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Abstract. Given a braid on N strings, find an algorithm which generates an Artin
braid word B of minimal length. This is an important unsolved problem — a solution
would give us the most economical way of notating and drawing braids. The length
of an Artin word equals the number of crossings seen in a braid diagram. Minimum
crossing numbers provide a measure of complexity for braids. This paper presents an
algorithm for N = 3. Also a three dimensional configuration space for 3-braids will be
defined and analysed.

1. Introduction

A braid word B notates the successive crossings of a set of strings winding about each
other between two parallel planes. We employ the Artin presentation for 3-braids

{01,02|010201 2020102}- (1)

The length of a word is simply the number of characters: if B = 05692 ... then
L(B) = |a1| + |f1] + |az| - - -. Many different braid words B can correspond to the same
topological braid B. Figure 1 below shows a braid B, first represented by a word By of
length L(Bjy) = 12, and then by an equivalent word By, with the minimum possible
length L(Bumin) = 8.

The diagrams in figure 1 project the braid onto a plane (say the x — z plane). The
strings may be regarded as beginning and ending each crossing lined up parallel to the
x axis, deviating in the y direction only to move around each other. However, other
projections are possible, for example onto a cylinder. Berger (1990a), in a study of
braided magnetic flux tubes, treated the latter case. Minimal words were found, where
the strings begin and end each crossing in an equilateral triangle. Independently, Pei
Jun Xu (1993) found shortest words in the group of elementary 3-braids, which arises
from cylindrical projections.

This paper present an algorithm for the standard Artin braid group. In knot theory,
minimum crossing number provides a good measure of the complexity of knots and
links [Soteros et al 1992]; minimum word length provides a similar measure for braids
(in fact, the word length for Artin braids equals the number of crossings in a braid
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Figure 1. The two braids shown are equivalent. The braid B,,;, is obtained from By
by use of the algorithm.

diagram). Crossing numbers are especially useful in studying physical applications of
knot and braid theory. Consider a set of flexible knotted or linked tubes, where we fill
the interiors of the tubes with longitudinal magnetic fields. Freedman and He (1991)
have shown that the total magnetic energy inside the tubes can be bounded below if we
know the minimum crossing number (as averaged over all projection angles). Similarly,
the energy of braided magnetic tubes can be estimated using minimum word length
(Berger 1993). Such calculations are important for the study of braided magnetic fields
in the atmosphere of the sun (Berger 1990b, 1994). The study of distributions of braids
generated by random processes (Berger 1990a) will also clearly benefit from the existence
of a measure of complexity. The algorithm for minimizing 3-braids will be described in
terms of the Artin presentation; however, the proof of the algorithm relies on an analysis
of the configuration space of geometric 3-braids. For a comprehensive introduction to
braid theory, see Birman (1974).

2. The Algorithm

Definition 2.1. A = 010901 = 020105.
Definition 2.2. Given a braid word A, let A be the word constructed by replacing each
o1 in A by o9, and vice-versa.

For example, A = o105 %07}, A= o907 305!, Note that A corresponds to a uniform
twist of the three strings through one half turn; it almost commutes with all other braid

elements, in the sense that for any word A
AN =AA, AN =ATTA (2)

One can show that A% generates the center of the group of Artin words; it corresponds
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to a uniform twist of the three strings through one complete turn. The sequence A
plays an important role in Garside’s solution of the braid conjugacy problem (1969).
Definition 2.3. A wrap is any one of the four sequences

~1_—1 —1_—1
0102, 09071, o0y, o507 . (3)

In the following algorithm, we start with an arbitrary braid word By, which
represents the braid B. We convert the braid into a form similar to the Schreier normal
form (Birman 1974), and take care in placing twists.

Step (i) Search through By for any occurence of A or A~!. Whenever one is found,
bring it to the left using AA = AA. For example

o105 2 AT = Aloyoy AT = Aot

Proceed until By has been converted to a word of the form A"B; where B is free of
As.
Step (i) Next clear away the wraps. By the fundamental relation 010901 = 0901079,

0109 = Aafl 0901 = AU§1

4
ortoyt = Aoy oytort = Ao, (4)
Search through Bj for all wraps, and remove (unwrap) them by, for example, replacing
o102 by Aoyt. Then bring the new A’s to the front as in step one. The result is either
B = APB;y or B = APB,, where

By =oltoy ooy olmoy . (5)
Here the ¢’s and r’s are positive integers. Let ¢ = >, ¢; and r = >, r;. If W(B) is
the writhe of B (algebraic sum of exponents of the ¢’s) then W(B) =3p+ q — r.

