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Abstract

We study overlapping Schwarz methods for the Helmholtz equation posed in any dimen-
sion with large, real wavenumber and smooth variable wave speed. The radiation condition
is approximated by a Cartesian perfectly-matched layer (PML). The domain-decomposition
subdomains are overlapping hyperrectangles with Cartesian PMLs at their boundaries. The
overlaps of the subdomains and the widths of the PMLs are all taken to be independent of
the wavenumber.

For both parallel (i.e., additive) and sequential (i.e., multiplicative) methods, we show
that after a specified number of iterations — depending on the behaviour of the geometric-
optic rays — the error is smooth and smaller than any negative power of the wavenumber.
For the parallel method, the specified number of iterations is less than the maximum number
of subdomains, counted with their multiplicity, that a geometric-optic ray can intersect.

These results, which are illustrated by numerical experiments, are the first wavenumber-
explicit results about convergence of overlapping Schwarz methods for the Helmholtz equa-
tion, and the first wavenumber-explicit results about convergence of any domain-decomposition
method for the Helmholtz equation with a non-trivial scatterer (here a variable wave speed).

1 Introduction

1.1 Informal description of the problem

We consider the following Helmholtz problem: for arbitrary d > 1, given f € Lgomp(]Rd), (nor-
malised) strictly-positive wavespeed ¢ € C*®(R?) with supp(1 — ¢) compact, and wavenumber

k> 1, findu € H, lloc(Rd) satisfying the Helmholtz equation and Sommerfeld radiation condition:
E2Au+c2u=f mR? and (9, —ik)u = 0(7’%) as = |z| — oo. (1.1)

Since R? is unbounded, a standard approximation to this Helmholtz problem is to truncate the
domain at an artificial boundary chosen so that the truncated domain contains both supp(1 —¢)
and suppf (i.e., the scatterer and the data) and approximate the radiation condition by a
perfectly-matched layer (PML) [3]. In this paper we assume that the artificial boundary is a
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hyperrectangle, and that the PML is a Cartesian PML (i.e., the scaling is active in Cartesian
coordinate directions; see §1.4.2 below for a precise definition).

Helmholtz solutions oscillate on a length scale of k™!, and approximating an arbitrary func-
tion oscillating on this scale requires ~ (kL)? degrees of freedom, where L is the length scale
of the domain. For piecewise polynomials of fixed degree, the number of degrees of freedom
required is > (kL)? because of the pollution effect [1, 21]. The linear systems resulting from
finite-element discretisations of (1.1) are therefore very large. Furthermore, since the standard
variational formulation of the Helmholtz problem above is not self-adjoint and not coercive,
methods that work well for self-adjoint coercive problems, such as Poisson’s equation, usually
perform very badly for Helmholtz problems (see, e.g., the review [18]).

Domain-decomposition (DD) methods approximate the solution of the Helmholtz problem on
the computational domain by solving Helmholtz problems on subdomains (either overlapping or
non-overlapping) of the original domain, with each subdomain problem involving fewer degrees
of freedom than the original problem. Each iteration of a parallel (a.k.a. additive) method
involves solving decoupled problems on each subdomain (i.e., subdomains do not communicate
with each other at this stage). In contrast, each iteration of a sequential (a.k.a. multiplicative)
method involves communication between subdomains at each solve phase.

1.2 Context: DD methods using PML

The design and analysis of DD methods for solving the Helmholtz equation is a very active area;
see, e.g., the reviews [17, 18, 33, 25, 23].

A key question is: what boundary conditions should be imposed on the DD subdomains? It
is known that the optimal boundary condition on a particular DD subdomain is the Dirichlet-to-
Neumann map for the Helmholtz equation posed in the exterior of that subdomain (as a subset
of the whole domain) [42, §2] [16, §2], [12, §2.4]. However, complete knowledge of these maps
is equivalent to knowing the solution operator for the original problem. The design of good,
practical subdomain boundary conditions is then the goal of optimised Schwarz methods; see,
e.g., [22].

Using PML as a subdomain boundary condition for Helmholtz DD was first advocated for in
[54], and there are now many DD methods for Helmholtz using PML on subdomain boundaries
with impressive empirical performance; see, e.g., [15, 52, 10, 58, 53, 35, 47, 5] and the reviews
[25, 23].

It is now understood in a k-explicit way how PML approximates the Dirichlet-to-Neumann
map associated with the Sommerfeld radiation condition. Indeed, when ¢ = 1 and d = 2, the
error between the true Helmholtz solution and the Cartesian PML approximation decreases
exponentially in &, the width of the PML, and the strength of the scaling by [10, Lemma 3.4]
(this result also holds for general scatterers in d > 2 with a radial PML by [20]). For general
smooth ¢ and any d > 2, this error is smaller than any negative power of k£ by Theorem 4.6
below.

However, there is no rigorous understanding of how well PML approximates the (more com-
plicated) Dirichlet-to-Neumann maps corresponding to the optimal DD boundary conditions for
general decompositions and non-trivial scatterers; i.e., there are no rigorous k-explicit results
about the convergence of DD methods using PML applied to Helmholtz problems with k& > 1
and non-trivial scatterers.

The only existing k-explicit rigorous convergence results are for the sequential “source trans-
fer” DD methods (which [25] showed can be considered as a particular type of optimised Schwartz
method) applied to (1.1) with ¢ = 1 (i.e., no scattering). These methods involve subdomains
that only overlap via the perfectly-matched layers (i.e., the physically-relevant parts of the sub-
domains do not overlap). For these methods applied to (1.1) with ¢ = 1 (i.e., no scattering),
k-explicit convergence of the DD method at the continuous level can be obtained from a k-explicit
result about how well (Cartesian) PML approximates the Sommerfeld radiation condition — this



is precisely because the optimal boundary conditions on the subdomains in this case are the
Dirichlet-to-Neumann maps associated with the Sommerfeld radiation condition. Therefore,
accuracy of Cartesian PML when ¢ = 1 [10, Lemma 3.4] is then the heart of the k-explicit
convergence proofs of the source-transfer-type methods in [10, 35, 13, 36, 37] for ¢ = 1.

1.3 Informal description of the main results

The main results of the present paper, Theorems 1.1-1.4 and 1.6 below, concern both parallel
and sequential overlapping Schwarz methods at the PDE level (i.e., before discretisation).

Theorem (Informal summary of Theorems 1.1-1.4 and 1.6). For both parallel and se-
quential overlapping Schwarz methods applied to the Cartesian PML approzimation of (1.1),
where the subdomains are hyperrectangles with Cartesian PMLs at their boundaries, the follow-
ing is true. After a number of iterations depending on the behaviour of the geometric-optic rays,
given any M > 0 there exists C > 0 such that the error is smooth and smaller than Ck=™ for
all k > 0.

