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1 The Semi-classical approximation

Consider V ∈ L d+2
2 (Rd). Recall that d+2

2
is the exponent in the Lieb-Thirring

inequality. We will study the Friedrichs extension of the operator

Hh = −h2∆ + V

on C2
0(Rd) (or with the above assumption on V we might equally well take

the domain to be the Schwartz space S(Rd)). Here h > 0 is a (semi-classical)
parameter which we will let tend to zero.

Denote by µn(h) the min-max values of Hh. Our goal is to prove the
following theorem.

Theorem 1 (semi-classics for eigenvalue sum). With the assumptions above
we have the Weyl law for the sum of the negative eigenvalues

lim
h→0

hd
∞∑
n=1

[µn(h)]− = (2π)−d
∫∫

[p2 + V (u)]−dpdu. (1)

In order to prove this theorem we introduce the coherent state quantiza-
tion.

1.1 Coherent state quantization

Let g ∈ S(Rd) be a Schwartz function satisfying the properties

(i) g(x) ≥ 0, g(x) = g(−x).

(ii)
∫
g2 = 1.

For s > 0 let gs(x) = s−d/2g(x/s). Then gs also satisfies (i)and (ii). Note that
gs localizes on a scale s. In the next section we will choose g to have compact
support in the unit ball centered at the origin, in which case gs is supported
in the ball of radius s centered at the origin. The Fourier transform of g is

ĝs(ξ) = (2π)−d/2
∫

Rd

e−iξxgs(x)dx = sd/2ĝ(xs).

The Fourier transform ĝ is also a Schwartz function. If g has compact support
ĝ will not have compact support (it is, in fact, a real analytic function).
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Since g(x) = g(−x) it is straightforward to see that ĝ is real and satisfies
ĝ(ξ) = ĝ(−ξ). Moreover,

∫
ĝ2 = 1.

For u, p ∈ Rd we define the function

fu,p(x) = gs(x− u)eipx ∈ S(Rd).

We will use fu,p to localize in the Hilbert space L2(Rd) near a region associ-
ated to the classical phase space point (u, p). Note that fu,p, indeed, localizes
x on a scale s from u. The Fourier transform of this function is

f̂u,p(ξ) = (2π)−d/2
∫
e−ixξfu,p(x)dx = ĝs(ξ − p)e−iξueipu.

Note the similar form (up to the overall phase eipu) of the expressions of fu,p
and f̂u,p. Hence f̂u,p localizes in momentum space on a scale s−1 near p.

The functions fu,p are said to be coherent states more accurately the
coherent state is the one-dimensional projection onto fu,p, i.e.,

Πu,p = |fu,p〉〈fu,p|,

using Dirac notation.
In the classical definition of coherent states the function g is chosen to be

the Gaussian
g(x) = π−d/4e−x

2/2, (2)

but we will not restrict attention to this case.
If A is an operator (possibly unbounded) with domain containing S(Rd)

we define the covariant or lower symbol of A as the function

Ǎ(u, p) = 〈fu,p, Afu,p〉 (3)

As an example, consider G : Rd → R. The lower symbol of the multiplication
operator G(x) (assuming it maps S(Rd) to L2(Rd)) is then

〈fu,p, G(x)fu,p〉 =

∫
Rd

G(x)g2
s(x− u)dx =

∫
Rd

G(x)g2
s(u− x)dx

= G ∗ g2
s(u) (4)

where we have introduced the convolution

f1 ∗ f2(u) =

∫
f1(u− x)f2(x)dx =

∫
f1(x)f2(u− x)dx.



