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Associated(Interior(Transmission(
Eigenvalue(Problem(related(to(invisibility(

quesIons

Mo5va5ons
•(ITE!can(be(determined(from(mulIKstaIc(far(field(data([CakoniKColtonKHaddar(10]

•(ITE(contain(informaIon(on(the(scaWerer((size,(physical(properIes...)(

((((((((((([Cakoni,(Colton,(GinIdes]

•(Very(few(results(on(the(use(of(ITE(for(inverse(problems

Main(Difficulty
•(Non(classical(eigenvalue(problem

Only(a(few(general(results(concerning(

existence,(discreteness,(asymptoIc(analysis...
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Ƶ = Ϭ






Ƶ = ƵƐ + Ƶŝ

ȴƵŝ + ŬϮƵŝ = Ϭ ŝŶ RĚ

ƵƐ ƐĂƟƐĮĞƐ ƚŚĞ ƌĂĚŝĂƟŽŶ ĐŽŶĚŝƟŽŶ

ȴƵ+ ŬϮƵ = Ϭ

ȴƵ+ ŬϮŶϮƵ = Ϭ
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Thm:([Cakoni(K(Cossonière(K(Haddar(12]
If(0(<(n2$<(1(then(the(ITE(exists(and((form(a(discrete(set(of(((((((.((R+

Def:(Interior(Transmission(Eigenvalue(Problem

Find((v,w)!and(k2>0!such(that:

k2":(Interior(Transmission(Eigenvalue((ITE)

(v,w)!:(Interior(Transmission(Eigenvector






ȴǀ+ ŬϮǀ = Ϭ ŝŶ ɏ

ȴǁ+ ŬϮŶϮǁ = Ϭ ŝŶ ɏ \ �
ǁ = Ϭ ŽŶ ∂�

ǀ = ǁ , ∂ʆǀ = ∂ʆǁ ŽŶ ∂ɏ
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""""""""""""""":(Interior(Transmission(Eigenvector

(ǀɷ,ǁɷ) ŬϮɷ > Ϭ

ŬϮɷ
(ǀɷ,ǁɷ)


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

ȴǀɷ + ŬϮɷǀ
ɷ = Ϭ ŝŶ ɏ

ȴǁɷ + ŬϮɷŶ
Ϯǁɷ = Ϭ ŝŶ Uɷ

ǁɷ = Ϭ ŽŶ ∂�ɷ

ǀɷ = ǁɷ , ∂ʆǀɷ = ∂ʆǁɷ ŽŶ ∂ɏ

R+

Ƶ = Ϭ

ȴƵ+ ŬϮƵ = Ϭ

ȴƵ+ ŬϮŶϮƵ = Ϭ



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Ƶ = ƵƐ + Ƶŝ

ȴƵŝ + ŬϮƵŝ = Ϭ ŝŶ RĚ

ƵƐ ƐĂƟƐĮĞƐ ƚŚĞ ƌĂĚŝĂƟŽŶ ĐŽŶĚŝƟŽŶ
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What(Happens(if(D"almost(fills(in(((((?ɏ
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1

2

AsymptoIc(analysis((ITEP)

AsymptoIc(analysis(of((RP)

ɷ → Ϭ

Find(((((((((((((((((!!!!!such(that:(ǀɷ,ǁɷ, ŬϮɷ)
Find((((((((((((((((such(that:(Śɷ, ȿɷ)

Main%result:

(ITEP) (RP)






ȴǀɷ + ŬϮɷǀ
ɷ = Ϭ ŝŶ ɏ

ȴǁɷ + ŬϮɷŶ
Ϯǁɷ = Ϭ ŝŶ Uɷ

ǁɷ = Ϭ ŽŶ ∂�ɷ

ǀɷ = ǁɷ , ∂ʆǀɷ = ∂ʆǁɷ ŽŶ ∂ɏ

{
ȴŚɷ + ȿɷŚɷ = Ϭ ŝŶ ɏ

∂ʆŚɷ − ϭ
ɷ Ś

ɷ = Ϭ ŽŶ ∂ɏ

Proof((of(the(result(above
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Let(((((((((((((((((((((be(an(ITE:(ǀɷ,ǁɷ, ŬϮɷ)