In particular, this implies that the fixed-point iterations converge exponentially quickly in
the number of iterations for sufficiently-large k.

These results are the first k-explicit results about convergence of overlapping Schwarz meth-
ods for the Helmholtz equation, and the first k-explicit results about convergence of any DD
method for the Helmholtz equation with a non-trivial scatterer (here a variable wave speed).
We highlight the following.

e These results are valid on fixed domains for sufficiently-large k, i.e., the PML widths and
DD overlaps are arbitrary, but independent of k. Obtaining results that are also explicit
in these geometric parameters of the decomposition will require more technical arguments
than those used here.

e We make clear exactly what properties of PML are required to obtain these results, and
for what other complex absorption operators these results also hold (see Appendix A).

e These results are the PML analogues of the results in [26, 31] for parallel overlapping
Schwarz methods with impedance boundary conditions, although the results of the present
paper are much stronger because of the superiority of PML over impedance boundary
conditions in this context.

1.4 Definition of the overlapping Schwarz methods considered in this paper

1.4.1 Definition of the subdomains
Let the d-dimensional hyperrectangular domain ;¢ be given by the Cartesian product
Qint = H (07L5)7
1<e<d
Let {Qint,; };VZI be an overlapping decomposition of ;¢ in hyperrectangular subdomains:
Qintj = [ (af. b)) (1.2)
1<<d

We extend ()i, and each iyt 5, 1 < j < N, by adding a PML layer to each, to form the
domains 2 and €2;. Namely, let x > 0 and k¢ > 0 denote respectively the PML width on €2 and
the interior PML width and let

Q.= H (=k, Le + k), = H (aé _ﬁg’bg—i_ﬁg)’



where Iiz = Ko if the corresponding edge of ()i, ; belongs to the interior of €2, and x otherwise;
i.e., edges of subdomains that touch the boundary have the same PML width as  (i.e., k), and
interior subdomain edges have PML width xg which can be different than k.

1.4.2 The scaled operators

We now define standard Cartesian PMLs of width s at the boundary of €2 and width kg at the
boundary of each ;. For simplicity, we assume that the same PML scaling function is used
inside every PML; however, this assumption can be easily removed, with, say, one function used
in the PMLs of width x and another used in the PMLs of width kg, at the cost of introducing
more notation.

Let fs € C*°(R) (with subscript s standing for “scaling”) be such that

{: fs(x) =0} ={a: fi(z) =0} ={z: 2 <0}, fi(x) >0 for z >0, and f.(z) =0 for z > Ky

for some kK, < k (observe that fs is then linear for x > k). (This assumption is to avoid
technical issues about propagation of singularities — see Remark 2.5 below.)
For any 1 < ¢ < d, we define the following scaling functions in the (-direction g, € C*°(R%)

by

fs(xe— L) if z¢ > Ly,

ge(ze) =40 if o € (0, Ly),

—fs(=ze)  ifzy <0,
and similarly, the subdomain scaling functions in the /-direction gy ; € C®(RY) for 1 <j <N
by

folze—b])  if >,

gej(ze) == 140 if zp € (ae,b]),
ffs(ai —xy) ifzy < a.

We now define the scaled operators Ay and Ag; by

d 2
Z (1+ng (x¢) ”) ’

(=1
and
d 2
n foralll1 <4 <N. 1.
=3 (rrgge) PrallLsis (1.3

Given ¢ € C*®(R?) that is strictly positive and such that supp(l — ¢) C Qins, let
Pii=—k?As—c?  Pli=—k?Aj—c? forall1 <j<N. (1.4)

These operators are defined on H'(R?), but we consider P as a operator H(€2) — H~}(Q)(=

(Hg(9))*), and P! as an operator H'(Q;) — H~1(Q;)(= (H}(€;))*). If Dirichlet boundary

data in H/? is prescribed on the corresponding boundaries, these operators are then invertible.
In the proofs of our main results, a key region is the following subset of €1;:

d
supp(P! — Ps) :=Q; N < U {zeR? : gpj(zp) # gg(.il?g)});
(=1

supp(st — Py) is the part of the PML region of 2; where the PML in §2; differs from the PML in
Q (i.e., where PJ # P,). Note that when §; is an interior subdomain, supp (P! — Ps) = Q; \ Qint ;-



1.4.3 The Helmholtz problem
Given f € H71(Q), find u € H(Q) such that

Pau = f. (1.5)

The solution u exists and is unique either for fixed k when the PML width x is sufficiently
large [30, Theorem 5.5, [6, Theorem 5.7] or for fixed xk and scaling function f; when k is
sufficiently large (by Lemma 4.5 below). When suppf C Qin¢ and ¢ = 1, [10, Lemma 3.4] shows
that the error between v and the solution of the true Helmholtz problem in R? satisfying the
Sommerfeld radiation condition decays exponentially in k and k. Theorem 4.6 below shows that,
for f € H 1 (Qn) and ¢ # 1, for fixed x, this error is O(k~°); i.e., smaller than any negative
power of k.

1.4.4 The partition of unity

Let {Xj}é’vzl be a partition of unity subordinate to {€; \ supp(P! — Py)hi<j<n, ie, {xjhi<j<n
is a family of non-negative elements of C°°(R) such that

N
for all z € RY, ij(x) =1, supp x; N2 C (€ \ supp(P? — P,)) for all j, (1.6)
j=1

and, additionally, in a neighbourhood of 0f2, each x; does not vary in the normal direction to
the boundary of  (this last assumption is for technical reasons, and can easily be achieved in
practice).

1.4.5 The parallel overlapping Schwarz method

Given u’t € H}(Q), for n >0 and any 1 < j < N, let u}“’l € H(Q;) be the solution to

Pl = Pl(ultla,) — (Paut)le; + flo, € H7H(Qy) (17)
! .
u =t € HY2(00y),
and then set
N
u'tth = Z Xju;”rl (1.8)
j=1
(where the subscript + indicates that these are the iterates for the parallel/additive method).
Another way to write this is to introduce the local corrector ¢ := u?“ —ullo, € H (),
which satisfies
‘ N
Pich = (f — Pa})lo, € HH(Q)) and  ut' =uf +> x e). (1.9)
j=1

From this we see that the solution u of (1.5) is a fixed point of (1.7)-(1.8). Indeed, if u"} = u
then ¢} = 0 by uniqueness of the PML problem on 2;, and thus u’}fl = v/l = u. (Note that
the subdomain problems for c? are wellposed by the same results that ensure wellposedness of
(1.5).)