JPS— MatPhys2, May 16, 2011 3

Likewise, going to momentum space we see that

〈fu,p, G(−i∇)fu,p〉 = 〈f̂u,p, G(ξ)f̂u,p〉
= G ∗ ĝ2

s(p). (5)

In particular if G0(ξ) = 1, G1(ξ) = ξ1 and G2(ξ) = ξ2 we find

G0 ∗ ĝ2
s(p) = 1 (6)

G1 ∗ ĝ2
s(p) =

∫
(p1 − ξ1)ĝs(ξ)dξ = p1 (7)

G2 ∗ ĝ2
s(p) =

∫
(p− ξ)2ĝ2

s(ξ)dξ =

∫
(p2 − 2pξ + ξ2)ĝ2

s(ξ)dξ (8)

= p2 +

∫
ξ2ĝ2

s(ξ)dξ = p2 +

∫
(∇gs)2

= p2 + s−2

∫
(∇g)2, (9)

where we used that
∫
ξĝ2

s(ξ)dξ = 0 since ĝs(−ξ) = ĝs(ξ) and in the last
equality we used that

∫
(∇gs)2 = s−2

∫
(∇g)2. Thus,

〈fu,p, fu,p〉 = 1 (10)

〈fu,p, x1fu,p〉 = u1 (11)

〈fu,p,−i∂x1fu,p〉 = p1 (12)

〈fu,p,−∆fu,p〉 = p2 + s−2

∫
(∇g)2. (13)

Combining (4) and (13) we see that the lower symbol of the operator Hh is

Ȟh(u, p) = 〈fu,p, Hhfu,p〉 = h2p2 + V ∗ g2
s(u) + s−2

∫
(∇g)2. (14)

Thus the lower symbol of Hh is not quite the corresponding classical function
h2p2 + V (u).

On the other hand, given a function a : R2d → Rd such that aΦ ∈ L1(R2d)
for all Φ ∈ S(R2d) we may define the coherent state quantization to be the
operator Op(a) given on the domain S(Rd) by

Op(a)f(x) = (2π)−d
∫∫

Rd×Rd

a(u, p)fu,p(x)〈fu,p, f〉dudp. (15)
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If f ∈ S(Rd) then (u, p) 7→ 〈fu,p, f〉 defines a function in S(R2d) and by
assumption the above integral hence defines a function op(a)f ∈ L2(Rd). For
the expectation values we have

〈f,Op(a)f〉 = (2π)−d
∫∫

Rd×Rd

a(u, p)|〈f, fu,p〉|2dudp, f ∈ S(Rd).

We say that a is the upper or contravariant symbol of Op(a). In general
a quantization is a map from functions on classical phase space (here R2d)
to operators on Hilbert space. We shall not discuss quantizations in gen-
eral. When the classical choice (2) is made the quatization introduced here
is sometimes also called anti-Wick quantization (see Problem 1 for an expla-
nation of this name). A commonly used quantization is Weyl quantization,
which we will not discuss here, but see Problem 2 for the one-dimensional
case.

We will also write

Op(a) = (2π)−d
∫∫

a(u, p)Πu,pdudp

where this integral over operators is to be understood in the sense given in
(15), i,e., the strong operator sense.

Consider the cases a(u, p) = G(u) and a(u, p) = G(p). In the first case
we have by the unitarity of the Fourier transform

〈f,Op(G(u))f〉 =

∫∫
Rd×Rd

G(u)

∣∣∣∣(2π)−d/2
∫
f(x)gs(x− u)e−ipxdx

∣∣∣∣2 dudp
=

∫
Rd

|f(x)|2G(u)g2
s(x− u)dudx,

i.e., we get the multiplication operator.

Op(G(u)) = G ∗ g2
s(x). (16)

Likewise,
Op(G(p)) = G ∗ ĝ2

s(−i∇). (17)
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In particular, we get using (6-9)

Op(1) = (2π)−d
∫∫

Πu,pdudp = 1. (18)

Op(u1) = x1 (19)

Op(p1) = −i∂x1 (20)

Op(p2) = −∆ + s−2

∫
(∇g)2 (21)