Step (iii) Here we partially reverse step (ii). For definiteness, suppose that p > 0
and that B = APBs. One at a time, we bring a A to the right and combine it with the
first o5 ! remaining in the word to form the wrap o,0,. Each time this is done, length
is reduced by two. Thus:

B = APof'oy™ ... .of"oy™™
= AP gl Aoy Noy L afmoy
— -1_4q1 —r1+1 qm —T
= AP0 (o901)0y T ooy T

U’s remaining

Now repeat until either there are no A’s remaining (p < r) or no o,
(p > 7). The final result will be called Byy,.
Theorem 2.1. Given B, the word APB, is unique. The word B, has the minimum
length L of any word for B, and is uniquely specified.

Proof will be given in section 4. Here we give a short intuitive explanation of the
algorithm, and an example (figure 1). In step (i), length L is reduced by six each time
there is a cancellation between a A and a A~!. There may be other cancellations, as in

the example for step (i). In step (ii), L increases by two for each unwrapping, but there
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may be more AA~! cancellations. Thus if at one place in the word o0 is unwrapped

! is unwrapped, there is a net length decrease of two after

and at another place oy oy
cancellation. If there are still As left over after step (ii), then it is most efficient to put

them back into wraps as done in step (iii). Figure 1 illustrates the following example:

By = 020;20;20105101030102
= 020f2052010510102A
= A0102_201_20201_10201 =AB

10201_1(0201)

= Ao10y (03 o7 oy
= Aoy (A og)o oo H(Aoy )

= Aoy0y o105 o052 = AB,y
= 09(Acy Mooy tor0y

_ 2.2 1 -2 _
= 050,05 010, = Buin-

3. The Configuration Space for 3-Braids

This section explores the geometry of 3-braids, using the winding number techniques
introduced in Berger (1991). Geometric braids are discussed in general terms in chapter
1.1 of Birman (1974).

Definition 3.1. Let F,3C be the space

Fo3C ={(a,b,c)la,b,c € C,a # b,b # c,c # a}. (6)

Definition 3.2. A geometric braid is a curve v : [0,1] — Fy3C. We can regard ~y
as recording the history of three points a(t), b(t), and ¢(t) moving in the complex
plane between times ¢t = 0 and ¢ = 1. Two geometric braids v; and 7, are considered
equivalent, y; ~ e, if there is an isotopic deformation of C x [0, 1] which is the identity
on C x {0} and C x {1}, and which sends 7, to 2. It will be convenient to make the
following choice for initial positions of a, b, and c:

7(0) = (CL, b, C) (O) = (07 1, 2)' (7)

Also we will suppose that (1) consists of a permutation of the points 0, 1, 2.
Definition 3.3. Define one-forms wyp, Wpe, Weq, and their integrals Ay, Ape, Aea by, €.2.,

Wap = %dz : Za, Aan(¥(t)) = [;;:) Wab- (8a, b)
We can write bt ;
A (1)) = A1) = 7 log S 1) )

2 i b(O) —a(0)
with the understanding that \,, takes its values on a Reimann surface above the complex
plane.



Minimum crossing numbers for 3-braids 6209

Ve

Yo

Figure 2. The phase space T3. The hexagonal holes are forbidden regions.

Definition 3.4. Define three winding numbers 9y, Y., and 1., by, e.g.,

Yap(t) = Re Aap(7(2))
1 b(t) — a(t)
= —Tmlog ———~.
o8 B(0) — a(0)
This measures the net winding of string a about string b between 0 and ¢ in units of
complete turns. (Berger (1991) employs the winding angle 0,, = 2m1),). Also let the

total winding number be

W (t) = tap(t) + Yue(t) + theal(t). (11)
Definition 3.5. Let T3 C Ry be the set of all admissible triples (¢, ¥pe, Yeq ). Admissible

means that a triangle in the complex (or Euclidean) plane can have these winding
numbers.
For a right handed non-degenerate triangle (the path a — b — ¢ goes anti-
clockwise) an admissible triple (Yap, Ype, ¥eq) must satisfy
0 < (teq — Yap)mod 1 < 1/2;
0 < (e — Yeq)mod 1 < 1/2;
0 < —(%ap — tpe)mod 1 < 1/2.

For left handed triangles

0 < (ap — Veg)mod 1 < 1/2;
0 < (theq — Ype)mod 1 < 1/2;
0 < —(pe — Ygp)mod 1 < 1/2.

