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Abstract

For an elliptic curve over Q of rank 1, integral j-invariant, and suitable finiteness in the Tate-
Shafarevich group, we use the level-two Selmer variety and secondary cohomology products to
find explicit analytic defining equations for global integral points inside the set of p-adic points.
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The author must begin with an apology for writing on a topic so specific, so elementary, and so
well-understood as the study of elliptic curves of rank 1. Nevertheless, it is hoped that a contribution
not entirely without value or novelty is to be found within the theory of Selmer varieties for hyperbolic
curves, applied to the complement X = E \ {e} of the origin inside an elliptic curve E over Q with
Mordell-Weil rank 1. Assume throughout this paper that p is an odd prime of good reduction such
that III(F)[p>°] is finite and that E has integral j-invariant. All of these assumptions will hold, for
example, if E has complex multiplication and ords—1 L(E, s) = 1.

Let &£ be a regular Z-model for E and X the complement in & of the closure of e. The main goal
of the present inquiry is

to find explicit analytic equations defining X (Z) inside X (Zp).

The approach of this paper makes use of a rigidified Massey product in Galois cohomology!. That is
the étale local unipotent Albanese map
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X(ZP) - H}(Gpv Us)

to the level-two local Selmer variety (recalled below) associates to point z a non-abelian cocycle a(z),
which can be broken canonically into two components a(z) = a1(z) + a2(2), with a1(z) taking values
in

Ul ~ Hl(X,Qp) >~ Hl(E,Qp) >~ TP(E) ® Q;D
and az(z) in U\U? ~ Q,(1). Denoting by ¢? : G,—Q, the logarithm of the p-adic cyclotomic

character, we use a Massey triple product

2 (P a1(2),01(2)) € H*(Gp, Qp(1)) ~ Qp

to construct a function on the local points of X. Recall that Massey products are secondary cohomol-
ogy products arising in connection with associative differential graded algebras (A, d): If we are given
classes [a], [0],[y] € H'(A) such that

[[8] = 0 = [B][Y],

IThe reader is invited to consult [7] for the corresponding construction in Deligne cohomology and [27] for a Giy,-
analogue.




we can solve the equations

de =af, dy=py
for z,y € A'. The element

Ty 4+ ay € A
satisfies
d(zy 4+ ay) = dxy — ady = 0,

so that we obtain a class

[z7 + ay] € H*(A).

Of course it depends on the choice of x and y, so that the product as a function of the initial triple
takes values in

H*(A)/[H'(A)] + [o] H' (A)].

The elements x and y constitute a defining system for the Massey product. It is possible, however,
to obtain a precise realization taking values in H?(G,,Q,(1)) in the present situation, starting from
a non-abelian cocycle a = a; + as with values in U,. For this, we make use, on the one hand, of the
component ag, which is not a cocycle but satisfies the equation

das = —(1/2)(&1 U al).

That is to say, the cochain —2as is one piece of a defining system, already included in the cocycle a.
On the other, the equation for the other component b of a defining system looks like

db=c"Uay.

At this point, the assumption on the elliptic curve comes into play implying that a; is the localization
at p of a global cocycle

lob
af”
with the property that the localizations af"*”" at all primes [ # p are trivial. Since ¢? is also the

localization of the global p-adic log cyclotomic character ¢, we get an equation
db=cU aﬁ’lOb

to which we may now seek a global solution, i.e., a cochain b on a suitable global Galois group. The
main point then is that our assumptions on F can be further used to deduce its existence. Having
solved the equation globally, we again localize to a cochain b9'°®P on the local Galois group at p. It
is then a simple exercise to see that the Massey product

bIP U ay + P U (—2as)
obtained thereby is independent of the choice of b9/, giving us a well-defined function
PP H}(Gpv UQ)_’H2(GP’QP(1)) ~ Qp.

This function is in fact non-zero and algebraic with respect to the structure of H}(GP,UQ) as a
Qp-variety. The main theorem then says:

Theorem 0.1
D -et
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vanishes on the global points X(Z) C X(Zy).



This result suffices to show the finiteness of integral points. However, the matter of real interest is
an explicit computation of the composition P o j;floc. At this point, the log map to the De Rham
realization will intervene, and the third section provides a flavor of the formulas one is to expect. To
get explicit expressions we choose a global regular differential form « on E and a differential 3 of the
second kind with a pole of order two only at e € E and with the property that [—1]*(8) = —3. There
are then analytic functions

log.(2) = | “a, logy(z) = /6 Do) = [ "ap,

on X(Z,) arising via (iterated) Coleman integration.

Corollary 0.2 Suppose there is a point y of infinite order in £(Z). Then
X(Z) C E(Zp)
is in the zero set of
(log, (y))*(D2(2) — (1/2)log, (2) logs(2)) — (log, (2))*(D2(y) — (1/2)log, (y) logs(y))-

We obtain thereby a rather harmonious constraint on the locus of global integral points, albeit in an
absurdly special situation. In fact, the theorem itself implies that the function of z

(Da(y) — (1/2)log, (y) logs(y))
log,, (y)?

(D2(z) — (1/2)log, (2)logs(z)) — (logq (2))?
is independent of the choice of y. However, in its present formulation, it requires us to have in hand
one integral point before commencing the search for others.

Perhaps naively, the author has believed for some time that a satisfactory description of the set
of global points is possible even for general hyperbolic curves, compact or affine, by way of a non-
abelian Poitou-Tate duality of sorts, coupled to an non-abelian explicit reciprocity law (cf. [15]). As
yet, a plausible formulation of such a duality is unclear, and more so the prospect of applications
to Diophantine problems. What is described in the following sections is a faint projection of the
phenomenon whose general nature remains elusive, a projection made possible through the most
stringent assumptions that are compatible still with statements that are not entirely trivial. For the
tentative nature of this exposition then, even more apologies are in order.