Combining (4) and (13) we see that

Op(h2p2 + V (u)) = −h2∆ + V ∗ g2
s(x) + s−2

∫
(∇g)2, (22)

as an operator on S(Rd). Again we do not quite get Hh.
For later use let us note that from

|∇(gsf)|2 = |∇f |2|gs|2 + |f |2|∇gs|2 + (f∇f + f∇f)gs∇gs

= |∇f |2|gs|2 + |f |2|∇gs|2 +
1

2
∇|f |2∇(g2

s)

we obtain

〈f,Op(1{|u|<R}p2)f〉 =

∫
|u|<R

∫
|∇x(gs(x− u)f(x))|2dxdu

=

∫
|u|<R

∫
gs(x− u)2|∇f(x))|2dxdu

+

∫
|f(x)|2Ws,R(x)dx

≤
∫
|∇f(x))|2dx+

∫
|f(x)|2Ws,R(x)dx, (23)

where

Ws,R(x) =

∫
|u|<R

(∇gs)2(x− u)− 1

2
∆(g2

s)(x− u)du (24)

In particular, we have as an operator on S(Rd)

Op(1{|u|<R}h
2p2 + V (u)) ≤ −h2∆ + V ∗ g2

s + h2Ws,R. (25)
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1.2 Eigenvalue sums and quantization

We consider a semi-bounded operator A defined on S(Rd) and denote µj(A),
j = 1, 2, . . . its min-max values.

Lemma 2. If A is an operator as above then

∞∑
j=1

µj(A)− = inf
{∑

n

νn〈φn, Aφn〉
∣∣∣{φn} ⊂ S(Rd), orthonormal (not

necessarily finite) family and 0 ≤ νn ≤ 1, for all n
}
.

Proof of ≤: Given an orthonormal family {φn}n=1 in S(Rd) and correspond-
ing numbers 0 ≤ νn ≤ 1. We may assume that all 〈φn, Hφn〉 < 0 otherwise
we remove the non-negative terms. We may then further assume that all
νn = 1 as will make the sum as small as possible. Even if the expectation
values 〈φn, Aφn〉 happen to be ordered increasingly it does not in general
hold that µn(A) is less than 〈φn, Aφn〉 for all n = 1, 2, . . .. We can however
conclude that

n∑
j=1

µj(A) ≤
n∑
j=1

〈φj, Aφj〉, (26)

for all n = 1, . . ., which proves the claim. Let us show (26) by induction on
n for all orthonormal families. The case n = 1 follows directly from the Min-
max Theorem. Assume (26) holds for n− 1. Choose ψn ∈ span{φ1, . . . , φn}
normalized such that

〈ψn, Aψn〉 = max{〈ψ,Aψ〉 | ‖ψ‖ = 1, ψ ∈ span{φ1, . . . , φn}}.

Then by the Min-max Theorem µn ≤ 〈ψn, Aψn〉. Now supplement ψn to an
orthonormal basis ψ1, . . . , ψn for span{φ1, . . . , φn}. By unitary invariance of
the trace we then find

n∑
j=1

〈φj, Aφj〉 =
n∑
j=1

〈ψj, Aψj〉 ≥
n−1∑
j=1

〈ψj, Aψj〉+ µn ≥
n−1∑
j=1

µj + µn

where we have used the induction assumption in the last inequality. This
proves (26).

Proof of ≥: By the spectral theorem used on the Friedrichs extension of A
we see that for a given integer N we can find an orthonormal family {φn}Nn=1
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in S(Rd) such that the numbers 〈φj, Aφj〉, are arbitrarily close to µj(A) for
j = 1, . . . , N . It is therefore clear that

∑∞
j=1 µj(A)− can be approximated

arbitrarily well (also when it is −∞) by
∑N

n=1〈φn, Aφn〉, i.e., a sum as above
with νn = 1.

Lemma 3. If A is an operator as above then for any M : R2d → R with
compact support and 0 ≤ M(u, p) ≤ 1 we have in terms of the lower symbol
Ǎ(u, p) = 〈fu,p, Afu,p〉

∞∑
j=1

µj(A)− ≤ (2π)−d
∫∫

M(u, p)Ǎ(u, p)dudp.

