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Section A

Just one question this week, but it is longer than usual. On the other hand, you do have reading week
to work on it. Note that you can attempt all the parts; (b) and (¢) don’t depend on being able to do (a)
and (c) doesn’t depend on (b).

1. Consider Laplace’s equation in polar coordinates:
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(a) Show that the general solution to this equation in a ring-shaped region r, < r < 1} is given
by
fr,0)=C+Dlnr+ Z(an cosnb + by, sinnd)(c,r™ + dpr™").

(b) Using the solution above, find the specific solution to Laplace’s equation which satisfies
f(re,0) =0 f(rp, 0) = 1.

(¢) Now consider an infinite region r > r,. The general solution (eliminating terms which are
unbounded as r — o0) is

f(r,0)=0C+ Z(an cosnb + b, sinnd)r—".

Use this to find the steady temperature outside a disc which has a constant temperature
gradient inside it, T' = x, so that on the boundary we have

f(ra,0) =rqcosb,

where the far-field temperature is zero, f(r,0) — 0 as r — oco.

Section B

More questions on separation of variables.

1. Find the steady temperature inside a square plate one of whose sides is held at temperature 1, the
other three being kept at 0.

2. Find the temperature for all time (i.e. using the unsteady heat equation) for a bar of length L
(with ends at = 0 and L) which is initially held at a temperature L? — (22 — L)? and whose ends
are held at temperature 0.



