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Principle of Birch and Swinnerton-Dyer for elliptic curves E/Q:

L(E,1) # 0= E(Z) is finite.

Does this extend (in some sense) to hyperbolic curves?




Context:
S': a finite set of primes including archimedean one.

X/Q hyperbolic curve with good reduction outside S. That is, X is
the generic fiber of a smooth projective Zg-curve with an étale

divisor (possibly empty) removed, and X (C) is a connected

hyperbolic Riemann surface.

Fix a point b € X (Zg).




Need to study map

X(Zs)—H* (-, m(X,b))

x— [m(X;0,x)]
in various contexts.

Grothendieck’s letter to Faltings discusses case of
71 (X, b).

Conjectured this map to be bijective (in the compact case), and
connected to a proof of finiteness.




Can also take m; to be the motivic fundamental group, consisting of
compatible systems of pro-unipotent completions. Arrive at a

fundamental diagram:

X(Zs) <

u
K;TL

Hi(T




The
Hf ( Uet)

are local and global Selmer Varieties. The subscript ‘ f’ refers to
local conditions imposing that torsors be unramified outside
T = SU{p} and crystalline at p.

Whenever

dimH (T, USY) < dimH } (T, UY)

get finiteness for X (Zg). (Inequality is implied by standard motivic

conjectures.)




But should eventually use non-abelian fundamental groups to find
points, via a non-abelian method of Chabauty and non-abelian

descent.

Non-abelian BSD should fall into this circle of ideas. (Note that

Grothendieck’s conjecture is an extension of the finiteness

conjecture for Tate-Shafarevich groups.)




Consider
X == B\ {0},

where F/Q is an elliptic curve with complex multiplication by an

imaginary quadratic field K.

Coates and Wiles resolved (part of) BSD for E using the ‘method
of p-adic L-functions’.

Can use parallel ideas to give somewhat explicit finiteness for
X(Zs).




Notation:

I = Gal(Q/Q)

N := Gal(Q/K)

p = 77 a prime of good reduction for E, split in K
I'y = Gal(Qp/Qp)

M = K(E[r*®]), M = K(E[7>])

G =Gal(M/K), G=Gal(M/K)

A =7Z,y[[G]], A=1Z[G]

Y : A—Q, defined by action of G on T (F)
Y : A—Q, defined by action of G on Tx(FE)
Vo, =T,(E) ®Q, Vg, etc.




Have corresponding p-adic L-functions:

L,eN, L,eA




p-adic polylogrithms for E:
For differentials o, 8 of second kind for X, define

P, (2) = /b o

Pr(z) = /bz B"«

These are locally analytic Coleman functions on X (%Z,).
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Corollary 0.1 There is a non-trivial polynomaial

J = f(Paﬁ)

of the P,,, P, restricting to a non-zero convergent power series on

each residue disk of X(Z,), such that

f(z) =0
for each point z € X(Zs) C X(Zy).




r = dimH (T, V,(E))
s = |5]

Corollary 0.2 Suppose ¥ ~%(L,) # 0 and v=*(L,) # 0 for all
k > 0. Then there is a non-trivial polynomial

J = f(P7ﬁ>

of the P, 75n, for n < r + s, restricting to a non-zero convergent

power series on each residue disk of X(Z,), such that
f(z) =0
for each point z € X(Zs) C X(Zy).




Remarks:

-The non-vanishing hypothesis is a folklore conjecture.

-The polynomial f seems in principle computable.




U: Q,-pro-unipotent étale fundamental group for (X, b).
Ul=U,U"=[U,U"].

U, = U/U™L.

Fundamental diagram:

X(2s) =  X(Zp)

3 3
HNT,U,) — HNTpUy)

z s [ (X3 b, 2)]




U is somewhat complicated. Replace with a quotient
U - W

with the property that
U2 ~ W2

and

Wn/Wn—l—l ~ wn—2(1) D ?ﬁn—2<1)

viewed as a representation of I' in the natural way.



Construction:
I' =N < o >, where ¢ is complex conjugation.

Choose a Q,-basis e of T (F) ® Q, so that f := o(e) is a Q,-basis
of Tﬁ- (E) & Qp.

Recall that
U = LieU

can be realized as the primitive elements in

T(Uy) =T(Vp)

where T'(- - -) refers to the tensor algebra (but with a different

Galois action).