ȴǀɷ + ŬϮɷǀ
ɷ = Ϭ ŝŶ ɏ

ȴǁɷ + ŬϮɷŶ
Ϯǁɷ = Ϭ ŝŶ Uɷ

ǁɷ = Ϭ ŽŶ ∂�ɷ

ǀɷ = ǁɷ , ∂ʆǀɷ = ∂ʆǁɷ ŽŶ ∂ɏ
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Let(((((((((((((((((((((be(an(ITE:(ǀɷ,ǁɷ, ŬϮɷ)





ȴǀɷ + ŬϮɷǀ
ɷ = Ϭ ŝŶ ɏ

ȴǁɷ + ŬϮɷŶ
Ϯǁɷ = Ϭ ŝŶ Uɷ

ǁɷ = Ϭ ŽŶ ∂�ɷ

ǀɷ = ǁɷ , ∂ʆǀɷ = ∂ʆǁɷ ŽŶ ∂ɏ

Ansatz(for(the(eigenfuncIons(and(

eigenvalue:(

ŬϮɷ =
∑

Ŭ

ɷŬʄŬ

ǀɷ(ǆ) =
∑

Ŭ

ɷŬǀŬ(ǆ) ĨŽƌ ǆ ∈ ɏ

ǁɷ(ǆ) =: ǁ̂ɷ
(
Ɛ,

ɻ
ɷ

)
=

∑

Ŭ

ɷŬǁŬ (Ɛ, ʇ) ĨŽƌ ǆ ∈ Uɷ

x

ɻ
s

ɷ

Uɷ

ʇ ∈ [Ϭ, ϭ]
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Ansatz(for(the(eigenfuncIons(and(

eigenvalue:(

ŬϮɷ =
∑

Ŭ

ɷŬʄŬ

ǀɷ(ǆ) =
∑

Ŭ

ɷŬǀŬ(ǆ) ĨŽƌ ǆ ∈ ɏ

ǁɷ(ǆ) =: ǁ̂ɷ
(
Ɛ,

ɻ
ɷ

)
=

∑

Ŭ

ɷŬǁŬ (Ɛ, ʇ) ĨŽƌ ǆ ∈ Uɷ

x

ɻ
s

ɷ

Uɷ

ʇ ∈ [Ϭ, ϭ]

Explicit!expressions!for!the!various!terms:
•(((((is(a(Dirichlet(eigenvalue(for(((((((((in(((

the(domain((

•((((((is(the(shape(derivaIve(of((((((((in(

the(normal(direcIon

•(

•(...

ʄϬ

ʄϭ ʄϬ

�ȴ
ɏ

ǁϬ = Ϭ
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((((Goal:(Prove(that(|ŬϮɷ − ʄϬ − ɷʄϭ| ≤ �ɷϮ
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Main(ideas

1 EsImates(for(the(soluIon(to(some(source(

problem(uniformly(w.r.t.(the(layer






ȴǀɷ = Ĩϭ ŝŶ ɏ
ȴǁɷ = ĨϮ ŝŶ Uɷ

ǁɷ = Ϭ ŽŶ ∂�ɷ

ǀɷ − ǁɷ = Ĩϯ , ∂ʆǀɷ − ∂ʆǁɷ = Ĩϰ ŽŶ ∂ɏ

1

‖ǀɷ‖ ≤ �(ɷ)(‖Ĩϭ‖+ ‖ĨϮ‖+ ‖Ĩϯ‖+ ‖Ĩϰ‖)

‖ǁɷ‖ ≤ �(ɷ)(‖Ĩϭ‖+ ‖ĨϮ‖+ ‖Ĩϯ‖+ ‖Ĩϰ‖)
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EsImates(for(quasi(eigenvectors(for((((((((with(
Dirichlet(B.C.

