
Analytical Methods: Exercises 1

1. Find the general solution to the PDE for f(θ, φ):

1

a sin θ

∂

∂θ
(sin θvθf) +

1

a sin θ

∂

∂φ
(vφf) + sin2 θ cos 2φ = 0

in which

vθ = a sin θ cos θ cos 2φ

vφ = −a sin θ sin 2φ

2. Consider the problem
∂u

∂t
+ u2

∂u

∂x
= 0

in x ≥ 0, t ≥ 0, with initial and boundary conditions

u(x, 0) =
√
x u(0, t) = 0.

Find the general solution implicitly and hence the specific solution in this
case.

3. Try a regular perturbation expansion in the following differential equation:

y′′ + 2εy′ + (1 + ε2)y = 1, y(0) = 0, y(π/2) = 0.

Calculate the first three terms, that is, up to order ε2. Apply the boundary
conditions at each order.

4. Calculate the first two nonzero terms of a regular expansion in ε for the
following integral:

I =

∫ ε

0

dx

(ε2 − x2 + cos ε− cosx)1/2
.

[Hint: you will need to keep terms of order ε4 initially.]

5. Try a dilation transformation on the Burger’s equation: ut + uux = 0.
Find the specific solution for initial conditions

u(x, 1) =
x+ (x2 − 1)1/2

2

and show it matches that obtained by the method of characteristics.



Answers

1. f(θ, φ) = F (sin 2φ tan2 θ) sec3 θ +
1

3
.

2. Implicit solution u = F (x− u2t), particular solution u(x, t) =

√

x

(1 + t)
.

3.

y = 1− cosx− sinx+ ε[(x− π/2) sinx+ x cosx]

− ε2[1 + (x2/2− πx/2− 1 + π2/8) sinx+ (x2/2− 1) cosx].

4. I =
π
√
2

(

1−
ε2

16
+O(ε4)

)

.

5. u = tm−1f(ξ) with ξ = t−mx and (f(ξ)−mξ)f ′(ξ) + (m− 1)f(ξ) = 0.

Specific solution u = (x/t+ [(x/t)2 − t−1]1/2)/2.


