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Chapter 3
Riemann’s main formula

This chapter shows how von Mangoldt proved Riemann’s main formula

J(z) = Li(x) — ZLi(mp) —log2 + /OO dt

t(t2 — 1)logt (z>1)

1. Von Mangoldt recast this formula in a simpler form which has virtually
replaced Riemann’s original statement. The derivation of the simpler form
are follows.

Consider the relationship

log((s) = /000 x~%dJ(x)

and then the use of

TIG s -1 = 3T (1-2)

P P

The function log((s) has singularities at all the roots, however it’s deriva-
tive ¢ (s)/¢(s) is analytic in the entire plane except for the poles a the
roots, the pole 1, and the zeros —2n. Hence

¢'(s)
¢(s)

Since the measure (logz)dJ(z) is a point measure which assigns the weight
log(p™(1/n) to prime powers p" and weight 0 to all other point. Thus it
can be written as a Stieltjes measure di)(a) where

Y(x) =Y logp

pr<z

¢(s) _ /O°° (@)

=— /OO x~*(logx)dJ (x)
0
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aj = — - - d 1
7 (logac zp: logr  x(2? — l)log:c> v (@>1)



which gives

dyp = (logx)dJ
= (1 — Zx"_l — Zaz—%_1> dx
p p
this leads to
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+ const (x>1)

2. Derivation of von Mangoldt’s formula for ¢ (x)

Conside —('(s)/¢(s) = s [~ ¢(x)z~*"'da’, Then put 1(z) in the form of
a definite integral
1 a-+1i00 _C/(S) st
2 [ C(s) } !

s
von Mangoldt proves the formula for ¢(x) by using two different ways
to evaluate this definite integral. Omne gives 9 (x), another one gives

x— > (2?/p) + Y (272" /2n) + const

a—100

The first method begins with
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and let A(n) denote the wight assinged ot the integer n by the measure
dip, i.e. A(n) is zero unless n is a prime power, therefore the intgral can
be replaced by

—¢(s) = 3 n)n=* es

substitude this back to the definte integral and assume termwise integra-
tion is valid, then

o0 a+ico R
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by the formula %f::l;o ﬁys% =y? if y > 1 (with 8 = 0), the
integral correspondingto n in htsi sumis 1 if z/n > 1 and 0 if z/n < 1.

therefore the sume is just

Y Aln) = 9(@)

n<x

Lto get this equation first consider the integral —(’(s)/((s) = [;° z~*di(z) and then
integrate it by parts



The second way to evaluate the integral is the following, consider the the

formula
Syr=s/2(s — . 3
I(5)m=2(s Ddﬁ—ﬂmgll ;
take log of it and differetiate to get,

d s 1 1 (s) 1
Liogri(Zy - 2 =
ds (2) g9+ (s—1) (s) Z 1- s/p ( >

p

using the formula II(s) = [[,—,(1 + s/n)"*(1 4+ 1/n)* and differentiate
termwise then gives,

—{'(s) = -1 1 1 1
0 ‘Ezsf Z;[s+%;+f@(1+n)}—2MW
with s = 0 it shows
_CC - —Z—I—Z{—i—log(l—i— )]—;Zogﬂ
so substraction gives
—¢'(s) _ - s ¢'(0)
((s) _Z p(s—p 2%@%@‘@)

substitude this back to the definite integral and assume thatermwise inte-
gration is valid, this gives the value

1 a+i00 a+i00 a+i00
27 Sy i 27i (s — Z 271 /a 2n (s+ 2n)
1ot 1 ¢(0)] ds
_ T -
2mi a—100 C(O) S
Now consider?
1 a+ioo ds 1 a—fB+ic0 dt
2 e _ b Pt
2m a—1ico S — /6 2mi a—pB—ioco

Re(a—p)+ioco dt
2m / t

Therefore the value can be ruduced when = > 1, to

xP x=2  (0)
PO P et

using change of variable t = s — (3



3. Prove of von Mangoldt’s formula

To prove the formula, need first to prove that the termwise integration
is valid, furthermore the series converge uniformly on any finite segment
[@ —ih,a+ih] (a > 0), so that the integral can be evaluate termwise on
finite segment. Lastly need to show that the limit of their sum as h — oo
is equal to the sum of their limits.

4. Numerical evaluation of the constant

Consider the function

I(—s) 2mi

too =11

¢(s) 1 /+°° (=z)° da

where the path are the same as in the 1st chapter. it will be shown that

1 [T (—x)(logx — iT) dz 0

271 J | o er —1 z

Let the path of integration be written as a sum of three parts as in chapter
1, so it becomes

1 [ (—z)(logxz —in) dx 1 (—z)(logx + 10 — im) d
27i Too e* —1 x| 2mi |z|=e e* —1 z
1 [ (—x)(logx + im) dx < dx
27 . er — 1 ?:7/6 er — 1
loge r dx 1 (™ =z

pd¢

2m Jip=e € — 1 @ 2 J_,e* =1
where 2 = €e/(?T™) in the last integral. the middle integral by the Cauchy
integral formula and the last integral approaches zero as € — 0.

Left with only the first integral, it can be evaluated directly,

> dx > = —nx
—/E 61_1——/6 (Ze Ydx = —

n=1

e

w =

62

=log(l —e € =log(e — B + =)

o™

= loge + log(1 — g)

In this way loge’s cancel and the limit as € — 0 of the remaining terms is
zero. which proves

1 oo (—z)(logx — im) dv 0
27 J 1o er —1 r




Then by taking the log of functional equation

((s)/M(=s) = (2m)*~1((1 — s)2sin(ns/2)
Since its derivative is zero at s=1, it’slogrithmaic derivativ

¢'(1—3s) n m cos(ms/2)

log(2m) — C(1—s) ' 2sin(rs/2)

aslo is zero at s=1, which gives

¢'(0)/¢(0) = log2



