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I. Preliminary remarks
(i) Path torsors

Main theme: Study of map

M - H!

r +——— |[m1(M; b, x)]

from a space M to a classifying space H' for torsors under

1 (M ) b)
within a framework suitable for applications to Diophantine
geometry.

In particular, primarily interested in M = X (C) for a variety X
defined over Q.




In topology, this subsumes the study of the map

M—M

from a universal covering space M of M, since the choice of be M

induces isomorphisms

~

M, ~m(M;b,x)

Thus, even in this case, the variation is non-trivial.

However, classical view fails to pick out the
m (X(C); b, x)

for z € X(Q) corresponding to the special points of interest.




One remedy is to use the profinite context where
m1(X(C),b)"

is the profinite completion of the fundamental group and we push

out to a torsor

Wl(X((C);b, 33)/\ — 7T1(X((C>;b, £13) le(X((C),b) Wl(X((C),b)/\

for this profinite completion.




Then 71 (X (C), b)" and 71 (X (C); b, z)" end up with compatible

continuous actions of

I':= Gal(Q/Q)

when b, x € X (Q).
Compatibility means that for g € I, [ € 11 (X (C),b)" and
p € 1 (X(C);b,x)", then

g(p)g(l) = g(pl)

Thus, 71 (X (C); b, z)" becomes a I'-equivariant torsor for

™ (X(C),0)".
|Or a torsor on the étale site of Spec(Q).]




Underlying this action are the isomorphisms
(X (C),0)" ~ 71(X,b)

and

m1(X(C);b,2)" =~ 711 (X; b, v)

involving the profinite étale fundamental group and the étale torsor

of paths for

X = X Xgpec() Spec(Q)




Defined using Cov(X), the category of finite étale covering spaces
of X and the fiber functors

Fy : Cov(X)—finite sets




Functorial definition:

71(X,b) := Aut(Fy)

71 (X; b, x) := Isom(Fy, Fy)

Then I' acts on the category preserving the fiber functors:

Fpoo®=F, o0 = F,

when x € X (Q), and hence, acts on the group and torsor.

It is this definition that allows us to study flexibly the base-point
dependence.]




(ii) Universal pro-covering spaces

To compute this action, again use a universal pointed covering

space

(X,5)—(X,b)

constructed, for example, using Galois theory, with the universal
property that given any finite algebraic covering space
(Y,y)—(X,b) there is a unique commutative diagram

(X,b) — (Y,y)




():( ,b) is actually a projective system

{(X5,0:)}
and the diagram means that there is some index ¢ and a

commutative diagram

(Xi,b:) — (Y, y)

Y

(X,0)

In this situation, once again, we have

~

7%1()2,[)) ZX

and the path space

11



As the notation suggests, can take the whole system X , 1.e., each

Xi%X,

the transition maps between them, and the base point b = {b;} to
be defined over Q. And then the Galois action just becomes the
naive action on the fibers of

X—X

over rational points.




Example:

(E,0) elliptic curve with origin over Q. Let
E,—FE
be the covering space given by E itself with the multiplication map
n|: E—E

Then the system

(E,0) := {(En,0)}, —> (E,0)

1s a universal pointed covering space.
Thus, for (F,0),
w1 (E,0) ~ T(E)
and an element of the fundamental group is just a compatible
collection of torsion points of E.




Similarly,

7A"-l(E707x) = E:|cc

consists of compatible systems of division points of .

This example illustrates that if we take into account the Galois
action, it is no longer possible to trivialize the torsor in general,

even point-wise.

That is, there will usually be no isomorphism between 7 (X, b) and
71(X; b, x) in the category of I'-equivariant torsors. [Or as sheaves

on Spec(Q).]




In the case of (F,0), if there were an isomorphism
ﬁ'l(E,O) ~ ﬁ'l(E_'; 0,33)

then there would be a Galois invariant element of

71 (E;0, ) ~ .