1 Preliminary remarks

Within the strictures of the present framework, it will be sufficient to work with the Selmer variety
associated to Uy = U3\U, the first non-abelian level of the Q,-pro-unipotent fundamental group

U:= w?’Qp (X,b)

of
X =X Xgpec() Spec(Q)

with a rational tangential base-point b pointing out of the origin of E [5]. Here, the superscript refers
to the descending central series (in the sense of pro-algebraic groups)

ut=vu, Ut =[U,U"
of U while the subscript denotes the corresponding quotients

U, =U""TN\U.



In particular, there is a canonical isomorphism
U ~ Hl()_(,(@p).
But since X is missing just one point, the map
Hl(Xa Qp)HHl(Ea Qp)
is an isomorphism when base-changed to C, and hence, is an isomorphism. That is, we have
Uy~ Hi(X,Q,) ~ Hi(E,Q,) ~ T,E ®Q,.

There is also an exact sequence
0—U\U?—=Uy—U;—0.

The commutator map induces an anti-symmetric pairing
Uy @ U —U\U?,
which therefore leads to an isomorphism
UN\U? = A2H, (B, Q) ~ Q,(1)
as representations for G = Gal(Q/Q). The logarithm map
log : U—L := LieU

is an isomorphism of schemes allowing us to identify Us with Ly = L?\L, which, in turn, fits into an

exact sequence
0— L3\ L?— Ly—L;—0.

If we choose any elements A and B of Ly lifting a basis of Ly, then C := [A, B] is a basis for L3\ L.
Using the Campbell-Hausdorff formula, we can express the multiplication in Us, transferred over to L
via the logarithm, as

(@aA+bB+cC)*(dA+bB+C)=(a+ad)A+ (b+V)B+ (c+ +(1/2)(ab —ba))C.

Given such a choice of A and B, we will also denote an element of Ly as [ = I + s where [ is a linear
combination of A and B while I3 is multiple of C. In this notation, the group law becomes

(I + 1) * (I +15) = 1) +13,

where I{ =11 +1] and 1§ = I+ 15+ (1/2)[l1,1;]. We simplify notation a bit and put Z := L3\ L?. The
Lie bracket
[', ] : L2 X L2—>Z

factors to a bilinear map
Ly ®L1—Z,

which we denote also by a bracket.
Lemma 1.1 Let p be an odd prime. There is a G-equivariant vector space splitting
S Ll‘—>L2

of the exact sequence
0—Z—Lso EN L1—0.



Proof. Denote by 4 the involution on E that send x to —x for the group law. The origin is fixed and
¢ induces the antipode map on the tangent space T := T.(E). In particular, we get an isomorphism

i W?’Qp (X,b) ~ W?’Qp (X, —b).

Consider the 7 (X, b)-torsor of paths (for the pro-finite fundamental group) #;(X;b, —b) from b to
—b. By definition, we have -
71(X; b, —b) := Isom(Fp, F_p).

Recall briefly the definition of F, for v € T = T'\ {0} ([5],section 15). F, associates to any cover
Y — X, the fiber over v of the corresponding cover (‘the principal part’)

PrY)-T'=T"®Q,

of TY. Now, choose an isomorphism z : T ~ Al that takes b to 1. Then we get an isomorphism
(T9,b) ~ (G, 1) and the pro-p universal covering of T is the pull-back of the tower

()" : Gp—Gyp.

But then, the inverse image of —1, that is z7!(—1), in each level of the tower gives a compati-
ble G-invariant sequence of elements and trivializes the torsor #;(7°;b, —b). Hence, its image in
71 (X; b, —b) will also be a trivialization. We then take the unipotent image of this trivialization to get
an isomorphism ¢ : wlu’Qp (X, —b) ~ wqf’Qp (X,b). Note that in the abelianization, we have the canonical
isomorphisms
w9 (X, —b)* ~ H)(E,Q,) ~ =% (X, b).
Furthermore, for an étale cover Y —FE, the principal part Pr(Y)—T? extends to an étale cover of
T, and hence, is trivial. So the image of ¢ acting on H;(FE, Qp) is the identity. Therefore, we have
constructed an isomorphism [ := t o4, : Uy ~ Uy that lifts the map x — —x on U;. This gives a
corresponding Lie algebra isomorphism
LQ ~ LQ,

which we will denote by the same letter I. Since Z C Lo is generated by the bracket of two basis
elements from Li, we see that I restricts to the identity on Z.
Now we define the splitting by putting

s(z) = (1/2)(a’ - I(a"))

for any lift 2’ of x to L. Since another lift will differ from 2’ by an element of Z on which I acts as
the identity, the formula is independent of the lift. We can then use this independence to check that
the map is linear. If 2’ and 3’ are lifts of x and y, then Az’ + py’ is a lift of Az + py. So

s(Az + py) = (1/2)(Aa" + py" — I(Aa" + ') = M1/2) (2" = I1(2")) + n(1/2)(y" = I(y"))-

Similarly, if g € G, then g(z') will be a lift of g(x), so that

s(g(x)) = (1/2)(g(2") = I(g(2"))) = (1/2)(g(z") — g(I(z")) = g(s(x)).

O

We will use this splitting to write
Lo=L1® 7

as a G-representation, so that an arbitrary [ € Le can be decomposed into [ = I3 + lo as described
above, except independently of a specific basis of L;. Using the identification via the log map, we will
abuse notation a bit and write u = u; + u9 also for an element of Us.



For any A € Q,, we then get a Lie algebra homomorphism
m(A) : La— Lo

by defining
m(A) = Ny + Ny,

which is furthermore compatible with the G-action. Thus, m(\) can also be viewed as a G-homomorphism
of Us. We note that the extra notation is used for the moment to distinguish this action of the mul-
tiplicative monoid @Q,, from the original scalar multiplication.