−ȴ
2

2 >Ğƚ � : , � , ďĞ Ă ĐŽŵƉĂĐƚ ƐĞůĨ ĂĚũŽŝŶƚ ƉŽƐŝƟǀĞ ŽƉĞƌĂƚŽƌ͘ /Ĩ (Ƶ, ʄ) � , � R ŝƐ ƐƵĐŚ
ƚŚĂƚ

|(�Ƶ � ʄƵ, ǀ),| � ɸ�ǀ�, � ǀ � ,

ƚŚĞŶ ŝƚ ĞǆŝƐƚƐ ĂŶ ĞŝŐĞŶǀĂůƵĞ ȿ ĂŶĚ ĂŶ ĞŝŐĞŶǀĞĐƚŽƌ h ŽĨ � ƐƵĐŚ ƚŚĂƚ

|ȿ � ʄ| � ɸ ĂŶĚ �Ƶ � h�, � �ɸ.
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Main(ideas

1 EsImates(for(the(soluIon(to(some(source(

problem(uniformly(w.r.t.(the(layer

EsImates(for(quasi(eigenvectors(for((((((((with(
Dirichlet(B.C.

−ȴ
2






ȴǀɷ + ŬϮɷǀ
ɷ = Ϭ ŝŶ ɏ

ȴǁɷ + ŬϮɷŶ
Ϯǁɷ = Ϭ ŝŶ Uɷ

ǁɷ = Ϭ ŽŶ ∂�ɷ

ǀɷ = ǁɷ , ∂ʆǀɷ = ∂ʆǁɷ ŽŶ ∂ɏ

×ǀɷ

×ǁɷ IntegraIon(by(part

(and(proper(normalisaIon

3

ŬϮɷ =
∫

Uɷ

ŬϮɷ(ϭ− ŶϮ)|ǁɷ|Ϯ Ěǆ+
∫

Uɷ

|∇(ǀɷ − ǁɷ)|Ϯ Ěǆ+
∫

�ɷ

|∇ǀɷ|Ϯ Ěǆ
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EsImates(for(quasi(eigenvectors(for((((((((with(
Dirichlet(B.C.

−ȴ
2

VariaIonal(caracterisaIon(of(the(interior(

transmission(eigenvalues
3

Main(ideas

1 EsImates(for(the(soluIon(to(some(source(

problem(uniformly(w.r.t.(the(layer

ȴǀɷ + ŬϮɷǀ
ɷ = Ϭ ŝŶ ɏ

Ex:"1rst"order"expansion

ǀɷ = Ϭ+O(ɷ) ŽŶ ∂ɏ

ǁɷ = ɷǁϭ + O(ɷϮ) ŝŶ Uɷ
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Dirichlet(B.C.
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transmission(eigenvalues
3

Main(ideas

1 EsImates(for(the(soluIon(to(some(source(

problem(uniformly(w.r.t.(the(layer

ȴǀɷ + ŬϮɷǀ
ɷ = Ϭ ŝŶ ɏ

Ex:"1rst"order"expansion

ǀɷ = Ϭ+O(ɷ) ŽŶ ∂ɏ

In(the(expression(of((((((,(replace(

with
ŬϮɷ = ʄϬ + ɷʄϭ + O(ɷϮ)ŬϮɷ (ǁɷ, ǀɷ)

ɷǁϭ ĂŶĚ ǀϬ

} ǀɷ = ǀϬ +O(ɷ)

ŬϮɷ = ʄϬ +O(ɷ)
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EsImates(for(quasi(eigenvectors(for((((((((with(
Dirichlet(B.C.