In particular, for any n, there would be a rational point x,, such

that nx,, = x. Not possible by Mordell’s theorem.

[In general, a I'-equivariant torsor can be trivialized if and only if it

has a I'-invariant element.]




(iii) The general formalism of arithmetic period maps

Given a I'-equivariant torsor T for #;(X,b) choose any element
t € T. Then for each g € ', g(t) is related to t by the

71(X, b)-action, i.e.,

g(t) =t
for some v, € #1(X,b). The map g + 7, obtained thereby

determines a non-abelian continuous cocycle
c: = (X;b, 1),
that is, a map satisfying the relation

c(g192) = c(91)g1(c(g2))




We denote by
ZN (T, 71(X, b))

the set of such cocyles. 71(X,b) itself acts on the set of cocycles via
(ve)(9) = g(v™)elg)

giving rise to the set of orbits

Hl(ra 7/:‘-1(‘)27 b)) = 7%1()27 b)\Zl(Fa 7?‘-1()27 b))

This is a non-abelian cohomology set classitfying the I'-equivariant
torsors for 71 (X, b).




Thus, the previous discussion of varying torsors of paths can be

summarized as a ‘period’ map

X(Q—HN I, 71(X, b))

r— [71(X;b, )]
Suppose X is a compact smooth curve of genus > 2. Then this map
is injective by the Mordell-Weil theorem.
Grothendieck’s section conjecture

proposes that this map is surjective as well, i.e., torsors of paths
coming from rational points are the only natural torsors for

71(X,b). Part of his anabelian program.




(iv) The Diophantine connection

Grothendieck expected section conjecture to lead to another proof

of Diophantine finiteness for hyperbolic curves.

Could be viewed as an attempt to remedy a serious deficiency of
motives. Theory of motives, involving abelianization, rarely gives

information on X (Q).

However, correctness of Grothendieck’s expectation unclear.

Perhaps 71 (X, b) is too non-abelian. Need to find middle way

between anabelian and motivic language, or between hyperbolic

and elliptic curves.




For elliptic curves, the corresponding map
E(Q)—~H' (I, T(E))

is classical, and its study is Kummer theory. In the theory of

elliptic curves, one constructs a natural subspace

Hi(I,T(E)) c H'(T,T(E))

using local conditions and conjectures that

/\

E(Q) ~ H} (I, T(E))

(Birch and Swinnerton-Dyer)

From this perspective, the section conjecture is a natural

non-abelian generalization of BSD.




Parallel picture:




Finiteness then should follow from a kind of non-abelian BSD

principle:

Non-vanishing of L-values = Diophantine finiteness.

Mostly speculative...




III. Selmer varieties

(i) Summary

This idea can be implemented for
-hyperbolic curves of genus zero;

-the cases
X = FE\ {0}

where either £/Q is an elliptic curves with complex multiplication

or ¥ admits a prime p of good reduction such that Q(FE|p]) is

abelian.

Use of Selmer varieties.




Also, finiteness for a general hyperbolic curve follows from a ‘higher
BSD conjecture’ such as the Bloch-Kato conjecture, or the

Fontaine-Mazur conjecture. Both of these are assertions of

surjectivity of |e.g. regulator| maps from motives to some H }(F, ).

That is to say, so far, general finiteness for curves accounted for by

abelian surjectivity + mildly non-abelian construction




(ii) Motivic fundamental groups

Focus now on a hyperbolic curve X and the Q,-pro-unipotent

completion of its fundamental group.

i1(X,0) — U = x{"% (X, b)

where U® is defined using

Un(X)%

category of unipotent Q,-lisse sheaves of X.

|A sheaf is unipotent if it corresponds to a unipotent representation
of 7AT1 (X, b) ]




Point b € X(Q) again determines a linear fiber functor

Fy : Un(X)% —Vectg,

U% .= Aut®(F)

For z € X(Q) there is a torsor of unipotent paths

ﬂft’Q” (X:b,z) :=Isom®(Fy, Fy) (~ #1(X;b, ) X i1 (X,b) U)

These objects also carry compatible I'-actions.