We recall the continuous group cohomology [16]

HY(G,Uy) := U\Z (G, Us).
The set Z1(G, Uy) of continuous 1-cocycles of G with values in Us consist of continuous maps
a:G—U;
such that
a(gh) = a(g)ga(h).
Using the identification of Us with Ly = L1 @ Z just discussed, we will write such a map also as
a=ai;+ as
with a; taking values in L; and ag values in Z. The cocycle condition is then given by
a1(gh) + a2(gh) = (a1(g) + az(g)) * (gar(h) + gaz(h))
= a1(g) + gai(h) + az(g) + gaz(h) + (1/2)[a1(g), gar (h)].
In fact, given two cochains ¢, ¢’ with values in L1, we define
(cud)(g,h) = le(g), g¢' (M),
a cochain with values in Z. The cocycle condition spelled out above then says that

(1) a1 is a cocycle with values in Lq;

(2) az is not a cocyle in general, but satisfies
gaz(h) — az(gh) + az(h) = —(1/2)la1(g), gar (h)],
or, recognizing on the left hand side the differential of the cochain as,
das = —(1/2)(a1 U ay).

This can be viewed as a Galois-theoretic Maurer-Cartan equation (called the deformation equation in
the introduction to [9], where a differential geometric moduli space of principal bundles is constructed).
So even when we have split the Galois action and considered values in a Lie algebra, the non-abelian
group structure imposes a condition on the cochains that come together to form non-abelian cocycles.
The cohomology set is then defined by taking a quotient under the action of Us:

(u-a)(g) = ualg)g(u™).

This discussion carries over verbatim to various local Galois group G; = Gal(Q;/ Q) as [ runs over the
primes of Q, which all act on U via the inclusion G;—G induced by an inclusion Q—@Q;, and leading
to the cohomology sets H (G, Us).



Now we choose p to be an odd place of good reduction for E and denote by T the set S U {p},
where S is a finite set of places that contains the infinite place and the places of bad reduction for F.
We let Gr = Gal(Qr/Q) be the Galois group of the maximal extension of Q unramified outside T'.
In previous work [4, 16, 17, 18, 19, 20|, we have made use of the Selmer variety

H}(G,Uz) € HY(Gr,Uz) C HY(G,Us).

By definition, H} (G, Us) consists of cohomology classes that are unramified outside T' and crystalline
at p. Associating to a point z € X (Q) the torsor of paths

% (X0, 2)

defines a map
X(Q)—H'(G,Us)

that takes X(Zs) C X(Q) to H}(G,U).

Lemma 1.2 Let | # p, and G; := Gal(Q;/Q;). Then on the globally integral points, the map
X(Z)—H}(G,Us)—~H'(Gi,Us)

1s trivial.

Proof.
In fact, we can show that the image of

X(Z)—HY(Gy,Uy)

is trivial for all n.

By the assumption on integrality of the j-invariant, E has potentially good reduction everywhere.
We fix a normal subgroup N C G| of finite index such that E has good reduction over the fixed field
of N. Then by [20], p. 230-231, the image of

X(Z))—H"(N,U,)

is trivial. That is, if a(x) is a cocycle on G corresponding to a point z € X(Z;), then thereis a u € U,
such that
a(z)(h) = v h(u)

for all h € N. That is,
b(x)(g) = ua(z)(g)g(u™")

is a cocycle that represents x and b(x)(h) = e for all h € N. Note also that
b(x)(gh) = b(z)(9)gb(x)(h) = b(x)(g)ge = b(x)(g)
for all g € G,h € N. Therefore,
hb(z)(g) = b(x)(h)hb(x)(g) = b(x)(hg) = b(x)(9(9~" hg)) = b(z)(g)

for all g € G,h € N. That is, all b(z)(g) lies inside the N-fixed part of U,. However, since all terms
in the descending central series filtration of U, have negative weight, we see that the N-fixed part
reduces to the identity. Therefore, b(z)(g) = e and [a(x)] € H* (G}, U,,) is trivial. O

Note that the proof of the Lemma uses the fact that the kernel of

Hl(Gla Un)_’Hl(Na Un)

is the image of H(G;/N,U2) even in a non-abelian situation.



Denote by
Hj4(G,Us) C Hi(G,Us)

the fine Selmer variety, defined to be the intersection of the kernels of the localization maps
H}(G,Uy)—~H"(Gy,Us)
for all [ # p. Then the previous paragraph says that the image of
X(Z)—H} (G, Uy)
lies inside
H} (G, Us).

The action of ), discussed above is G-equivariant for any of the groups G acting, and hence,
induces an action on H (1 )(-, Us) for any of the groups under discussion, which we will denote simply

as left multiplication (since here, the danger of confusion with the original scalar multiplication does
not arise). By the formula for m(\), at the level of cocycles,

Aa = )\CLl + AQCLQ.
Note that this action preserves the condition

da1 = (—1/2)[0,1,&1].

2 Construction

Although we will not make use of this fact, the products to be constructed below can be viewed as
Massey products in the associative algebra of continuous group cochains with values in a graded Lie
algebra constructed as follows.

A=1L51)2Qy(1) & L.

A is a direct sum of five terms,
A DA 1D AP AL D Ag,

where Al = Ll, AQ = L3\L2 >~ Qp(l), A,1 = Ll >~ Af(l), A,Q = Q;D >~ A;(l), and AO = Qp(l)
The Lie bracket is the original one on A; & A, and trivial on A_s & A_1. Ap is central. The bracket
between the plus part and the minus part is defined as follows:

A,Q X A1—>A,1

and
A,Q X A2—>A0

are scalar multiplication, and
A ®A =L1®Li—A)=Qy(1)
is induced by the Lie bracket followed by the Weil pairing. Finally
[A_1, A3] = 0.