For example, if v € N, then

vle, [e, f1] = ¥ (7)*¥(7)]e, [e, f]] + Lie monomials of higher degree

and
ale, le, fll = f, |f, e]] + Lie monomials of higher degree

That is, U has a bi-grading

U= Dij>1lU;

corresponding to e and f degrees, but which is not preserved by the
Galois action.




However, easy to check:

Usn,>m = Di>n,j>mUi,j

is preserved by IV, while

U(uZn,Zm) — uZm,Zn

So
U>n, >n
is Galois invariant for each n.

Furthermore, it is a Lie ideal.




Hence, there is a well-defined quotient W of U corresponding to

UU>2 >2

We then see that

Wn/Wn—l—l
~<ad(e)" () > @ <ad(f)" () > (mod W™
~ "2 (1) @ P 3(1)




Fundamental diagram can thus be extended to

X(Zs) =  X(Zp)
- -

HYT,U,) — HHTpUy)

l l
HYT,W,) — HHTp Wa)




The map
In X(Zp>_>H}(va Wn)

is described by non-abelian p-adic Hodge theory:

Hi(Tp, Wy) = FO\WLPE

according to which

ju(Coordinate ring of H; (T, Wy,))

is contained in the ring generated by P,,, P, for m < n.




Meanwhile:

Theorem 0.3

dimH (T, W) < dimH ;(T',, W,,)

for n >> 0.




Also:
Theorem 0.4 Assume

(*) ¥7F(L,) # 0 and p=(L,) # 0 for all k > 0.
Then

dimH (T, W) < dimH ;(T',, Wy,)

forn=r+s.

The earlier corollaries follow immediately from the theorems.




Proof of theorem uses main conjecture for K. We will concentrate
on (0.4).

We need the exact sequence
0—W" /Wt W, =W, _1—0
As for the Hodge filtration,
dimWPE/FO =1

and
FO[(WDR)n/(WDR)n+1] — 0

for n > 2, so that

dimH; (T, Wy) =24 2(n —2) = 2n — 2

for n > 2.




Meanwhile,
dimH; (T, W) =r

dimH (T, W /W?) = dimH} (I, Q,(1)) = s — 1

so that
dimH}(F,Wg) <r4+s-—1

As we go down the lower central series, we have, in any case, the
Euler characteristic formula (recall T = S U {p})

dimH (D, W™ /W) — dimH?(Tp, W™ /W)

= dim(W"/Wn"thH)e="1 =1

and

H} (1-\, Wn/Wn—l—l) _ Hl (FTy Wn/Wn—l—1>

for n > 2, so we need to compute the H? term.




Claim (still assuming (*)):
H?* T, W /W™t =0
for n > 3.

Clearly, it suffices to prove this after restricting to Np C I'y with

obvious notation. Then we have

Wn/Wn—l—l ~ wn—2(1) D ?ﬁn—2<1)

We will show
H?*(Np, 9" %(1)) =0

for n > 3.




Consider the localization sequence

0—Shaz ("% (1))—H? (N7, 9" ~*(1)) = ®yr H* (No, " (1))

that defines the vector space Sha?(¢¥" 2(1)). By local duality,
H?(Ny, " *(1)) = H(Ny, 9 7")" =0

since the representation ¥?~" is potentially unramified or

potentially crystalline.




So we have

H*(Nr, "~ *(1)) = Shaz (4" ~*(1)) = Shag(*~")"

by Poitou-tate duality. But
Shar(*™") ~ Homp (A ® Q,9*7")

where A is the Galois group of the maximal abelian unramified
pro-p extension of M (= K (FE|[n*°])) split above the primes dividing
T.




In particular, A ® Q is annihilated by L,.

Since we are assuming ?~"(L,) # 0 for n > 3, we get the desired
vanishing:
H?*(Np,y"™%(1)) =0

Similarly,
H?*(Np,9"7%(1)) =0

Finally, we conclude that
dimH (T, W™ /W) =1

for n > 3 so that

dimH;(T,W,) <r+s+n—3

for n > 2.




Thus,

Hi(Tp,Wy) =2n—2>r+s+n—3=dimH;(,W,)

as soon asn_>r-+s.




Note that even without (*), we have

P T(Lp) #£0 YPT(Ly) £ 0

and hence,
H?(Tp, W™ /W"th) =0

for n sufficiently large. Therefore,

dimH (T, W,,) < dimH; (T, W)

for n sufficiently large, yielding finiteness of
X(Zs)

In any case.



Key point is the non-abelian method of Coates and Wiles whereby

non-vanishing of L-values leads to bounds for global Selmer

varieties.