The previous period map is replaced by
X(Q) — H'(T,U%)
et,Qp / v
x> |m (X0, 7))
Can study this inductively using the descending central series
7L — & ~ 72 .— [UQP,UQP] ~ 73 .— [UQP, [UQp’UQpH 5 ...

and the associated quotients Ug” = U /7 n+l that fit into exact

sequences

0—[Z2" TN\ 2" UL U > —0




and induce a tower:

lifting classical Kummer theory.




Can also consider the local action of T', := Gal(Q,/Q,) and a local

version of the tower

HY(T,, U”)
Y

H*(T,, Us”)
Y

H (T, Uy")
Y

H (T, Uy)




leading to a sequence of commutative diagrams

XQ = X(Q)

- ¥
HY (T, UZ) — HYIp, UY)

(iii) Selmer varieties

We will utilize this diagram by way of a bit more geometric
information. Let S be a finite set of primes, Zg the ring of
S-integers, and

X —Spec(Zs)

a good model of X. [A smooth model with a smooth
compactification having an étale compactification divisor (possibly
empty).]

Choose p ¢ S and put T'= S U {p}.




Then we get an induced diagram:

X(Zs) — X (Zy)

i"i%lOb iﬁgboc

HHD, UL % HNL,, UL

where

H(Tp, Uy') € HY(Tp, Uy

classifies torsors that are crystalline, i.e., have a I',-invariant
B.,-point, and
H;(T,US) € H(T,Uy)

classifies torsors that are unramified outside 1" and crystalline at p:

These notions allow us to focus the general formalism.




Two key points:

I. The localizations

Hy (L, UR') — Hy(Lp, Uy')

are maps of algebraic varieties over Q.
In particular,

-H } (T, UE") and H}(Fp, Uc') are natural geometric families into
which the points fit:

global and local Selmer varieties;

-and the difficult inclusion X (Zg) C X(Z,) is replaced by an

algebraic map.




II. The map

Ko+ X (Zy) = Hy(Tp, Upr)
can be computed using non-abelian p-adic Hodge theory.

In fact, Hodge theory provides a commutative diagram:

X (Zyp)

2.
/OA

loc

R

Y

D
H}(Panst) — U??R/FO
dr/c

and the map ky, '* can be explicitly computed using p-adic

iterated integrals.




(iv) The local map

Here
UPH = 2PH(X ©Q,,b)

is the De Rham/crystalline fundamental group of X ® Q, and F’
refers to the Hodge filtration.

Then UPE/FY becomes a classifying space for De Rham /crystalline
torsors, and the map

X (Z,)—UPE/F°

again associates to a point x the torsor
(X ® Qp; b, )

of De Rham/crystalline paths.




Example:

X =P'\ {0,1,00}. Then the coordinate ring of UPF is the

Qp-vector space
Qp [va]

where w runs over words on two letters A, B. Also, FY = 0, and for
w=A"BA™B..-A"™B

we get

Ly O Hdr/cr(x)

- /bw<dz/z>m1 (d2/(1 = 2))(dz/2)™ - - (dz /=)™ (dz/ (1 - 2))

a p—adic multiple polylogarithm.




The map
D: H;(Tp, Ul )—=UP"/FO

1s given by
D(P) = Spec([P ® B.,]°?)

if P = Spec(P). Commutativity of the diagram is the assertion

ﬂft’Q” (X;b,2) ® Bep ~ 1P (X @ Q3 b, 2) @ By

proved by Shiho, Vologodsky, Faltings, Olsson.




A corollary of this description is that

Theorem 0.1 The image of each

X (Zy)—Hj(Ty, Uy?)

18 Zarisky dense. In fact, the image of each residue disk s

Zariski-dense.