Proof. We will use Lemma 2. Instead of directly constructing νn and φn we
will construct the operator Kf =

∑
n νn〈φn, f〉φn.

In fact, we use the quantization method and define K = Op(M). Then
K satisfies

(i) 0 ≤ K ≤ 1. In particular, the max-min values of K satisfy 0 ≤ νj(K) ≤
1 for all j = 1, 2, . . ..

(ii) K is trace class, i.e.,
∞∑
j=1

νj(K) <∞.

To see (i) note that

〈f,Kf〉 = (2π)−d
∫∫

M(u, p)|〈fu,p, f〉|2dudp

≤ (2π)−d
∫∫
|〈fu,p, f〉|2dudp = ‖f‖2

by (18).
To see (ii) let {ψj} be any orthonormal family in L2(Rd) then∑

j

〈ψj, Kψj〉 = (2π)−d
∑
j

∫∫
M(u, p)|〈fu,p, ψj〉|2dudp

≤ (2π)−d
∫∫

M(u, p)dudp <∞.
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It follows that K cannot have positive essential spectrum and hence that
all positive max-min values are eigenvalues of finite multiplicity. In addition
zero might or might not be an eigenvalue and it might or might not be a
max-min value (the latter will happen if there are only finitely many positive
eigenvalues).

Now choosing {ψj} to be an orthonormal basis of L2(Rd) consisting of
eigenfunctions for K we see that K is trace class with

∞∑
j=1

νj(K) = (2π)−d
∫∫

M(u, p)dudp.

It is not actually important in the following exactly what the trace of K is.
Let us continue to denote by {ψj} an orthonormal basis of eigenfunctions

of K. It is not always possible to order these such that the corresponding
eigenvalues are the max-min values νj(K) (why not?). Let us denote the
eigenvector corresponding to νj(K) by φj. The {φj} may be chosen to form
a subset of {ψj}, but there could be additional zero-eigenvalue eigenfunctions.

Since

νj(K)φj(x) = Kφj(x) = (2π)−d
∫∫

M(u, p)fu,p(x)〈fu,p, φj〉dudp,

it follows that νj(K)φj ∈ S(Rd) for all j. Then

∞∑
j=1

νj(K)〈φj, Aφj〉 =
∞∑
j=1

〈Kψj, Aψj〉

=
∞∑
j=1

(2π)−d
∫∫

M(u, p)〈ψj, fu,p〉〈fu,p, Aψj〉dudp

=
∞∑
j=1

(2π)−d
∫∫

M(u, p)〈ψj, fu,p〉〈Afu,p, ψj〉dudp.

Since A maps S(Rd) to L2(Rd) and A is a closable operator (as it is symmet-
ric) it follows from the Closed graph Theorem that A is in fact continuous
from S(Rd) (with its Fréchet topology) to L2(Rd). Indeed, if fn → f in
S(Rd) then fn → f in L2 and if moreover Afn → ψ in L2 it follows from the
closability of A that Af = ψ. As (u, p) 7→ fu,p is a continuous map from R2d

to S(Rd) we conlude that (u, p) 7→ ‖Afu,p‖ is continuous. It follows that we
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can interchange the sum and integral above (as M has compact support).
Thus

∞∑
j=1

νj(K)〈φj, Aφj〉 = (2π)−d
∫∫

M(u, p)〈fu,p, Afu,p〉dudp

= (2π)−d
∫∫

M(u, p)Ǎ(u, p)dudp.

The lemma follows from Lemma 2.

Theorem 4. Let A be a semi-bounded operator defined on S(Rd). Then

∞∑
j=1

µj(A)− ≤ (2π)−d
∫∫

Ǎ(u, p)−dudp. (27)

Conversely, if a : R2d → Rd satisfies that aΦ ∈ L1(Rd) for all Φ ∈ S(R2d)
then

∞∑
j=1

µj(Op(a)) ≥ (2π)−d
∫∫

a(u, p)−dudp. (28)

Included in the statement is that the operator Op(a) is bounded below (and
thus the min-max values make sense) if the integral on the left is finite.