For the purposes of this paper, it is useful to observe that the graded-commutative multiplication thus
defined is in fact associative. The only non-trivial triple product occurs between elements ¢ € A_s,
x,y € Aj, where the associativity immediately follows from the definition. So we can simply regard
the graded Lie algebra as a graded associative algebra, and hence, avoid the discussion of Massey
products for Lie algebras in this paper.



Using this, we can also put the structure of an associative graded algebra on cochains with values
in A. The cochain complex C(G, A) of a group G with values in A is defined in the standard way as

CY(G,A):={c : c:G'—A},

where the maps are required to be continuous. It is graded by assigning degree i + j to C*(G, A4;).
We define the product of a € C*(G, A) and b € CV(G, A) by

aUb(g1,92,---,9i+5) = alg1,---,9)9192 - gib(g141 - - -, Gis)-

We must check associativity for a € C*(G, A),b € CI(G, A),c € CK(G, A):
[aU (bUO)(g1,92: -, Gitjtr) = algrs .-, 9i)g1 -+ gi[bU c(git1, - - - s Gijrn)]

=a(g1,---,91)91 Gilb(git1s - -+, Gitj)Git1 Gt C(Gitjt1s - Gitjrh)]
=a(g1,- 591091 Gib(Git1s -+, 9itj)g1 -+ GiGit1 it C(Gitj+1s- -+ Gitjth)
= (aUb)(91s---,9i+5)91 " GiGit1** GitsiC(Gitj41s - - - s Gitjth)
=[(@ud)Ucl(gr,-- ., gitjtr)-
The differential on C(G, A) is defined in the standard way: for a € C™(G, A),

n

da(gr,. s gni1) = g10(g2, -+, gnr1) + Y (=1)'alg1, -+, gigi1s - gni1) + (1) algr, . gn).
=1

One may find in [24], 1.4, the proof that we get thereby a differential graded algebra, i.e., that
d(aUb) = (da) Ub+ (—1)"a U (db),

if a € C™(G, A). However, since that reference treats homogeneous cochains, we check this directly
when a,b € C'(G, A), which is the only case we will need.

d(aUb)(g1,92,93) = g1((a U b)(g2,93)) — (a Ub)(g192,93) + (a Ub)(g1,9293) — (a UDb)(g1,92)

= g1a(92)9192b(g3) — a(g192)9192b(g3) + a(g1)g1b(g2g3) — a(g1)g1b(g2)-

Meanwhile,
(da) Ub(g1, 92, 93) = da(g1,92)9192b(g3) = (g1a(g2) — a(grg2) + a(g1))g192b(g3)

= g10(92)9192b(93) — a(g192)9192b(g3) + a(91)g192b(g3),

and
—aUdb(g1, 92, 93) = —a(g1)g1(g92b(g3) — b(g2g3) + b(g2))

= —a(91)91920(g3) + a(g1)g1b(g293) — a(g1)g1b(g2),
from which one easily reads off the desired equality.

(i) Global construction
First note that

Lemma 2.1 H?(G7,L;) = 0.



Proof
If we consider the localization map

OHIH%(Ll)—)H2(GT;L1)—> 69'UGT H2(G’U;L1)a
we see that
H?*(G,, L) ~ H*(G,,L1)* =0

(note that L}(1) ~ L) for all v. This is a consequence of the fact that the weight of L1 is —2 for
v # p, and at p,
H°(G,, L1) = Homg, (Qp, L1) = Homasp(Q,, D (L1) = 0,

because L; is a crystalline representation ([8], 5.2, theorem (i)).
On the other hand, the kernel I112.(L;) is dual to the kernel I11}%.(L;) of the H'-localization

OHIH'}(Ll)—)Hl(GTa Ll)—> 69'UGT Hl (G’U; Ll))
which then must lie inside the Q,-Selmer group

H} (G, Ly) = (lim Sel(E)[p") © Q.

n

However, because of our assumption that the Tate-Shafarevich group of E is finite [22], we have
E(Q) ®Qp = Hyo(G, L).

Hence, since rankF(Q) = 1, there is an injection
Hj (G, L1)—H" Gy, L),

from which we deduce that IIT%(L;) = 0. Therefore, II12.(L1) = 0 and H*(Gr,L1) = 0. O
Note that the vanishing of H? requires the assumptions on the rank and the finiteness of III. We
will now use this important fact to

(1) Construct refined Massey products for global cohomology; the key point is that for any global
class a € H'(Gr, Ly), the cup product with a class if H*(Gr,Q,) is necessarily zero, allowing us to
being the construction of Massey products.

(2) Use the rank one assumption to represent local cohomology H'(G), L1) uniquely by a global
class. This allows the construction of Massey products for local cohomology.

Let x : Gr—Z, be the p-adic cyclotomic character and ¢ := logx : Gr—Q,, regarded as an
element of H'(G7,Q,). For any point z € X(Zs), let a(x) be a cocycle representing the class of

w?’Qp (X;b,2) in HY(Gr,Us). Write
a(z) = a1(z) + as(z)

as indicated in the previous section. Then ¢ U a;(z) represents a cohomology class in H?(Gr, L1).
Since this group vanishes, we can find a cochain b, : Gp— L such that

db, = cUay(z).

Define a two-cochain
¢m : GT X GT—>Z

by putting
¢z = by Uay(z) — 2¢U az(z).

Lemma 2.2 ¢, is a cocycle.

10



Proof. Since a(x)1 and ¢ are cocycles, we have
do, = db, Ua(x); +2cUda(x)s = cUa(x); Ua(x); —cUa(x); Ua(x); =0.