A poor man’s local substitute for the section conjecture.




(v) Finiteness
Another corollary:

Theorem 0.2 Suppose

Im[H (T, U.»)] C Hp(Tp, Up”)

is not Zariski dense. Then X (Zs) is finite.




Idea of proof:




such that o vanishes on I'm[H ¢ (T, Un?)]. Hence, a o k1° vanishes

on X (Zs). But this function is a non-vanishing convergent power

series on each residue disk. O




(vi) Connection to Iwasawa theory

In all cases so far, prove non-denseness by showing

dimH} (I, U%) < dimH} (T, U)

for n >> 0. Implied by standard motivic conjectures.
That is, controlling the Selmer variety leads to finiteness of points.

Nature of the inequality suggests that proots should go through

Iwasawa theory.




Preliminary outline:

H(T, U%) c HY(T'p,U%)

0—H (g, 27N\ Z") HY (T, US ) HY (Dp, U )

1S an exact sequence.

Euler characteristic formula:
dimH*' (Tp, Z" N\ Z") — dimH?*(T'p, Z"t1\Z") = dim(Z2"t"\Z")~
Therefore, controlling

H? Ty, Z" TN\ Z™)

gives a bound on the dimensions of global Selmer varieties.
Meanwhile, dimension of local Selmer varieties given by precise
combinatorial formula.




For X = P\ {0,1, 00},

Z”H\Z" ~ Qp(n)™

and
H?*Tr, Z"™N\Z™) =0

for n >> 0 follows from the finiteness of zeros of p-adic L-function

for cyclotomic Z,-extension of Q(u,).

[Can also use Soulé’s map from K-theory.]




IV. Elliptic curves with complex multiplication

For X = E \ {0}, E elliptic curve with CM by an imaginary
quadratic field K, need to choose p to be split as p = 77 in K and
replace U% by a natural quotient W with property that

U;Qp EWQ

and (for n > 3)

W W = Q, (") (1) @ Qp (" )(1)

viewed as a representation of I' in the natural way, where ¢ and ¢
are characters of N := Gal(Q/K) corresponding to
T FE := @E[W”] and T#E := lim E|7"] respectively.




Notation:
s=15|—1
r = dimH}T, Uy™)

M = K(E[r>®]), M = K(E[7>])

G =Gal(M/K), G=Gal(M/K)
A =17,([G]], A=1Z][G]]

Y : A—=Q, defined by action of G on T (F)
Y : A—Q, defined by action of G on Tx(FE)
Vo, =T,(F)®Q, Vg, etc.

Have corresponding p-adic L-functions:

L,eAN, L,eA



Construction of WW:
' =N < o >, where ¢ is complex conjugation.

Choose a Q-basis e of T:(E) ® Q, so that f :=o(e) is a Q,-basis
Of Tﬁ— (E) ® @p.

Recall that
U = LieU

can be realized as the primitive elements in

T(U) =T(Vp)

where T'(- - -) refers to the tensor algebra (but with a different

Galois action).




For example, if v € N, then

vle, [e, f1] = ¥ (7)*¥(7)]e, [e, f]] + Lie monomials of higher degree

and
ale, le, fll = f, |f, e]] + Lie monomials of higher degree

That is, U has a bi-grading

U= Dij>1lU;

corresponding to e and f degrees, but which is not preserved by the
Galois action.




However, easy to check that the filtration

Usn,>m = Di>n,j>mUi,j

is preserved by IV, while

U(uZn,Zm) — uZm,Zn

So
U>n, >n
is Galois invariant for each n.

Furthermore, it is a Lie ideal.




Hence, there is a well-defined quotient W of U corresponding to

UU>2 >2

We then see that

Wn/Wn—l—l
~<ad(e)" () > @ <ad(f)" () > (mod W™
~ "2 (1) @ P 3(1)




Extended diagram:

X(Zs) =  X(Lp)
) -

Qv
HYT,U,) — HHTp Us®)

l l
HYD,W,) —  HHT,, W)




Theorem 0.3

dimH (T, W) < dimH ;(T',, W,,)

for n >> 0.