In §8.1 below, we show that, on the discrete level, this parallel method can be understood
as a natural PML-variant of the well-known RAS (restricted additive Schwarz) method.



1.4.6 The sequential overlapping Schwarz methods

The following sequential methods are designed to be used when the subdomains have certain
additional structure (see the definitions of “strips” and “checkerboards” in §1.4.7 below), but
can be written abstractly for any set of subdomains as follows.

Forward-backward sweeping. Given uY, € H}(Q), let u? :=u|q,. Then, for n > 0,

1. (Forward sweeping) For j =1,..., N, let u?”“ € H'(Q;) be the solution to

Piu 2n+1 PJ( o) — (Paui))la, + flo, € HH(Qy) (1.10)
w2 g € HVR(00,),
where
=S S i e o),
£<] ]SZ
Then set N
2 g = S e € HAQ) (1.11)
=1

(where the subscript x indicates that these are the iterates for a sequential /multiplicative
method).

2. (Backward sweeping) For j = N, ..., 1, let u?”” € H(Q;) be the solution to

V”W Pl (uf,la,) — (Pasy)le, + flo, € HH(9)

2n+2
ul? = uf € HY2(00y),

where
U, = ZX up"th 4 ZX u;"t? € Hy(Q).
L<j Jj<t
Then set
N
ud = ui, = Y xeu"? € Hy(Q). (1.12)
(=1
Observe that the algorlthm only uses the local approximations {um ;V 1 le, ull” ! is not directly
used to define {u . However, the approximation to the solution of (1. 5) at each step is ul,

obtained by comblmng the local approximations !" via the partition of unity in (1.11)/(1.12).

J

In forward-backward sweeping, the subdomains are always visited in the same order and its
reverse. Some of our results about the sequential method involve changing the order in which
the subdomains are visited from iteration to iteration, as described as follows.

General sequential method. Let {0, },, be a sequence of permutations {1,..., N} — {1,...,N}.
For each n, o,, corresponds to the order that that subdomains are visited in the nth sweep; e.g.,
on(1) is the first subdomain visited on the nth sweep, 0,,(2) is the second subdomain visited on
the nth sweep, etc. We therefore call {0, }, a sequence of orderings.

We highlight immediately that forward-backward sweeping is defined by oo,+1(j) = 4, 02n(j) =
N — j +1 (i.e., odd-numbered sweeps visit the subdomains in order, and then even-numbered
sweeps visit the subdomains in reverse order).



Given ud, € H}(), let u? :=u)|q,. Thenforn >1,forj=1,...,N, let uZ:(lj) € H'(Qy,(j))
be the solution to

{PS%(]) Z:_(IJ) - Pan(j)(“on nl90)) = (Btig iy )l ) + flag, ) € HHQa,6), (1.13)
Uy = U (in € HI/Q(WJ‘% '
where
Ug(Gyn = D Xow (@it + D Xaw( U0y € HO(9):
<j >
Then set

ultt = Unjin = ZXN”H € Hy(9).

1.4.7 Strips and checkerboards
For Ny € Z*, ¢ = 1,...,d, we say that {Q; } ", is a checkerboard of size Ny x ... x Ny if the
following hold.
(i) For £ =1,...,d, there exist
O:yg<...<yfvé:Lg
such that

UjﬂUZ‘:@ifj#i,

Il
I1C=
S

with each U; of the form H;lzl(yfw_l,yﬁw) for some my € {1,..., Ny}, =1,...,d.

(ii) The overlapping decomposition {Qint,; };VZI of iyt comes from extending each U; in each
coordinate direction (apart from at 092).

(iii) The extensions in (ii) are such that, for all j, Q; overlaps only with €/, where Q; and Qs
are extensions of adjacent nonoverlapping subdomains.

We say that {€2;} is a 9-checkerboard if 0 := [{¢, N, # 1}|i.e. 0 is the effective dimensionality
of the checkerboard.

We say that {§); }§V21 is a strip if it is a 1-checkerboard. To simplify notation, we then assume
that the subdomains of a strip are ordered monotonically (i.e., so that €; only overlaps ;_;
and Qi+1)‘

Figure 1.1 shows an example of the grid formed by the points {y%} that is used in the
definition of a particular 2-checkerboard of size 4 x 5, along with a particular subdomain {2, ;.

1.5 Statement of the results about strips with ¢ =1

Theorem 1.1 (¢ = 1, strip, parallel method). Assume that ¢ = 1 and that {Qj};\le is a
strip. Then, for any ko, M,s > 0, there exists C' > 0 such that the following is true for any
f e HYQ) and k > ko. If u is the solution to (1.5), and {u't },>0 is a sequence of iterates for
the parallel overlapping Schwarz method, then

lu = ¥z < Ok flu— 4l 730

The norm || - || H; () appearing in Theorem 1.1 is defined for s € N by

e S [ a) [ (1.14)

la|<s

7
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Figure 1.1: The grid formed by the points {y% } that is used in the definition of a particular
2-checkerboard of size 4 x 5, and the subdomain Qi ; formed by extending (y1,v3) X (y3,93)

and for s € (0,00) \ Z* by interpolation; i.e., | - |17 () is the standard norm on H*(£2) except
that every derivative is weighted by k~! (using this norm is motivated by the fact that Helmholtz
solutions oscillate at frequency approximately k).

Theorem 1.2 (¢ = 1, strip, forward-backward sweeping). Assume that ¢ = 1 and that
{Qj}évzl is a strip. Then, for any ko, M,s > 0, there exists C' > 0 such that the following is
true for any f € H™1(Q) and k > ko. If u is the solution to (1.5), and {u }n>0 is a sequence
of iterates for the forward-backward sweeping overlapping Schwarz method, then

—-M
lu = |y < Ok Ml — || 10

(i.e., after one forward and one backward sweep, the error is O(k=°)).

1.6 Statement of the results about checkerboards with ¢ =1

Theorem 1.3 (c = 1, checkerboard, parallel method). Assume that c =1 and that {Q; }évzl
is a 0-checkerboard of size N1 x -+ X Ny (with N; > 2 for all 1 < i < 0). Then, for any
ko, M,s > 0, there exists C > 0 such that the following is true for any f € H=1(Q) and k > k.
If w is the solution to (1.5), and {u'} },, > 0 is a sequence of iterates for the parallel overlapping
Schwarz method, then
Ni4-4No—(0-1 -
= u TR ) < CE M u — 1l | 1 -

Theorem 1.3 contains Theorem 1.1 by recalling that a strip is a 1-checkerboard (with N7 sub-
domains), and setting 0 = 1 in Theorem 1.3.