O
Our construction of ¢, depends on the auxiliary cochain b,, and hence, gives a class

[¢2] € H*(Gr, 2)/[H (Gr, L1) Uai(x)]-
Lemma 2.3 The class [¢,] is independent of the choice of cocycle a(x).

Proof. Obviously, the subspace H'(Gr, L1) Ua1(x) depends only on the class of ai(z), and hence, on
the class of a(x). Now we examine the action of Us. To reduce clutter, we will temporarily suppress
z from the notation for the cochains. Write u = uq 4+ us. Then

ua(g)g(u") = (u1 + uz) * (a1(g) + az(g)) * (—gur — gus)

= (u1 + a1(g) + u2 + az(g) + (1/2)[u1, a1(g)]) * (—gu1 — gus)
= ai1(g) +u1 — gur + az2(g) + uz — guz + (1/2)[u1, a1(g)] — (1/2)[a1(g), gu1] — (1/2)[u1, gu1l.

The Li-component of this expression is a; —du1, where we view the element u; € L as a zero-cochain.
Thus, the previous choice of b, can be changed to b, + ¢ U uq, since

d(cUuy) =dcUu; —cUduy = —cduy.
The resulting two-cocycle changes to
(by +cUui)U(ag —duy) —2cUaz +2cUdus —cUr +cUs+cUt

=¢s+[cUuyUag — b, Udug —cUuy Uduy +2cUduy —cUr+cUs+cUt],

where r, s,t are the functions Gp—Z defined by

T(g) = [ulaal(g)]a S(g) = [al(g)vgul]a t(Q) = [ulagul]'
Within the discrepancy, the term 2c¢ U dus = —2d(c U u) is clearly a co-boundary. Also, we see that

t = w1 U duy, ridding us of two terms. We have

cUuy Uai(g, h) = [cUui(g), gar(h)] = [c(g)gu, gar (h)],
while
cUr(g,h) = c(g)gr(h) = c(g)glur, ar(h)] = c(g)lgu1, gai(h)],

causing two more terms to cancel each other. Finally, it remains to analyze the difference cUs—b;Udu; .
But
d(bz U ul) = dbx U Uy — bx U dul,

so that up to a co-boundary, we can replace b, Uduj by db, Uuy = cUa; Uui. We can then compute
the value
cUa U ul(ga h) = [C U al(gv h)a ghul] = [C(g)gal(h’)a ghul]v

which is verified to be equal to

cUs(g,h) = c(g)gs(h) = c(g)glai(h), hui] = c(g)[gai (h), ghu].

Therefore, the difference ¢ U s — b, U duy is a coboundary. O
Given a global cohomology class or cochain s, we will denote by s' its localization at the prime I,
that is, its restriction to Gj.
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Lemma 2.4 The subspace H (Gr, L1) Uai(x) of H*(Gr,Z) is zero.

Proof. Recall that Z ~ Q,(1). Because a1 (x) is the class of a point and we are taking Q,-coefficients,
ai(z)! = 0 for all [ # p. Thus, for any r € H* (G, L1), we have (r U ay(x))! = 0 for all [ # p. This is
of course also true for the archimedean component since p is odd. Thus, the only possible component
of rUay(x) that survives is at p, which then must be zero since

Z(r Uai(x)), =0,

v

from the exact sequence
0—H?(Gr,Qp(1))— &, H*(Gy, Q,(1))—Q,—0.

The injectivity on the left of the sequence also shows that r» Uai(xz) =0. O

The reciprocity sequence for H? in the proof will also be the main component in the proof theorem
0.1.

By the preceding lemma, we have a well-defined class

[(bz] € H2(GT7 Z)

Lemma 2.5 Letl # p. Then
[(bac]l € H2(Gl7 Z)

can be computed locally in the following sense: Choose any local representative t(x) for the class [a(z)]!,
and let s : Gi—L1 be any local cochain such that ds = cdu ti1(x). Then

[ba]' = [s Uti(z) — 2¢' Uta(a))].

Proof. The class modulo
Hl(Gl, Ll) U tl(x)

will clearly be independent of the choice of ¢ and s. Since [t;(x)] = [} ()], we have
Hl(Gl, Ll) Uty (ac) =H' (Gl, Ly)u al(x).

But, as we pointed out above, a} (z) is the trivial class. Therefore, the class in H2(G}, Z) is independent
of the choices. In particular, local choices s and ¢ will give the same class as the localization of the
global choices a and b. O

(ii) Local construction

We will now make use of a point y € E(Q) of infinite order. Since
E(Qp) ® Qp = Hy(Gy, Un)
(13]), for any class s € H} (G, Us), its component s; € H} (G, Ur) is a @, multiple of af (y):
s1.=A(s)ay (y),

for some A(s) € Q. In particular, s; = 2} for some cocycle z; : Gr—L; such that [z1]! = 0 for all
l # p. By the theorem of Kolyvagin cited earlier, the equation

db = cU (A(s)x1)
has a solution b9!°* : Gp—L;. Thus, we get a class

PP (s) := [b9°0P U sy — 2¢P U so] € HA(Gyp, Z)/loc,(H (G, L1)) U s1]

12



since two choices of 9'°® will differ by an element of H(Gr, L1). But
loc,(H (G, L1)) U sy = loc,(H (Gr, L1)) Ud} (y) = loc,(H' (G, L1)) Uai(y)) =0
by Lemma 2.3. Therefore, we have a well-defined class
WP (s) € H*(Gy, Z).
The following lemma is straightforward from the definitions:
Lemma 2.6 Let v € X(Zg). Then
PP (aP(2)) = [9a]".