−ȴ
2

VariaIonal(caracterisaIon(of(the(interior(

transmission(eigenvalues
3

Main(ideas

1 EsImates(for(the(soluIon(to(some(source(

problem(uniformly(w.r.t.(the(layer

ȴǀɷ + ŬϮɷǀ
ɷ = Ϭ ŝŶ ɏ

Ex:"1rst"order"expansion

} ǀɷ = ǀϬ +O(ɷ)

ŬɷϮ = ʄϬ +O(ɷ)ǀɷ = Ϭ+O(ɷ) ŽŶ ∂ɏ

ǁɷ = ɷǁϭ + O(ɷ) ŝŶ Uɷ

In(the(expression(of((((((,(replace(

with

ŬϮɷ (ǁɷ, ǀɷ)
ɷǁϭ ĂŶĚ ǀϬ

•(One(can(repeat(the(procedure(to(obtain(

convergence(results(for(higher(orders

•(The(index(n2"appears(only(in(the(3rd(order(
approximaIon

•(((((can(be(determined(by(the(first(ITEɷ

ŬϮɷ = ʄϬ + ɷʄϭ + O(ɷϮ)
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Behaviour*of*the*ITEP*for*big*cavi(es
(Or(thin(coaIngs)

11

1

2

AsymptoIc(analysis((ITEP)

AsymptoIc(analysis(of((RP)

ɷ → Ϭ

Find(((((((((((((((((!!!!!such(that:(ǀɷ,ǁɷ, ŬϮɷ)
Find((((((((((((((((such(that:(Śɷ, ȿɷ)

Main%result:

(ITEP) (RP)






ȴǀɷ + ŬϮɷǀ
ɷ = Ϭ ŝŶ ɏ

ȴǁɷ + ŬϮɷŶ
Ϯǁɷ = Ϭ ŝŶ Uɷ

ǁɷ = Ϭ ŽŶ ∂�ɷ

ǀɷ = ǁɷ , ∂ʆǀɷ = ∂ʆǁɷ ŽŶ ∂ɏ

{
ȴŚɷ + ȿɷŚɷ = Ϭ ŝŶ ɏ

∂ʆŚɷ − ϭ
ɷ Ś

ɷ = Ϭ ŽŶ ∂ɏ

Proof((of(the(result(above
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The*Robin*eigenvalue*problem
Some(preliminary(comments
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{
ȴŚɷ + ȿɷŚɷ = Ϭ ŝŶ ɏ

∂ʆŚɷ − ϭ
ɷ Ś

ɷ = Ϭ ŽŶ ∂ɏ

&ŝŶĚ (Śɷ, ȿɷ) ƐƵĐŚ ƚŚĂƚ
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{
ȴŚɷ + ȿɷŚɷ = Ϭ ŝŶ ɏ

∂ʆŚɷ − ϭ
ɷ Ś

ɷ = Ϭ ŽŶ ∂ɏ

&ŝŶĚ (Śɷ, ȿɷ) ƐƵĐŚ ƚŚĂƚ
∫

ɏ
∇Śɷ ·∇ǀĚǆ− ϭ

ɷ

∫

∂ɏ
ŚɷǀĚƐ = ȿɷ

∫

ɏ
ŚɷǀĚǆ

&ŝŶĚ (Śɷ, ȿɷ) ƐƵĐŚ ƚŚĂƚ ∀ǀ ∈ ,ϭ(ɏ)
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ɷ Ś

ɷ = Ϭ ŽŶ ∂ɏ
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Non(posiIve(definite!

∫
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ɷ

∫

∂ɏ
ŚɷǀĚƐ = ȿɷ

∫

ɏ
ŚɷǀĚǆ
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{
ȴŚɷ + ȿɷŚɷ = Ϭ ŝŶ ɏ

∂ʆŚɷ − ϭ
ɷ Ś

ɷ = Ϭ ŽŶ ∂ɏ

&ŝŶĚ (Śɷ, ȿɷ) ƐƵĐŚ ƚŚĂƚ

Non(posiIve(definite!