Theorem 0.4 Assume
(*) »™*(L,) # 0 and P =*(L,) # 0 for all k > 0.
Then

dimH (T, W) < dimH ;(T,, W,,)

for n =r 4+ s.

Finiteness follows from the previous argument applied to these

modified Selmer varieties.




Proof of theorems
Uses main conjecture for K. We will concentrate on (0.4).

We need the exact sequence
0—W" /Wt W, =W, _1—0
As for the Hodge filtration,
dimWPE/FO =1

and
FO[(WDR)n/(WDR)n+1] —0

for n > 2, so that

dimH (T, Wy) =24 2(n —2) = 2n — 2

for n > 2.




Meanwhile,
dimH; (T, W) =r

dimH (T, W /W?) = dimH} (I, Q,(1)) = s — 1

so that
dimH}(F,Wg) <r4+s-—1

As we go down the lower central series, we have, in any case, the
Euler characteristic formula

dimH (D, W™ /W) — dimH?(Tp, W™ /W)

= dim(W"/Wn"thH)e="1 =1

and

H} (1-\, Wn/Wn—l—l) _ Hl (FTy Wn/Wn—l—1>

for n > 2, so we need to compute the H? term.




Claim (still assuming (*)):
H?* T, W /W™t =0
for n > 3.

Clearly, it suffices to prove this after restricting to N C I'r (with

obvious notation). Then we have

W W~ g (1) @ (1)

We will show
H?*(Np, 9" %(1)) =0

for n > 3.




Consider the localization sequence

0—Shaz ("% (1))—H? (N7, 9" ~*(1)) = ®yr H* (No, " (1))

that defines the vector space Sha?(¢¥" 2(1)). By local duality,
H?(Ny, " *(1)) = H(Ny, 9 7")" =0

since the representation ¥?~" is potentially unramified or

potentially crystalline.




So we have

H*(Nr, "~ *(1)) = Shaz (4" ~*(1)) = Shag(*~")"

by Poitou-Tate duality. But
Shar(1¥*~™) ~ Homp (A, ")

where A is the Galois group of the maximal abelian unramified
pro-p extension of M (= K(FE|[n*°])) split above the primes dividing
T.




In particular, A is annihilated by £,.

Since we are assuming ?~"(L,) # 0 for n > 3, we get the desired
vanishing:
H?*(Np,y"™%(1)) =0

Similarly,
H?*(Np,9"7%(1)) =0

Finally, we conclude that
dimH (T, W™ /W) =1

for n > 3 so that

dimH;(T,W,) <r+s+n—3

for n > 2.




Thus,

Hi(Tp,Wy) =2n—2>r+s+n—3=dimH;I,W,)

as soon asn_>r-+s.

Note that even without (*), we have

Y2TM(Ly) A0 PPT(L,) £ 0

and hence,
H? (T, W™ /WntH) =0

for n sufficiently large.




Therefore,

dimH (T, W) ~ n < dimH (T, W,) ~ 2n

for n sufficiently large, yielding finiteness of
X (Zs)

In any case.

However, the effectivity in n that appears in (0.4) should eventually
apply to the problem of finding points.




V. Preliminary remarks

Non-abelian principle of Birch and Swinnerton-Dyer:

non-vanishing of (most) L-values = control of Selmer

varieties = finiteness of integral points

in parallel to the case of elliptic curves, with just the substitution
of Selmer varieties for Selmer groups. But the cases studied so far
should just be a shadow of the true picture, where, for example, the

non-vanishing of L should be a non-abelian statment.

Also, both implications should eventually be direct.




Relevance of section conjecture: complete computation of points

and non-abelian descent.