Now we can give the

Proof of theorem 0.1
If x € X(Z), then we know that [a!(x)] = 0 for all [ # p. By lemma 2.4, this implies that [¢,]' = 0
for all [ # p, and hence,

PP (aP(x)) = [¢2] = 0.
O

3 Preliminary formulas

Any class s € H}(Gp,Uz) lies over the same point in H (G, Ur) as A(s)aP(y) for some number A(s)
depending on the class®. By the exact sequence (|20], p.232)

0—H}(Gy, Z2)—H (G, Uz) = H(G, Un),
the two classes then differ by the action of an element of H}(Gp, Z) which we denote by
Ns)a?(y) - s € H} Gy, 2).
Using the point y, we get the following alternative description of the function :

Lemma 3.1

PP (5) = A(8)2P (y) 4 2(c? U (A(s)a®(y) — s)).
Proof. Let b: Gr—A; be a solution of

db =cUaq(y).
Then
d(A(s)b) = cU (A(s)ai(y))
and
(A(s)D)? Ust = (M()b)” U (A(s)al (y)) = A(s)*0" U af (y).
Therefore,
YP(s) = A(s)20P Ul (y) — 2P U 59
= A(s)*(b" U af(y) — 2¢” U ah(y)) + 2(A(s)’c” U aj(y) — c” U s2)
= Xs)*¥P (y) +2(c” U (\(s)a” (y) — 5))-
O

2Take care that this multiplication now refers to the Qp-action discussed in the previous section.
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Fix now the isomorphism Z ~ Q,(1) induced by the Weil pairing < -,- >, that is, that takes [z, y]
to < x,y >, which then induces an isomorphism

T:H*G, Z)~Q,
and gives us a Qp-valued function
Top? : Hi(Gp,Uz)—Qp.

We will sometimes suppress 7' from the notation and simply regard ? as taking values in Q,. From
the definition, we see that for any A € Qy,

Uh (AP (y)) = NT(d),
while for r € H(G), Z), we have
Yh(r) = =T(c"Ur).
Thus, when we take 2z € Z; with a cohomology class

k(z) € H}(G;m(@p(l))

coming from Kummer theory that we identify with a class in H}(Gp, Z), then by [24] Proposition
(7.2.12) and the diagram before Corollary (7.2.3), we get

¥y (2) = £ log x(Recp(2)),

where Rec, is the local reciprocity map. Since x(Rec,(z)) = z, we get
Yh(k(2)) = £logz € Qp.

In particular, the map is not identically zero. In fact, it is far from trivial on any fiber of
H}(Gp,Us)—H(Gy, Un).

Although we do not need this fact, with respect to the structure of H }(Gp, Us) as an algebraic
variety, ¥ is in fact a non-zero algebraic function, as we see in a straightforward way by defining it
for points in arbitrary Q,-algebras (as in [16]). Since there is a Coleman map

jsfloc : X(ZZD)—)H}(GZM Us)

with Zariski dense image for each residue disk [17], Theorem 0.1 yields the finiteness of X(Z). As
mentioned in the introduction, the obvious task of importance is to compute the function

1/)p o j;,tloc
on X(Z,), whose zero set is guaranteed to capture the global integral points.
There is a commutative diagram ([17], p. 120)
I3 10
X(Zy) =% H}(G Uy)

2@,
G

s

U2DR/F0
bringing the De Rham fundamental group UPF = wlDR(XQp ,b) and its quotient UP® = UPR /U3 into

our consideration. The map
H}(G Us)—UPE /FO

14



is a non-abelian analogue of the Bloch-Kato log map. There is actually a larger commutative diagram

x(z,) = HY(GU)

oz,
>
0)1

(]l)IE/ITO
out of which the level-two version is obtained by composing with the projection

(]——9[]2.

The map ji, is just a local version of the map recalled in the previous section, while j associates to
each point z € X(Z,), the UPE-torsor mP%(Xg,;b,z), and hence, corresponds to a point j4/°"(z) €
UPE/FO ([17], p. 112). The point is described explicitly as follows (loc. cit.). One chooses an

element pf! € FOrP R(X@p;b, z). On the other hand, there is a unique Frobenius invariant element
per € mPR(Xq,;b,z). Then j9/°"(z) the coset of the element u such that pu = p#.

In [17], section 1, Lemma 2 and Lemma 3, we gave a description of a universal pro-unipotent bundle
with connection on Xgq,. Let « be an invariant differential 1-form on E and let 3 be a differential of
the second kind with a pole only at e such that [—1]*(a) = —a and [-1]*(8) = —8. (Of course the
first condition is automatic.) Let

dr/cr

R:=Q,<<A,B>>=1mQ, <A,B>/I"

where Q, < A, B > is the free-noncommutative Q,-algebra on the letters A, B, and I C Q, < A,B >
is the augmentation ideal. Thus, Q, < A, B > is spanned by words w in A and B, while the elements
of R are infinite formal linear combinations

E CoyW

in such words with coefficients c,, € Qp. Using this we can construct the free O X, -module
R := C))(Qp ® R

together with the connection

Vf=df - (Aa+ Bp)f,

for an element f € R. If we choose the element 1 € R, = R as the initial condition, then the element
p"(1) € R, corresponding to it is given by

G(z) = Z/ AW,
o Jb
where a,, is the symbol
anlﬂml - ankﬂmk

if w is the word
A’ﬂl Bm1 - AnkBmk,

and the integral symbol corresponds to iterated Coleman integration ([10], [2] Prop. 4.5). This is
normalized by the convention

d([ aan) = ([ d( [ Ban) = ([ an)s:
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To recall the detailed description, we need to choose a local coordinate z at e € E such that d/dz =
b. Furthermore, fix Iwasawa’s branch of the p-adic log. This determines a ring A°(Je[)(log z) of
logarithmic Coleman functions in the residue disk e[ of the origin of E. The connection (R, V) has a
canonical extension to a logarithmic connection (R, V) on Eg, [6] and there is a unique element ([2],
Prop. 4.5)

G’ € A (Je))(logz) ® R

characterized by the property VG = 0, together with the initial condition specifying that when we
write

G* =Gl + Gllogz + G(log 2)* + - - -,

we have G4(0) = 1. Then analytic continuation along the Frobenius produces an element
G* e A°(Jz[) @ R
in the residue disk |z[ compatible with G®, and
G(z) = G"(x).