Proof. The estimate in (27) follows immediately from Lemma 3 by choos-
ing a monotone increasing sequence of functions Mn of compact support
approaching the characteristic function of the set where Ǎ is negative.

Since op(a) is defined on S(Rd) it follows from Lemma 2 that in order to
establish (28) we must show that for any orthonormal family φ1, . . . , φn in
S(Rd). we have

n∑
j=1

〈φj, op(a)φj〉 ≥ (2π)−d
∫∫

a(u, p)−.

This follows since
n∑
j=1

〈φj, op(a)φj〉 = (2π)−d
∫∫

a(u, p)
n∑
j=1

|〈φj, fu,p〉|2dudp

≥ (2π)−d
∫∫

a(u, p)−

n∑
j=1

|〈φj, fu,p〉|2dudp

≥ (2π)−d
∫∫

a(u, p)−dudp
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since

0 ≤
n∑
j=1

|〈φj, fu,p〉|2 ≤ 1.

for all (u, p).

1.3 Proof of semiclassical theorem

We are now ready to prove Theorem 1. In this section we will choose g to
have compact support in the unit ball centered at the origin, such that gs
has support in the ball of radius s.

Proof of upper bound in (1). We use Lemma 3 and choose M(u, p) to be the
characteristic function of the set

{(u, p) | |u| ≤ R, h2p2 + V (u) ≤ 1}

for some R > 0 to be chosen below. From (14) we then find that

∞∑
n=1

[µn(h)]− ≤ (2π)−d
∫∫

h2p2+V (u)≤0, |u|≤R

h2p2 + V ∗ g2
s(u) + Ch2s−2dudp

= (2π)−d
∫∫

(h2p2 + V (u))−dudp+ E1 + E2 + E3

where the error terms are

E1 = −(2π)−d
∫∫
|u|≥R

(h2p2 + V (u))−dudp ≤ Ch−d
∫
|u|≥R

|V−(u)|
d+2
2 du

E2 ≤ Ch−dh2s−2

∫
|u|≤R

|V−(u)|d/2du

E3 ≤ Ch−d
∫
|V−(u)|d/2|V (u)− V ∗ g2

s(u)|du

≤ Ch−d
(∫
|V−(u)|

d+2
2 du

) d
d+2
(∫
|V (u)− V ∗ g2

s(u)|
d+2
2 du

) 2
d+2

.

We must argue that hd(E1 +E2 +E3) can be chosen arbitrarily small. To do

this we will use that V ∈ L d+2
2 (Rd) and hence V ∗ g2

s → V in L
d+2
2 as s→ 0.
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Hence we can first choose s so small and R so large that hdE3 and hdE1 are
as small as we like. Finally, since

∫
|u|≤R

|V−(u)|d/2du ≤
(∫
|V−(u)|

d+2
2 du

) d
d+2

 ∫
|u|≤R

1du


2

d+2

≤ CR
2d

d+2

(∫
|V−(u)|

d+2
2 du

) d
d+2

we see for these choices of s and R that if h is suffiently small then hdE2 will
also be as small as we like (because of the extra h2).

Proof of lower bound in (1). By Lemma 2 we have to show that for any or-
thonormal family φ1, . . . , φn we have

n∑
j=1

〈φj, Hhφj〉 ≥ (2π)−d
∫∫

(h2p2 + V (u))−dpdu− E(h),

where hdE(h)→ 0 as h→ 0.
For R > 0 we introduce VR(x) = V (x) if |x| < R and VR(x) = 0 if

|x| > R. For 0 < δ < 1 we then write

Hh = H(0) +H(1),

where

H(0) = −(1− δ)h2∆ + VR ∗ g2
s(x) + (1− δ)h2Ws,R(x),

H(1) = −δh2∆ + V (x)− VR ∗ g2
s(x)− (1− δ)h2Ws,R(x),

with Ws,R given in (24). Note that since gs has support in the ball of radis
s we have