∫

ɏ
∇Śɷ ·∇ǀĚǆ− ϭ

ɷ

∫

∂ɏ
ŚɷǀĚƐ = ȿɷ

∫

ɏ
ŚɷǀĚǆ

&ŝŶĚ (Śɷ, ȿɷ) ƐƵĐŚ ƚŚĂƚ ∀ǀ ∈ ,ϭ(ɏ)

Shided(variaIonal(formulaIon

Definite(posiIve(for(some((((independent(of(ɲ ɷ

∫

ɏ
∇Śɷ ·∇ǀĚǆ− ϭ

ɷ

∫

∂ɏ
ŚɷǀĚƐ+

ɲ

ɷϮ

∫

ɏ
ŚɷǀĚǆ =

(
ȿɷ +

ɲ

ɷϮ

)∫

ɏ
ŚɷǀĚǆ
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�ɷ ŝƚ ĞǆŝƐƚƐ (ȿŬ
ɷ)Ŭ=ϭ,...,� ƐƵĐŚ ƚŚĂƚ

� ɲ

ɷϮ � ȿϭ
ɷ � · · · � ȿŬ

ɷ � · · · � +�

Shided(variaIonal(formulaIon

Definite(posiIve(for(some((((independent(of(ɲ ɷ

∫
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ɷ

∫

∂ɏ
ŚɷǀĚƐ+

ɲ

ɷϮ

∫
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∫
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∫

∂ɏ
ŚɷǀĚƐ = ȿɷ

∫
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&ŝŶĚ (Śɷ, ȿɷ) ƐƵĐŚ ƚŚĂƚ ∀ǀ ∈ ,ϭ(ɏ)

ȿŬ
ɷ ∼

ɷ→Ϭ
− ϭ

ɷϮ

And(the(kth(eigenvalue(saIsfies([Danners(K(Kennedy(2010]:

�ɷ ŝƚ ĞǆŝƐƚƐ (ȿŬ
ɷ)Ŭ=ϭ,...,� ƐƵĐŚ ƚŚĂƚ

� ɲ

ɷϮ � ȿϭ
ɷ � · · · � ȿŬ

ɷ � · · · � +�

Shided(variaIonal(formulaIon

Definite(posiIve(for(some((((independent(of(ɲ ɷ

∫

ɏ
∇Śɷ ·∇ǀĚǆ− ϭ

ɷ

∫

∂ɏ
ŚɷǀĚƐ+

ɲ

ɷϮ

∫

ɏ
ŚɷǀĚǆ =

(
ȿɷ +

ɲ

ɷϮ

)∫

ɏ
ŚɷǀĚǆ
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Behaviour*of*the*Robin*eigenvalues
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ɷ → Ϭ

0

�ŝƌŝĐŚůĞƚ ĞŝŐĞŶǀĂůƵĞƐ ĨŽƌ ɏ
Bounded(sequences(of(eigenvalues(for(the(RP

Unbounded(sequences(of(eigenvalues(for(the(RP
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Behaviour*of*the*Robin*eigenvalues

13

ɷ → Ϭ

0

�ŝƌŝĐŚůĞƚ ĞŝŐĞŶǀĂůƵĞƐ ĨŽƌ ɏ
Bounded(sequences(of(eigenvalues(for(the(RP

Unbounded(sequences(of(eigenvalues(for(the(RP

Two(very(different(behaviours(for(the(eigenvectors(/(eigenvalues

•(layer(modes(/(unbounded(eigenvalues

•(non(localised(mode(/(bounded(eigenvalue
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Link*with*the*Interior*Transmission*Problem
A(formal(approach
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{
ȴŚɷ + ȿɷŚɷ = Ϭ ŝŶ ɏ