The individual definite iterated integral [," a,, is then defined to be the coefficient of [w] in G(x).
There is a co-multiplication
A:R—R®R

determined by
A(A)=A®1+1®A, A(B)=B®1+1®B,

with respect to which G(x) is group-like, i.e., satisfies
A(G(z)) = G(z) @ G(x).

Thus, G(z) corresponds to a @, point of 7T1DR(XQP;b, x) = Spec(R*), where
R* := lim Hom(R/I", Qp).

The structure of R* can also be elucidated as the free Q,-vector space generated by the functions f,,
such that f, (W) = dyw.
The De Rham fundamental group as well as the associated algebras R and R* have models over

Q,
PR (X5 b, ),

R@=1111@<A,B>/1",

Ry =lmHom(Q < A4, B > /I",Q),

and of course the basis functions are defined over Q. When these objects are base-changed to C, we
have the natural isomorphism

WPR(X((C);Z), x) =~ 7T1DR(X;b, x) ®g C,

and RE = R, ® C is identified with the coordinate ring of 7{’**(X(C); b, ), where the isomorphism is
induced by the map
I:7PR(X(C);b,2)—Re;

w/Waw[w].
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As in the non-archimedean case, the integrals can simply be defined to be the coordinates of parallel
transport along . If v starts at the tangential base-point b, one chooses a branch of the logarithm so
that log z is defined on an arc containing the portion of v near e, and finds the unique

GY =Gl +Gllogz + G(log 2)? + - - -,

such that G3(0) = 1 and VG? = 0. Ones define thus the parallel transport from b to y(¢) for some
small € > 0 to be the map
v € R G°(y(e))v.

(See [13], corollary 5 and section 6.3. There, the description is given for P!\ {0,100}, but the
discussion of tangential base-points is purely local, and can be used for any Riemann surface.) The
parallel transport along v is then defined to be the parallel transport from b to v(€) composed with
the standard parallel transport from ~(¢€) to v(1).

As described in [26] and [28], there is a Hodge filtration on Rg, which then induces one on R, and
hence, on UPE,

Lemma 3.2 F°Rg/I? is the Q vector space generated by B and B?.

Proof. Tt suffices to check this assertion over C. By definition, FORg/I? is the annihilator of
FlHom(Rc/I3,C). We need to prove that the latter is the space (F’)! spanned by the f,, as w runs
through the words containing at least one A. Now, by [11], section 1.2 and theorem 2.2.1, we have

R ~ H°(B(A)),

where B(A) is the reduced bar complex on the algebra A of C* differential forms on E with log poles
at e. According to [11], section 4, and [12], Prop. 4.1., F*H?(B(A)) is spanned by elements of the
form

§+Zajk¢j®1/fk+c

where
c is a constant;
¢, as well as € are in A (log(e));
each of the ¢; and 1), are closed;
and

d¢ + Zajk¢j AN =0.

Since the isomorphisms
H°(B(A)) ~ lim Hom(R¢/I", C)

—
n

is induced by regarding both as functions on the space of paths from b to = via integration, it is clear
that (F')'Hom(Rc/I3,C) maps to F*H°(B(A)). Furthermore, since the Hodge structure on

(X (C); b, )

is a limit Hodge structure of that on
(X (C)sy. @)

(see [14], section 6) as y varies over points in X (C), it suffices to calculate the Hodge filtration on
usual (non-tangential) base-points. Consider an integral

[yﬁ*’Z%k[y%%

for a path v lying in X (C) with the ¢;, ¢ and & as above. First note that since the ¢; are closed
and of type (1,0), they must satisfy B
0¢; =0,
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i.e., be holomorphic. Then, since they have at most a log pole at e, they must be holomorphic on
E(C), that is, be a multiple of . Similarly if we write

¢k:¢12170)+¢12071)

in terms of its dz and dZ components, we see that 1/’12170) must be holomorphic, i.e., a multiple of «

again. So fv (bjd),(gl’o) belongs to the image of (F')'Hom(Rc/I3,C). Furthermore, since ¢; /\1/;](;’0) =0,
we still have

de+ > ajudy A =

That is to say, we may assume that ¢, = wko’l .
We note then that on X (C), each 1y can be written

VY = p + dig
for ui a linear combination of o and (3, and t; a C*° function. In a neighborhood W of e, we have
dty = Y — px = gpdz — hkdz/ZQ,
where vy, is C°° and hj is homomorphic. In particular, ¢, must be of the form
ty =li/2

with [ a C*° function on W. We can thus write the original integral as

L5+ZajkL¢j¢k—/75+Zajk/w¢j<uk+dtk>
Z/Y(§+Ztk¢j)+zajk/7¢juk-

We clearly still must have
A&+ Ztk(bj) + ZCij(bj A i = 0.

But now, each ¢; A ur = 0, and hence,

A&+ trg;) =0

Since € 4+ Y txp; is of type (1,0) with at most a log pole at e, it must then be holomorphic on E.
That is, it is a multiple of a. So we see that (F")'Hom(R¢/I3,C) surjects onto F1H®(B(A)), proving
the desired compatibility of filtrations. O

With respect to the basis {4, A2, AB, BA} of UPE/F°, we can express jgr/cr as

Garler(y 1+/ aA+/ a2A? + /aﬁAB—i—/ BaBA.
b

This map as well is conveniently expressed in terms of the logarithm log UP?—LPRas

logjdr/”()z/bxaA—i-(/:aﬁ 1/2/ /ﬁ (A, B].