|Ws,R(x)| ≤ Cs−21{|x|<R+s}(x). (29)

and C depends only on g.
We will estimate H(0) and H(1) separately. We will use the Lieb-Thirring

inequality to estimate H(1). Writing the operator as

H(1) = (δh2)
(
−∆ + (δh2)−1

(
V (x)− VR ∗ g2

s(x)− (1− δ)h2Ws,R(x)
))
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we see from the Lieb-Thirring inequality that

n∑
j=1

〈φj, H(1)φj〉

≥ −C(δh2)(δh2)−
d+2
2

∫ (
|V (x)− VR ∗ g2

s(x)|+ (1− δ)h2Ws,R(x)
) d+2

2 dx

= −Cδ−d/2h−d‖|V (x)− VR ∗ g2
s(x)|+ (1− δ)h2Ws,R(x)‖

d+2
2

d+2
2

≥ −Cδ−d/2h−d
(
‖V − VR ∗ g2

s‖ d+2
2

+ (1− δ)h2‖Ws,R‖ d+2
2

) d+2
2

≥ −Ch−d
(
δ−d/2‖V − VR ∗ g2

s‖ d+2
2

+ Cδ−d/2h2s−2(R + s)
2d

d+2

) d+2
2
, (30)

where we have used the triangle inequality for the norm L
d+2
2 and the estimate

in (29).
To estimate H(0) we note from (25) that

H(0) = Op
(
((1− δ)h2p2 + V (u))1{|u|<R}

)
.

Hence by Lemma 2 and Theorem 4 we get

n∑
j=1

〈φj, H(0)φj〉 ≥ (2π)−d
∫∫
|u|<R

((1− δ)h2p2 + V (u))−dudp

≥ (2π)−d
∫∫

((1− δ)h2p2 + V (u))−dudp

≥ h−d(1− δ)−d/2(2π)−d
∫∫

(p2 + V (u))−dudp

≥ h−d(2π)−d
∫∫

(p2 + V (u))−dudp

−C((1− δ)−d/2 − 1)h−d
∫
|V−(u)|

d+2
2 du.

To finish the argument we first choose δ so close to 0 that (1 − δ)−d/2 is as
close to 1 as we please. We then choose R and s such that the first term in
the parenthesis in (30) is as small as we like and finally we can ensure that
the last term in the parenthesis in (30) is as small as we like when h is small
enough.
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1.4 Problems

Problem 1 Consider the case d = 1 and introduce the annihilation and
creation operators

a =
1√
2

(x+
d

dx
), a∗ =

1√
2

(x− d

dx
).

(a) Show that these operators satisfy the canonical commutation relation
when acting on S(R)

aa∗ − a∗a = 1.

(b) Show that if g is chosen in accordance with (2) then

afu,p =
1√
2

(u+ ip)fu,p,

i.e., fu,p is an eigenvector of a with eigenvalue 1√
2
(u+ ip).

(c) Use (b) to show that

aΠu,p =
1√
2

(u+ ip)Πu,p, Πu,pa
∗ =

1√
2

(u− ip)Πu,p

(d) Use (c) to show that

Op((u+ ip)n(u− ip)m) = 2(n+m)/2ana∗m.

A product of creation and annihilation operators is said to be normal or
Wick ordered if all creation operators are to the left of all annihilation
operators. Conversely, if as above all creation operators are to the right
of all annihilation operators we say that the product is anti-normal or
anti-Wick ordered.

(e) Show that for a normal ordered product a∗man the lower symbol is

〈fu,p, a∗manfu,p〉 = 2−(n+m)/2(u+ ip)n(u− ip)m

Problem 2 We use the same assumptions as in Problem 1. The Weyl quan-
tization is given by

OpW(a)f(x) = (2π)−d
∫∫

a

(
x+ y

2
, p

)
eip(x−y)f(y)dydp.
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• Find OpW(u2 + p2).

• Find OpW((u+ ip)n(u− ip)m) expressed with creation and annihilation
operators.