To state the result for the sequential method on the checkerboard, we need the following
notion. Informally, we say that a sequence of orderings {0, } is ezhaustive if (i) given any ordering
in the sequence, the sequence also contains the reverse ordering (i.e., where the subdomains are
visited in reverse order), and (ii) given any directed straight line, there exists n, such that, in
the order of subdomains corresponding to the ordering o+, the subdomains intersected by the
straight line are visited in that order (but not necessarily one after the other) in that sweep.
For the precise definition of exhaustive, see Definition 7.2 below.

For example, one forward sweep and one backward sweep on a strip corresponds to the
ordering {01,092} with 01(j) = j, 02(j) = N — j + 1; this ordering is exhaustive, since (i) the
backward sweep is the reverse of the forward sweep (and vice versa), and (ii) any straight line



that intersects more than one subdomain intersects them in the order they appear either in the
forward sweep or in the backward sweep.

Examples 7.3 and 7.4 below describe how to easily construct exhaustive orderings of size
2° for a d-checkerboard. In particular, one can take {0, }1<,<20 corresponding to lexicographic
order with respect to every vertex; see Figure 1.2. Lemma 7.5 shows that an exhaustive sequence
of orderings for a 2-checkerboard must contain at least 22 = 4 orderings.

71819 9187 11213 3121
5|6 6|54 41516 6|5
11213 3121 71819 918 |7

Figure 1.2: A sequence of lexicographic orderings of a 3 x 3 checkerboard that is exhaustive in
the sense of Definition 7.2.

Theorem 1.4 (¢ = 1, checkerboard, sequential method). Assume that ¢ = 1 and that
{Qj}évzl is a 0-checkerboard. Then, for any ko, M,s > 0, there exists C' > 0 such that the
following is true for any f € H=1(Q) and k > ko. If u is the solution to (1.5), and {u? },>0
is a sequence of iterates for the general sequential overlapping Schwarz method following an
exhaustive sequence of orderings of size S, then

s -M 0
lu — w3l o) < Ok lu — ux |l g1 o-
In particular, we can construct orderings (via Examples 7.3 and 7.4) so that
20 -M 0
lu = w g ) < Ok lu — sl o)

Remark 1.5 (Comparing the number of solves for the parallel and sequential meth-
ods on a Nj X --- X N; checkerboard). For a N{i = Ny X --- x Ny checkerboard (N1 > 2)
Theorem 1.3 ensures smooth and O(k~>) error after (ANy — 1) iterations each containing N{
parallel subdomain solves, whereas Theorem 1.4 ensures smooth and O(k~°) error after 24 jt-
erations each containing N{j sequential subdomain solves.

1.7 Statement of the most general result about the parallel method

We first recall the definition of the geometric-optic rays associated with the Helmholtz equation
(1.1). Let P:= -k 2A — ¢ 2 and let

@) =g — (@)%, =z, LR
Given initial data zg, & € R, let ®4(z0, &) := (z(t), £(t)) be the solution of Hamilton’s equations

a5
dt

W) = Vepla) €1)), %o (1) = ~Vap(a(t), €(1) (1.15)
with initial conditions x(0) = z¢ and £(0) = &y; we call such solutions trajectories of the flow
associated to P. The geometric-optic rays are then the spatial projections of the trajectories,
i.e., their projections in the x-variable. Observe that, when ¢ = 1, the solution of (1.15) is just
straight line motion z(t) = zg + 2t&p, {(t) = &. Observe also the time reversibility property
that if (x(t),£(¢)) is a solution to (1.15) then so is (z(—t), —£(—t)).

The operator P is non-trapping if, given R > 0 there exists T' > 0 such that, the z-projection
of any trajectory starting in {x : |x| < R} has left this set by time T'(R); see, e.g., [34, Page
278]. (Strictly this is the definition of being non-trapping forward in time, but, due to time
reversibility, this is equivalent to being non-trapping backward in time.)



Theorem 1.6 below depends on a quantity A that depends on the properties of the trajec-
tories. A precise definition of N is given in §6.1 below (see also the informal discussion in §2.2),
but, informally, we consider trajectories for the flow associated to P travelling from the PML
region of one subdomain to the PML region of another subdomain, and so on. A is then the
maximum number of subdomains, counted with their multiplicity, that any such trajectory can
travel between. Importantly, N < co when P is nontrapping.

Theorem 1.6 (General ¢, arbitrary hyperrectangular subdomains, parallel method).
Assume that P is non-trapping. Then, for any ko, M,s > 0, there exists C > 0 such that the
following is true for any f € H (Q) and k > ko. If u is the solution to (1.5), and {u" },>¢ is
a sequence of iterates for the parallel overlapping Schwarz method, then

lu = |l () < CFMlu = uS |71 0

When ¢ = 1, for a strip, Theorem 1.1 follows from Theorem 1.6 by showing that A/ = N,
and, for a checkerboard, Theorem 1.3 follows from Theorem 1.6 by showing that N'= Ny +...+
Ny — (0 —1); see §7.3 below.

When ¢ # 1, the quantity N can, in principle, be calculated from its definition (Definition
2.3) using ray tracing.

Remark 1.7 (The relationship of PML to the optimal subdomain boundary condi-
tions). Recall from §1.2 that the optimal boundary condition on a particular DD subdomain is
the Dirichlet-to-Neumann map for the Helmholtz equation posed in the exterior of that subdo-
main (as a subset of the whole domain); in particular, the parallel overlapping Schwarz method
with a strip decomposition with N subdomains converges in N iterations with these boundary
conditions by [42, Proposition 2.4] and [16, Lemma 2.2].

Theorem 1.1 shows that when ¢ = 1 the parallel method with a strip decomposition with PML
at the subdomain boundaries has O(k~°) error after N iterations; i.e., PML approzimates well
the optimal boundary condition in this case.

When ¢ # 1, Theorem 1.6 proves that the parallel method with a strip decomposition has
O(k=°) error after N iterations; we highlight that N can be much larger than N when ¢ £ 1
and the rays are not straight lines (e.g., if the rays “turn around” at one end of the domain),
and PML does not approximate well the optimal boundary condition in this case. The fact that
PML at a subdomain boundary condition cannot take into account scattering occurring outside
that subdomain was highlighted in [24, §4] and [25, §10].

2 QOutline of how the main results are proved

§2.1-§2.4 explain the ideas behind the results for the parallel method (i.e., Theorems 1.1, 1.3,
and 1.6). §2.5 and §2.6 then explain the results for the sequential methods (Theorem 1.2 and
1.4).