Definition 3.6. A connected region in 73 satisfying (12) will be called a right handed

prism. A connected region in T3 satisfying (13) will be called a left handed prism.
Note that if (Yap, Ybe, Yeq) is admissible, then 8o is (Yap + 2, Ppe + T, VYeq + ) Where x

is any real number. Thus the geometry of 73 is non-trivial only in a plane perpendicular

to the direction (1,1,1). One such plane is the plane W = 0:

Definition 3.7. Let P3 C T be the plane {(¢ap, Ve, Yea)| Yab + Ybe + ea = 0}.
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See figure 2. The triangular regions correspond to slices through prisms. The edges
of these regions (faces of the prisms) are forbidden. The vertices (edges of the prisms)
correspond to degenerate triangles, i.e. where the three points a, b, and ¢ are colinear.
The center of a triangular region in Ps corresponds to a, b, and ¢ forming an equilateral
triangle. Define coordinates @5, Pve, Pea by ¢ij = 610;; — 2W. The factor of 6 makes ¢;;
an integer at the vertices. We can then project 73 onto Ps by

(waba wbca wca) — (¢ab7 ¢b67 cha) = 6(¢ab7 lﬁbc, wca) - 2(I/V7 VV? W) (14)

The net winding numbers ¥;; = 9;;(1) are invariants to isotopic deformations, i.e.
if 74 ~ 75 then Wy, = Ws,uy. To see this, note that ¥, is obtained by integration of the
form wgp; because wyy, is closed this integral is the same for homotopic paths v; and ~s.

Higher order winding numbers for braids can be defined in a similar manner (Berger
1991, Evans and Berger 1992). For example, the third order invariant is

v(1)
‘Ijabc = /( ) P‘abwbc + )\bcwca + )\cawab - )\abwca - )\bcwab - )\cawbc]- (15)
(0

These invariants (for closed braids with vanishing lower order invariants) correspond to
Massey higher order linking numbers and Milnor & numbers.

The curve v € C3 induces new curves ¥ € T3 and 7 € P3. These will be called phase
curves as they describe the evolution of the angles between the three points a, b, and c.
Two phase curves 4; and 7, are equivalent if one can be obtained from the other by an
isotopic deformation. From the preceding discussion ¥(1) = (Uup, Ype, Uy, ) is invariant
to isotopic deformations. Also the beginning point 5(0) = (0,0, 0) is fixed.

Theorem 3.1. Two geometric braids are equivalent, v, ~ s, if and only if 3 ~ 7,.

Proof If 71 ~ = then there exists a homotopy I'(t,s) where I'(t,0) = ~(t),
I'(t,1) = 72(t), and for fixed sg, I'(t,s0) is a geometric braid. Similarly, 7 ~ ¥
implies the exist of T'(t,s) where ['(t,0) = 41(t), T'(t, 1) = A2(t), and T['(¢, s¢) is a path
through 75. Given a curve (t), ¥(t) = G(y(t)) where G : Fy3C — T; is given by (8)
and (10). Suppose 71 ~ Yo. Then let ['(t,s) = G(I'(t,s)) for any fixed s. This is the
required homotopy giving 41 ~ %,. Next suppose 41 ~ %,. Then there exists a homotopy
L(t,8) = (Yab, Ube, Yea) (t, 8). Given 71 (t) and ¥5(t), we construct the homotopy between
them I'(¢,s) = (a, b, c)(t, s) as follows: first,

a(ts) = (1 — s)ar(t) + s as(t). (16)
Secondly, let
ra(t, ) = (1 = s)|b1(t) — ar(t)| + s[ba(t) — a2(?)]. (17)
Then
b(t,s) = alt, s) + rap(t, )eie®), (18)
Finally,

c(t,s) = a(t, s) + req(t, s)e™eat®) (19)
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Figure 3. The phase curve 4 can be deformed in order to remove the loop through
the vertex B. The word ABBC' is equivalent to AC.

where (for sin(¢u(t, s) — ¥ie(t, s) # 0)

Tea(t, S) _ rap(t, 8)
Sin(wab(ta S) - wbc(ta 5)) Sin(%b(t, S) - wbc(t7 S)) .

For isolated values of (¢, s) where there is a degeneracy, sin(¢(t, s) — p(t, s)) = 0, we

(20)

can choose 7, (t, s) by continuity. Degeneracies can always be isolated, if neccessary, by
a slight deformation of T'(¢, s).
Theorem 3.2. An equivalence class of geometric braids is completely and uniquely
specified by (i) the writhe W = 2W (1) = 2(V 4y, + Uy + U, ), (ii) a word P formed from
three letters A, B, and C, where no two consecutive letters are identical, and (iii) a sign
se{-1,1}.

