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Chapter 5
Prime number theorem

This chapter introduced the prime number theorem which states that the
relative error in the approximation m(z) ~ Li(x) approaches zero as x — oo?

It was well known that the prime number theorem could be deduced from
the following theorem that the relative error in the approximation t(x) ~ x
approaches zero as x — o0.

There are three main steps to prove the prime number theorem, first step is
to prove that there are no roots p on the line Re s = 1. The reason to prove

this is to show
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the limit of the sum could be taken termwise, so it is suffice to prove z¥ — 0
for all p.2

The second step is to show that ¢(z) ~ z, and the last step is simply duduce
that m(x) ~ Li(x) from ¢(x) ~ x.

Proof of the prime number theorem

1. Hadamard’s proof that Re p < 1 for all p

Consider the representation
log¢(s) = / x~°dJ(z)
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It is valid throughout the halfplane Re s > 1. The presence of zeros p of
¢(s) on the line Re s = 1 would imply the presence of points s = o + it
slightly to the right of Re s =1 where Re log(s) is near —oc.
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Iwhere Li(z) = lime_o [folfe dt_ S li]
2in the other words, Re p < 1 for all p



Now look at the series above, it has property that the sum of the terms
after the first is bounded by the nubmer
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for the entire halfpalne Re s > 1 including Re s = 1; therefore
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can approach —oo as ¢ \, 1 only if the first term approaches —oc. it
would follow that
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. Hence the object is to prove this is impossible. Hadamard proved it by
contradiction.

. Proof of ¥(z) ~ x

Consider von Mangoldt’s formula
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is obtained by evaluation the definite integral
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in two different ways, (it was shown in my last week’s report), so now it is
natural to expect tha thte antiderivative of von Mangoldt’s formula,

x .’E2 xp-&-l m—2n+1 CI(S)
t)dt = — — — — T + const
[ voa=5 -3 s - Y amy  a
could be obtained by evaluating the antiderivative of this definite integral
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in two different ways.

first way is to use the expansion —CC/((S)) =Y A(n)n°. This will give

S

- ,
atico pstlig

1
S A [ et

n=1
. Now by using the partial fraction
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this will give that

5t _Jx—n ifn<z
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therefore the ingetral becomes
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Second way to evaluate the intgral is by considering the fact
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So the integrand of the definite integral becomes?
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Usmg the formula for fo t)dt, it is easy to show that it is approximately

This will prove

Z- Notice Y "~ /p(p + 1) plus terms which goes to zero as x tends to
infinity. since Y. p~1(p + 1)~! converges absolutely and since |z*~1| < 1
(because Re p < 1).

3. Proof of the prime number theorem

From the my 2nd report there was a relation between 6(z) and ¢ (x) where
f(x) denote the sum of the logarithms of all primes p less than x. Further
the relationship between 6 and v is similar to the relationship of 7 and J.

The formula for ¢ and 8 is,
W(@) = 0(x) + (") + (") + (') + -

%, whereas s_%l use the first

expansion, in this way the numerator will only be the terms of z5+1

3when multiply out with % use the second expansoin for —



Now let € > 0 be given and let N be such that (1 —e)z < 6(z) < (1+¢€)x
whenever x > N.Then for y > > N it follows that
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Thus for fixed x that 7(y)/Li(y) is at most

(x) — 2ex(logz)~t — (1 + €)Li(x)
Li(y)

for all sufficently large y and similarly that it at least 1 — 2¢. Since € is
arbitrary, so Li(y) ~ 7(y)
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