2.1 The error propagation matrix T for the parallel method
For any n > 1 and 1 < j7 < N, we define the global and local errors
et i=u—u} € H)(Q) and ey ji=ulg, —uj € HY(;). (2.1)

These definitions, the definition of the iterate u/. (1.8), and the fact that {x; }évzl is a partition
of unity (1.6) imply that

N
el =Y x;el ;. (2:2)
j=1

10



We introduce the notation
N
€f j=xjey,; sothat el = Z G (2.3)
i=1

We can interpret €} ; = xjel} ;, after extension by zero from QJ, as an element of H0 (), since
et ; is zero on 9§ N 9Q and x; = 0 on 9Q; \ 0Q. We call e_H the local physical error. We
hlghhght that the fact that e’} is expressed in (2.3) in terms of €} j = Xxs€4 ; and not the whole
local error el ; is expected, since el} ; contains contributions from the PML layers of €2; that
are not PML layers of €, and hence not part of the original PDE problem (1.5) (and hence
“unphysical”).

For 1 <i < N and v € H}(Q) let T;v € H*(Q;) be the solution to

(2.4)

PsiﬁU:Psi(U‘Qi)_(PSU”Qi in €2,
Tiv="wv on 0€);.

For technical reasons, we need a set of cut-off functions that have bigger support than the x;s.
Let {X]> ", be such that, for each j, x7 € C>®(R%), suppx; NQ C (Q; \ supp(P? — P,)) and
Xj = 1 on suppy; (recall that Q; \ supp( (P! — Py) = Qinyj for an interior subdomain); such
{x7 ; }N ; exist since the distance between suppy; and (2, \supp(Pj P,) is > 0 as a consequence

of suppy; and supp(PS P,) begin closed. The functions {Xj j=1 and {Xj};v:l are illustrated
in the simple case of two subdomains (i.e, N = 2) in Figure 2.1.

o 0y

X1 o X2

Figure 2.1: The functions {x;} and {x;} for two subdomains

We define the physical error propagation matriz T as
T := (X, Tix; )1<ij<n : (Hy ()N = (H' Q)Y (2.5)
and, for any n > 0, the physical errors vector €'} € (HE Q)N as
(el)j =€} ;, 1<j<N.
Lemma 2.1 (Physical error propagation for the parallel method). T : (H}(Q))Y

(Hg ()Y and
et =Tel  foralln>0. (2.6)

Lemma 2.1 is proved in §5.1 below. The analogue of T when impedance boundary conditions
are imposed on the subdomains was first studied in [26, §3].
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2.2 Relating powers of T to trajectories of the flow defined by P

By (2.6), €t = T"€}. By the definition of T (2.5), powers of T involve compositions of the
maps Xﬂ}xf, and these compositions applied to 69r can be interpreted as the error travelling
from subdomain to subdomain through the iterations.

The key ingredient to the proof of Theorem 1.6 is Lemma 2.4 below, which relates com-
positions of Xﬂ}xf to properties of the trajectories of the flow travelling between the relevant
subdomains.

We now introduce notation to describe trajectories travelling from subdomain to subdomain.
Let W be the set of finite sequences of elements of {1,..., N} (i.e., the indices of subdomains)
such that, for any w = {w; }1<i<n € W, w; # wiq1 for all 1 <14 <n (i.e., the (i+1)th component
of w corresponds to a different subdomain than the ith component). We call the elements of W
words.

Definition (Informal statement of Definition 6.1 (following a word)). A trajectory ~
for the flow associated to P follows a word w € W of length > 2 if it passes through, in order,
Qugy - - - Qu,, by going through the following sets

suppxq, Nsupp(Py? — Ps), ... , suppxy, , Nsupp(Py" — Ps), suppx,,- (2.7)
We make the following immediate remarks:

e Figure 2.2 illustrates a trajectory following a word involving three subdomains of ) that
do not touch the boundary.

e To see where the sets in (2.7) come from, observe that, by the definition of 7; (2.4), the
functions 7§xj>v appearing in the action of T (2.5) satisfy a PDE on 2; with the operator
P! and right-hand side supported in suppxj> N supp(P! — Fy).

® SUppXw, N supp(PYitt — Py) is the part of the PML of
because ; is zero on the support of P! — P, the sets in (2.7) are disjoint.

w4, that intersects suppxuw,;

e A trajectory « can follow more than one word because of the overlap of the subdomains.

The flow associated to P only allows passage between certain sequences of subdomains.
For example, if the ¢ = 1, the trajectories of the flow are straight lines, and thus, since the
subdomains are hyperrectangles, in a strip domain there is no trajectory following the word
(1,2,1). To see this, consider the analogue of Figure 2.2 with the subdomain ; in the same
horizontal strip as {29 and €23; in this modified diagram, a straight-line trajectory cannot leave
the blue hatched area, go to the purple hatched area, and then come back to the blue hatched
area.

Definition 2.2. A word w € W is allowed if there exists a trajectory for P that follows w.

Definition 2.3.
N:= sup |uwl| (2.8)
w allowed
Since the sets in (2.7) are compact and disjoint, the assumption that P is nontrapping implies
that the length of allowed words is bounded above, ie N' < co.
For any w € W of length |w| := n > 2, we define the composite map

T = (T)wnywnfl(T)wnfhw’an T (T)w%wl' (2'9)

The presence of the cut-offs in the definition of (T);; (2.5) means that 7, is zero unless {2y,
and €y, , overlap for all j.
The heart of the proof of Theorem 1.6 is the following lemma.

12



Figure 2.2: A trajectory (in red) following the word (1,2,3) (here 1, Q9,3 are interior sub-
domains of ). The blue hatched shading indicates the domain suppx7 N supp(P? — P), and
the purple hatched shading indicates the domain suppx; Nsupp(P23 — Ps). (The points (zj,&;),
j = 1,2,3, and sub-trajectories 2,73 are used in the precise definition of follow in Definition
6.1 below.)

Lemma 2.4.
If weW is not allowed then, for any s > 1, ||<7w||H;(Q)—>H,§(Q) =O0(k™™). (2.10)

Proof of Theorem 1.6 using Lemma 2.4. By the definition of the error propagation matrix T
(2.5) and the composite map 7, (2.9), for any m € Z", all entries of T™ are sums of operators
Ty over words w of size m + 1. Since words of size N’ + 1 are not allowed by the definition of
N (2.8), the result that ||TN||(Hé(Q))N_>(H’z(Q))N = O(k—°) follows from Lemma 2.4. O

We show in §6.2 that Lemma 2.4 reduces to the following result, which describes precisely
how, in the £ — oo limit, the error travels from subdomain to subdomain through the iterations.
The lemma is stated in phase space (z,€), where x is position and £ is momentum; note that &
can be thought of as a Fourier variable measuring the direction of oscillation.

Lemma (Informal statement of Lemma 6.2). For any v € H}(Q), in the k — oo limit,
Twv 1s non-negligible (i.e., not O(k=%°)) only at points in phase space that are end points of
trajectories that follow the word w.

