8 104.6 665 109.5 46.5

5 - 15 286.5 428.1 684.3 2934.4 483.9

15 - 30 401.9 628.3 477.4 795.3 2348.9
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