Proof Since a phase curve 4 can be deformed without obstruction in the direction
(1,1,1) of increasing W, we can always set

W(t) = tW(1). (21)

In this case, two equivalent geometric braids satisfying (21) will only differ in their
projection 4 in P3. We can notate 4 by recording the sequence of vertices in Ps that
v passes through. Recall that the points a, b, ¢ are colinear when 7 passes through a
vertex. Label a vertex ‘A’ if the point a is in the middle, ‘B’ for b in the middle, and
‘C’ for ¢ in the middle. Starting at ¢ = 0, write down B for the initial point (chosen for
definiteness to be (a,b,c) = (0,1,2)) and write a label whenever 4 passes transversely
through a vertex. End the word with the label of the final point.

A deformation of a section of 4 can only change the word if that section loops
through a vertex, as in figure 3. Thus the word can only change by insertion or deletion
of repeated letters. Conversely, if the word contains repeated letters, then these can
be removed by isotopic deformation. This task can be performed until there are no
remaining repeats. (For example, BACABBABC — BACAABC — BACBC.) The
curve 7 passes alternately through left and right handed prisms. The sign s specifies
the handedness of the first prism that 4 passes through. For example if P = BACBC
then there are two choices for the A vertex (o; passing through a left handed prism
(s = —1), and o7 ' passing through a right handed prism (s = 1)).
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Figure 4. The phase curves 7 for the equivalent braids oi10201 and o20109.
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Figure 5. The braid element o; and its phase curve 7.
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Figure 6. The wrap 01_102_1 and its phase curve 7.

4. The Phase Curves of Artin Braids

What do Artin words generated from o; and o5 look like when represented by 5 or 47
Each ¢ in the Artin word corresponds to a transition of the geometrical braid: the three
points a, b, and ¢ begin and end on the real line, but their ordering is permuted. The
section of 4 corresponding to a ¢ begins and ends on the edge of a prism; similarly, the
section of 4 begins at a vertex in Ps, passes through one triangular region, and ends at a
new vertex. Also, each o changes W by i%. The identity 010907 = 090105 is illustrated
in figure 4. Both these words correspond to the half twist A; their phase curves 4 can
be deformed into a vertical path (along a prism edge) in the direction of increasing W,
but with projection 4 staying at a single point.

Figures 5 and 6 show o; and the wrap o ‘o, ', starting with the initial points
(0,1,2). Both make a transition from vertex B to vertex A (the wrap touches the vertex
C' but does not pass through). Starting from any vertex, there are four neighboring

vertices. These can be reached directly, by the four moves o1, 09, o7, 05+

, or indirectly
by adding powers of A, for example to form wraps. It will be useful here to factor out
the center of the group of (isotopically equivalent) phase curves 7:
Definition 4.1. Given two phase curves 41 and %o, 73 >~ 7, if 41 ~ 2 (i.e. if 43 can be
deformed into ).

Since A ~ 0 (a curve consisting of a single point), by (4) (o7 03y!) ~ F(o1) as

shown in figures 5 and 6.
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Proof of Theorem 2.1 Let a braid B have phase curve 4 and let [J] be its equivalence
class under ~. Each member of [J] has the same minimal vertex sequence P. A transition
between vertices in P can have word length 1,2,4,5,7,8,... (e.g. o1, o7 05", Aoy,
A~lot) ..)). Given each transition there is exactly one way of making the transition
using a single . Then there is a unique curve 7, with Artin word By formed by
making each transition with a single 0. Let L(P) = (number of letters in P) - 1. Then
L(By) = L(P). If ¥ o 7, then 4 and 4 differ by a power p of A. Since writhe is
an invariant, p = WW(5) — W(92))/3. The factor A? can be placed in front to make
B = APB,. The length of the word may vary depending on where the A’s are placed,
or in other words, where 4 climbs above or below 75. The net length of A?By can be
decreased only by forming wraps from a A and a 0! or from a A~! and a o. Thus
if p is positive, the A’s should be distributed among the o~ '’s. If p > r there will be
p!/r!(p — r)! ways of doing this. A unique distribution can be specified by converting
the first p o~ !’s into wraps.

We conclude by considering the general problem of minimizing N-braids for N > 3.
We can compute the dimension of configuration space for N-braids as follows: at each
value of ¢ we can translate the braid so that the first string stays at (z,y) = (0,0). This
leaves 2(N —1) dimensions. Scaling and projecting out twist removes 2 more dimensions.
Thus the dimension of the space analogous to Ps is 2(N — 2). Only for N = 3 is this
small enough to make the problem simple.
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