Lemma 6.2 is in turn proved using the following propagation result.
Lemma (Informal statement of Lemma 4.1). Let v € H(S2;) be the solution to
Ply=f in €, v=g on 0%;.
If P is nontrapping, then, in the k — oo limit, v is non-negligible only at points in phase space

that come from the data f under the flow associated to P.
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Lemma 4.1 is stated rigorously and proved in §4, and we give the main ideas behind its proof
in §2.3 below. Lemma 6.2 is stated in §6.2, and proved in §6.3. The idea is the following.

Sketch proof of Lemma 6.2 using Lemma 4.1. Given v € H}(), by the definitions of (T);;
(2.5) and T; (2.4), (T)ws,unv equals Xy, multiplied by a Helmholtz solution on 2, with data
(P — Py)Xxy,v- Therefore, Lemma 4.1 shows that, in the & — oo limit, the mass of (T)wyw,v
in phase space comes only from suppy.,, Nsupp(P’? — Py), i.e., the first domain in (2.7). (This
concept of “mass in phase space” is made precise by the notion of wavefront set; see Definition
B.6 below.)

Similarly, (T')uws,ws (T)ws,uw, v satisfies a Helmholtz problem on €2, with data
(P23 — Pg)Xws (T)wyw,v- Therefore, Lemma 4.1 shows that, in the ¥ — oo limit, the mass of
(T)ws,we (T )wy,w, v comes only from the mass in suppxuy, N supp(Pi” — Ps) that in turn came
from suppxu, N supp(P? — F).

In the same way, Z,,v only contains mass that propagates between subdomains following the
word w, i.e., the subdomains listed in (2.7). O

2.3 Sketch proof of the propagation result (Lemma 4.1)

The two main concepts from semiclassical analysis used in the proof of Lemma 4.1 are the
following.

1. Propagation of singularities, used in the form that the absence of mass (in phase space)
of the solution of Qu = f propagates forwards along the flow defined by @ as long as the
trajectory does not intersect the data f (see Lemma B.11 below) and the imaginary part
of the principal symbol of @) is non-positive.

2. Semiclassical ellipticity: an operator that is elliptic (i.e., has non-zero principal symbol,
see §B.4 below) in some region of phase space can be inverted in that region, up to some
error that is O(k~°) (see Lemma B.9 below).

Since P! is elliptic in the directions that the scaling of the PML takes place (Lemma 3.5),

3. A trajectory cannot exit 2; without passing through a point where Pl is elliptic (Lemma
4.4).

We now face the issue that the assumptions and conclusions of Lemma 4.1 involve the flow
for P (since this is the flow with physical relevance), but to prove the lemma we need to use

propagation of singularities in the flow defined by P! (since Lemma 4.1 is all about solutions of
Plu = f), and these two flows are different. The resolution of this apparent difficulty is that

4. The flow defined by P! equals the flow defined by P as long as it doesn’t reach a point
where P/ is elliptic (Lemma 4.2).

By the assumption that P is nontrapping, any trajectory exits the domain; combining this with
Points 3 and 4 we obtain

5. Any point in €; is the endpoint of a trajectory of P! coming either from an elliptic point
without intersecting the data, or comes from the data.

Point 5 combined with Point 2 implies that trajectories of P! coming from an elliptic point
without intersecting the data carry no mass. Therefore Point 5 combined with Point 1 implies
the result; i.e., that the solution contains mass only on points in phase space that come from
the data under the flow associated to P (this is illustrated graphically in Figure 4.2, next to the
proof of Lemma 4.1).
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Remark 2.5 (Why we assume that f; is linear near the PML boundary). The principal
symbol of the scaled operator Ps has a negative imaginary part; see (3.4) below. For such an
operator, the relevant propagation of singularities results in the semiclassical calculus for domains
with a boundary have not yet been written down in the literature. Indeed, the relevant propagation
of singularities results in the semiclassical calculus has been proved (i) on manifolds without
boundary for operators with symbols whose imaginary parts are single-signed [14, Theorem E.47]
(see Lemma B.10 below) and (ii) on manifolds with boundary for P [57].

The assumption that fs is linear near the PML boundary allows us to use a reflection ar-
gument (similar to that used for the Cartesian PML analyses in 2-d in [6, Proof of Theorem
5.5], [10, Lemma 3.4]) to extend the solution past 02 and use the propagation results of (i)
above, i.e., bypassing the issue of propagation up to the boundary (exactly where in the proofs of
the main results we do this is highlighted in Remark 6.3 below). Once the relevant propagation
results are written down in the literature, this assumption can be removed.

Remark 2.6. (Why we do not have a variable coefficient in the highest-order term
of the PDE.) There is also large interest in solving the Helmholtz equation with a variable
coefficient in the highest-order term; i.e., the PDE

E2V - (AVu) + ¢ 2u=—f (2.11)

where A is a symmetric-positive-definite-matriz-valued function with supp(I — A) C Qint. When
f € L?(Qnt) and u satisfies the Sommerfeld radiation condition, the solution of this problem is
well-approzimated by Cartesian PML. Indeed, Theorem 4.6 below holds verbatim: since A = I
when the PML is active, the imaginary part of the principal symbol is unaffected and propagation
of singularities (as described informally in Point 1 above) still holds.
However, the analogue of the domain-decomposition methods defined in §1.4 for the PDE
(2.11) inwvolve local problems with the operator
Plu =k %V, - (AVg u) + ¢ 2u, (2.12)
where
1
1+mﬁ@gx1
Vsj = :
1
1+ Z'g&,j (za)

Td

(compare to (1.4) and (1.3)). For general A, the imaginary part of the principal symbol of P!
(2.12) no longer has a sign, and propagation of singularities does not hold. This is more than
just a technical problem with the proofs: the numerical experiments in §8.5 give an example of
a simple A for which the PDE (2.11) is well posed, but the parallel Schwarz method applied to
(2.11) with local problems involving (2.12) diverges.

2.4 Summary of the three ingredients used in the proof of Theorem 1.6 (the
result about the parallel method)

1. Algebra of the error propagation, showing which words appear in the products 7, (dis-
cussed in §2.1 and §2.2).

2. Semiclassical analysis, showing that |7, || HUQ)H Q) = O(k=*°) if w is not allowed —
Lemma 2.4.

3. Properties of the trajectories of the flow associated with P, dictating which w are allowed.
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All the discussion in this section has so far been about the parallel method. However, the three
ingredients above show that to prove results about different methods, such as the sequential
methods in §1.4.6, we only need to understand Point 1, i.e., the algebra of the error propagation,
and then check whether the words appearing in the products 7, are allowed or not. In the next
subsection we illustrate this process for forward-backward sweeping on a strip when ¢ =1 (i.e.,
the geometric-optic rays are straight lines).