Introducing the notation

log,, (x) = /ja, logs(z / 8, Dila / of,
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we can also write this as
log j7T(x) = log, (z) A + (Da(x) — (1/2)log, (x) log(x))[4, B].

Regarding the Qp-action, our choice of a and 3 implies that the automorphism of LPE induced by
the involution of section 1 is simply

A— —A, Bw— —B,

so that A and B are basis elements compatible with the grading on Lo. In particular, the Qp-action
can be described as

m(\)A = XA, ,m(\B=AB, m(\[A,B] = \[A,B].

Given the class a(x) € H}(Gp,Ua) of a point = € X(Z,), the number A such that a;(z) = Aaf(y) can
be written as

A = log, (z)/ log, (v),

since the logarithm is a group homomorphism. On the other hand, we have
.dr/cr
log j5'/“" (z) = log, (z) A + (Da(x) — (1/2)log, () logs(x))[4, B]

log Ajs"/“" (y) = Mog,, (y)A + A*(Ds(y) — (1/2) log, () log(y))[4, B]
= log,, (2)A + X*(Da(y) — (1/2)log,(y) log,(y))[A, B].
So the element in ZP representing the difference is
[(log,, (x)/ log (1))*(D2(y) — (1/2) log (y) logs(y)) — (D2(x) — (1/2) log, (x) logs(2))][A, B].
Using the (Bloch-Kato) exponential notation for the isomorphism
Exp: ZP% ~ H{(G), Z),

et
loc

PP o jit () = (log,(x)/log, ()T (¢ (y))+

2[(log, ()/10g, (1))*(D2(y) — (1/2)log, (y) logs(y))
—(D2(x) = (1/2)log, () logs(x))]T (c U Exp([4, B])).

Therefore, obtaining a ‘concrete’ expression for this function reduces to the computation of a single

T(4*(y))

we see by Lemma 2.7 that a formula for the function %P o ji* is given by

and
T(cUExp([A, B))).

The latter is found in a rather straightforward manner. The key point is that the map
H{"Gpmq,,Qp) ~ Z—US"
is induced by the restriction functor
r: Cov(X)—Cov(T?)
mentioned in section 1. Similarly, the map

HPR(Gpnq,) = ZPRUPR
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is induced by a restriction functor
rPR . Un(X)—Un(T°),

on categories of unipotent bundles with connection. The construction of 7P takes a bundle (V, V)
and associates to it first the canonical extension

(V. V)
which is a log connection - -
V:V—=Qg(loge) @V,

on F, and then its residue
Res(V) : Vo=V,

which is an endomorphism of the fiber V.. The value 7% (V, V) is then just the trivial bundle V, on
TP equipped with the connection
d— Nd/dt

for any choice of linear coordinate on T such that #(0) = 0. Let us compute % for R/I3. In an open
neighborhood of e, we can solve the equation

dv=_0

and make the gauge transformation induced by 1 — vB. Then the connection form with respect to
this gauge becomes

(1 —vB)(aA + BB)(1 +vB + v*B?) + (—dvB)(1 + vB + vB?)
= (A + BB —vaBA —vBB*)(1 4+ vB + v*B?) — dvB — vdvB?
=aA+ B —vaBA — vBB? + vaAB + v3B? — dvB — vdvB?
= aA + va[A, B] — vdvB2.
modulo I3. From this, we see that the residue is
Res(va)[A, B]

with Res(va) € Z,. This residue can be easily identified with the Serre duality pairing < a, 3 >. In
any case, the connection r?%(R/I?) is the bundle Oo ® R/I? with connection

d — Res(va)[A, Bld/dt.
The universal unipotent connection on 7Y is

Oro @ Qp[C]]

with connection form
d — Cd/dt.

So the map
C +— Res(va)[A, B)

realizes the map
PR (10 b —UPE.
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In particular, this map fits into the commutative diagram:

7PR(TS . b) UPR /RO

1

Exp~

H}Gy, w7 (T, b)) — HH}Gp, Us).

We analyze the left vertical arrow. Fix the linear coordinate t : T—A! such that ¢(0) = 0 and ¢(b) = 1.
This induces isomorphisms -
73 (T, b)) = Qp(1)

PTG, b) ~ HP (G g,)-

The isomorphism
H}(Gpa Qp(1)) ~ HDR(Gm,Qp)
takes the class k(z) of x € Z5 to the class of

/ dt/tC = log(x)C.
1
On the other hand,

T(cUk(x)) = c(Recy(x)) = log x(z) = log .

Thus, we see that T (cUExp(C)) = 1. Therefore, from the previous commutative diagram, we deduce:

Proposition 3.3
T(cU Ezp[A, B]) = Res(va)™*.

The computation of T'(¢)P(y)) in general appears to be somewhat difficult. Perhaps some progress
is possible through the theory of p-adic uniformization when p is a split-semi-stable prime, for which
a generalization of the local Selmer theory will be necessary. In that case, it will be natural to take
y the trace of a Heegner point coming from a Shimura curve uniformization, and some relationship
between the various quantities and L-functions should emerge, such as

(log, y)* = (1/2)(d*/dk?) Ly (E, k, k/2)r=2,

which appears in [1].

One case that is tractable right now is when we already have an integral point y of infinite order
in hand, because then by Theorem 0.1, T'(¢?(y)) = 0. The formula for ¢ o J¢, then immediately
gives Corollary 0.2 as a consequence.
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