∂ʆŚɷ − ϭ
ɷ Ś

ɷ = Ϭ ŽŶ ∂ɏ

dĂŬĞ (Śɷ, ȿɷ) ƐƵĐŚ ƚŚĂƚ

Ansatz(for(the(eigenfuncIons(and(

eigenvalue:(

ȿɷ =
�

Ŭ=Ϭ

ɷŬȿŬ

Śɷ =
�

Ŭ=Ϭ

ɷŬŚŬ
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{
ȴŚɷ + ȿɷŚɷ = Ϭ ŝŶ ɏ

∂ʆŚɷ − ϭ
ɷ Ś

ɷ = Ϭ ŽŶ ∂ɏ

dĂŬĞ (Śɷ, ȿɷ) ƐƵĐŚ ƚŚĂƚ

Ansatz(for(the(eigenfuncIons(and(

eigenvalue:(

ȿɷ =
�

Ŭ=Ϭ

ɷŬȿŬ

Śɷ =
�

Ŭ=Ϭ

ɷŬŚŬ

Explicit!expressions!for!the!various!terms:
•(((((is(a(Dirichlet(eigenvalue(for(((((((((in(((

the(domain((

•((((((is(the(shape(derivaIve(of((((((((in(

the(normal(direcIon

•((...

�ȴ
ɏ

ȿϬ

ȿϬȿϭ
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{
ȴŚɷ + ȿɷŚɷ = Ϭ ŝŶ ɏ

∂ʆŚɷ − ϭ
ɷ Ś

ɷ = Ϭ ŽŶ ∂ɏ

dĂŬĞ (Śɷ, ȿɷ) ƐƵĐŚ ƚŚĂƚ

Ansatz(for(the(eigenfuncIons(and(

eigenvalue:(

ȿɷ =
�

Ŭ=Ϭ

ɷŬȿŬ

Śɷ =
�

Ŭ=Ϭ

ɷŬŚŬ

This(expansion(only(captures(the(non(localised(modes!

Explicit!expressions!for!the!various!terms:
•(((((is(a(Dirichlet(eigenvalue(for(((((((((in(((

the(domain((

•((((((is(the(shape(derivaIve(of((((((((in(

the(normal(direcIon

•((...

�ȴ
ɏ

ȿϬ

ȿϬȿϭ
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What*can*be*proven?
Link(with(the(ITEP
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Prop:([CakoniK(N.C.(K(Haddar]
&Žƌ ĞǀĞƌǇ ɷ > Ϭ ŝƚ ĞǆŝƐƚƐ ĂŶ ĞŝŐĞŶǀĂůƵĞ ȿɷ ƚŽ ƚŚĞ ZW ƐƵĐŚ ƚŚĂƚ

|ȿɷ � ʄϬ � ɷʄϭ| � �ɷϮ

&Žƌ ĞǀĞƌǇ ɷ > Ϭ ŝƚ ĞǆŝƐƚƐ ĂŶ ĞŝŐĞŶǀĂůƵĞ ȿɷ ƚŽ ƚŚĞ ZW ƐƵĐŚ ƚŚĂƚ

|ȿɷ � ŬϮɷ| � �ɷϮ

ǁŚĞƌĞ ŬϮɷ ŝƐ ƐŽŵĞ /d�
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•(Can(we(have(a(development(for(the(unbounded(sequences

•(Expansion(of(the(eigenvectors?

ȿɷ = − ϭ

ɷϮ
+ ??
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(AsymptoIc(development(of(the(first(ITE(with(convergence(esImates

(Explicit(formula(to(obtain(the(thickness(of(a(layer(from(the(first(ITE:

(Convergence(of(the(first(ITE(to(a(Robin(eigenvalue

Concluding*remarks*and*future*work
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(Extension(to(the(cavity(problem(with(Neumann(boundary(

condiIons?

(Use(the((RP)(to(obtain(more(from(the(ITE?
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Concluding*remarks*and*future*work
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(Extension(to(the(cavity(problem(with(Neumann(boundary(

condiIons?

(Use(the((RP)(to(obtain(more(from(the(ITE?

Thank$you!$

ɷ ! ŬϮɷ − ʄϬ
ʄϭ