2.5 Error propagation for forward-backward sweeping on a strip (i.e., the
idea behind the proof of Theorem 1.2)

We now seek the sweeping analogue of the parallel error propagation result of Lemma 2.1. To
do this, we set up notation for the error analogous to that used for the parallel method in §2.1.
Let {u? },>0 be a sequence of iterates for the forward-backward sweeping defined in §1.4.6.
Let
e i=u—ul € Hj(Q), and e ji=u—uj, 1<j<N (2.13)
(with the subscript x indicating that this is the error for the multiplicative/sequential method).
We define the localised physical error by

N
67;(7]- = Xjeﬁyj € H&(Q), so that e} = Z 6273- (2.14)
j=1

(in exact analogue with (2.3)), Finally, we define the physical errors vector €2 € (H} ()Y by
(%) = €%

For any set of subdomains, (T);; = 0 for all 1 < j < N — this follows from the definitions of
T (2.5) and 7; (2.4) and the fact that Xj> = 0 where P/ — P, is supported. Therefore

T=L+U, (2.15)

where L is lower triangular and U is upper triangular, both with zero on the diagonal.
Using the structure (2.15), we arrive at the analogue of Lemma 2.1 (proved in §5.2 below).

Lemma 2.7 (Error propagation for forward-backward sweeping). For forward-backward
sweeping, for n > 0,

EQX”H = Losi”Jrl + UeZX" and ei”” = LeQX”Jrl + U£2X”+2. (2.16)

In the parallel case, Lemma 2.1 gives us immediately that € = T"€". We now seek the
analogue of this for forward-backward sweeping (see (2.18) below), using the additional structure
of L and U when {Qj}é-v:l is a strip (in the sense of §1.4.7).

Lemma 2.8. If {Qj}é»v:l is a strip then

(T)iip1r  ifj=1i+1,
0 otherwise.

(2.17)

0 otherwise,

<L>i,j={<T>j“’j A <U>i,j={

Proof. By definition of the partition of unity {x; }é\le for a strip decomposition, and the “slightly

bigger” set of cut-offs {X]> ;-V:l, if [j —i| # 1, then x7 = 0 on Q;. Thus (T);; =01if [j — 4| # 1,

and the result (2.17) follows. O

Proof of Theorem 1.2 using Lemma 2.4. By the first equation in (2.16) with n = 0,

I —L)el, = U,
X X
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hence, since LY =0,
N-1
1 _ ¢ 0
€, = E L*Ue,.
=0

Similarly, by the second equation in (2.16) and then the above,

N-1
e =Y U'Lel = Y  U"LHUE. (2.18)
m=0 0<t,m<N-1

By Lemma 2.8, all the entries of LU consist of (T);y1,;(T); +1 for some j. Therefore, all the
entries of any product of matrices appearing in the second sum in (2.18) are of the form T,
where w = (w,wp) and wo = (j + 1,4,7 + 1) (and @ is empty if m = 0 and £ = 0 in the sum).

We have now completed the analogue of Point 1 in §2.4; i.e., we have characterised the words
appearing the the error propagation.

Now, since ¢ = 1, the trajectories are straight lines and the word (j+1, 7, 7+1) is not allowed
(recall the discussion above Definition 2.2). If wy is not allowed, then the word (w,wy) is not
allowed (regardless of w). Therefore, by Lemma 2.4, for any s > 1,

H Z UmL£+1U" ) — O(k—oo)
0<lameN—1 (Hp, ()N = (Hg ()N
and the result of Theorem 1.2 follows from (2.18) and (2.14). O

2.6 Error propagation for the sequential method on a checkerboard (i.e., the
idea behind the proof of Theorem 1.4)

The idea of the proof of the analogous result for the general sequential method (i.e., Theorem 1.4)
is the same as for forward-backward sweeping discussed above; i.e., the goal is to show that the
words appearing in the products 7, are not allowed. Theorem 1.4 is proved under the condition
that the sequence of subdomain orderings is exhaustive (defined informally above Theorem 1.4
and defined precisely in Definition 7.2 below). This condition ensures that there are enough
subdomain orderings so that the words that appear in the error propagation relation correspond
to trajectories that come back on themselves, and so are not allowed when the geometric-optic
rays are straight lines (i.e., when ¢ = 1).

Examples 7.3 and 7.4 construct exhaustive sequences of orderings with 2° orderings, where
0 is the effective dimension of the checkerboard, with Lemma 7.5 showing that this number of
orderings is optimal when 9 = 2. We highlight that the source-transfer-type methods of [36, 37]
also require 2% “sweeps” on a d-checkerboard for the Helmholtz equation with ¢ = 1.

For the general sequential method on a checkerboard when ¢ # 1, the definition of exhaustive
has to be modified to depend on the geometric-optic rays (which are no longer straight lines);
see Remark 7.8 below.

2.7 Discussion on the importance (or not) of PML conditions on the subdo-
mains

The discussion in §2.3 above shows that the main property of PML used is that P! is elliptic in
certain directions in the PML region of €2;. Appendix A describes how Theorems 1.1-1.6 hold
for a much wider class of operators and subdomain boundary conditions, including when the
PML is replaced by a complex absorbing potential; i.e., the Helmholtz operator in €2; is replaced
by

~k72V - (AV) — ¢ 2 — iV}

where V; € C, p(Rd) is supported in what was the PML region of €; and is strictly positive

com

near 0€); (see, e.g., [49, 45, 46, 41, 51]); see Example A.4. In particular, Example A.4 shows
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that the analogues of Theorems 1.1-1.4 and 1.6 with complex absorption hold when A # I,
in contrast to PML (see Remark 2.6); this will be investigated further elsewhere. Note that
complex absorbing potentials can themselves be used to approximate the radiation condition
with O(k~°°) error — see Theorem A.2 below — and thus can also be imposed on 0f2.

We highlight, however, that the propagation result Lemma 4.1 (stated informally in §2.2)
does not hold if the PML is replaced by a local absorbing boundary conditions, such as the
impedance boundary condition. Indeed, in the £ — oo limit, mass is reflected by these boundary
conditions [40, 19] and thus the reflections from 0€; create mass that comes from the data not
under the flow associated with the Helmholtz operator on €. These additional reflections make
analysing DD methods with impedance boundary conditions challenging [2, 31].

3 Preliminary results for the PML operators
It will be convenient to work with the semiclassical small parameter A := k~'. We then have

P=—RmA—c2, Py=—hm*Ay— 2, and st = —hZASJ —c¢2, 1<j<N.

3.1 Useful notation in (;

For any 1 < j < N, we define the following, denoting the analogous subsets of €2 by the same
notation but omitting the j.

e Let ij for 0 < ¢ < d — 1 denote the set of /-dimensional generalised edges of €2;. For
example, if d = 3, X are the vertices, X] the edges, and X the faces; see Figure 3.1.

o Let 27 := Uoggd_yl’g be the set of generalised edges of €;.

e Let Z(%Q = {e € 29, st. Jeg € Z with e C eo}, the generalised edges of {1; that are edges
of Q.

efFor0</{<d-1landec Xéj, we write £ || ¢ (informally “£ is parallel to ¢”) if £ € ¢,
where ¢ := Vect(ey,--- ,ep), where (e1,--- ,ep) are £ linearly independent vectors tangent
to ¢; see Figure 3.2.

e Fore€ 2/, let r(e) :=rifec Z{%Q and k(e) := ko otherwise.
e For0<n<«k, 0<l<d—1,let
&, = (e+B(0,k(c) —m) Ny

J
eeXe

(informally, EZ 0 is the region a distance n into the ¢-dimensional edges of the PML layer
of €;, taking into account that the PML layer is width x for edges that are part of 9
and ko otherwise ).

oFor0§n</<c,O§€§d—lande€é’(ej,let
¢ = {x+z+ Z tini(x), x€e, zE€e, ti>—(1€(2)—77)}, (3.1)
1<i<d—¢

where, for any = € ¢, (n;(z))i1<i<d—¢ is a set of d — ¢ orthogonal outward-pointing (with
respect to §2;) normal vectors to e. Informally, 7 is the region a distance 7 into the part
of the PML layer of €2, corresponding to edge ¢ that is then extended out of €2; to infinity,
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both normally (corresponding to ¢;n;(z) in (3.1)) and tangentially (corresponding to z in
(3.1)); see Figure 3.2.

Let
el . o]
EM = U e’
xex]
e For 0 <7 < &, let E{, = 55—1 - i.e., the n-strict PML layer of €);, and E% = gg—ln’ ie.,
the n-strict extended PML layer of €);.
e For 0 < 7 < K, let C% = Egm, i.e., the 7n-strict PML corners of ()5, C~,]7 = ggm’ i.e., the

n-strict extended PML corners of ;.

Additionally, when 1 = 0 in the above notation we omit it; e.g., ¢0 is written as ¢ and SZ o 18

written as Sg )

ce ]

Figure 3.1: Examples of elements of Xg , le and X2j for a 3-d subdomain.

3.2 Extensions of PML solutions in (;

Odd-symmetric extension on parts of 9€); that intersect 9€.

Definition 3.1 (Odd-symmetric extension). Let V C R? be such that there is a unique
Euclidien coordinate system (z1,z2) so that V = w N {z > 0}, where w C R? is open. For
any u : V — R, we denote Spu : VU SV — R its odd-symetric extension to YV U SV, SV =
{(—21,22), z € V}, defined by, for any z € VU SV

Ju(z, 22) ifz€V,
Svulz) = {—u(—zl,zQ) if z ¢ V.

Let €ext > 0 be a parameter to be fixed later. We define the extended domain

ﬁj::QjU U {:IH- Z tini(x), er,Ogti<eeXt},

J <1<d—
€2}, 1<i<d—¢

where, for any « € ¢, (n;(x))1<i<d—¢ is a set of d — £ orthogonal outward-pointing (with respect
to ;) normal vectors to e; i.e., 2; is ©; extended normally for a distance €y from the edges of
Q; that are (subset of) edges of Q. Note that if 9Q; N 0Q = (), then Q; = Q.

We now define an extension of functions from €; to flj by symmetrising multiple times with
respect to the generalised edges of Q; (and its partial extensions). The following definition is
illustrated in Figure 3.3.
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(e + B(0,0)) f§1 2

,,,,,,,

,,,,,,,,,,,,,,,,,,,,,

Figure 3.2: Illustration of some elements defined in §3.1 for a 3-d subdomain: an edge ¢ € le ,
its associated infinitely extended region ¢, the corresponding region (e + B(0, x(¢) — 1)) N € in
the PML of €25, and a vector & such that & || e.

Definition 3.2 (Extension from Q; to (NZJ) For 0 < ¢ < d, we define the partial extension
with respect to edges of dimension > £:

ﬁ;::QjU U {:c+ Z tini(x), xGe,Ogti<eeXt}.

€2} N, 1<i<d—{
m>/

Observe in particular that ﬁ? = ﬁj and ﬁ;l = ;. For 1 < (< d, define the extension S’f from
@g to §§_1 in the following way. Let

&f = (0% N + B, o)) 0O, 8f 1= S,

where Sg¢ is defined piecewiese by Definition 3.1. When multiples choices of symmetrisation are

J
possible, we chose one arbitrarily. We then set
Sj = S}OSQO---OSf.

We now fix €exy > 0 small enough so that xk — €ext > Kiin and x; does not vary normally in
an €exg-neighbourhood of 9N (recall from §1.4 that we assume that in a neighbourhood of 012,
each x; does not vary normally). As consequence of the latter,

forall j € {1,---,N}, (Sjx;jv) =x;(Sjv) for all v € Hj(). (3.2)

Lemma 3.3 (Extension for homogeneous Dirichlet data). Suppose u € H'(Q;), f €
H=Y(Q;) and g € H'/?(8Q;) are such that

stu:f in €1y,
u =g on 0.
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R T

Figure 3.3: Extension from €2; to S~2j for a subdomain €2; belonging to a corner of (2.

Let u := Sju and fi= S;f e H‘l(ﬁj). If g =0 on 092, N ONY, then u € Hl(ﬁj) and
Pl = [ in Q. (3.3)

Although we have so far been considering P’ as an operator on €;, it is defined on all of R?
by (1.3) and (1.4), and so its application in (3.3) on §2; makes sense.

Proof of Lemma 3.3. To prove that fe H_I(Qj), the key calculation in 1-d is that

[ aeoyowans [~ o= [ 1 (o) - o) ar

— 00

Since H™1(Qy) = (Hg ()", 1S fllg-1®) < 1/l m+)y=- The result for d > 2 is then proved
in an analogous way.

Since Kk — €ext > Kiin, the extension only occurs when the PML scaling functions gy ; are either
linear or zero. Therefore, by the definitions in §1.4.2, the coefficients of P! are constant near
0. The result (3.3) then follows from the definition of the weak derivative and integrating by
parts. Indeed, in 1-d the basic calculation is that, for ¢ € C2°(R), if u(0) = 0 and v”(z) = f(x)
for z > 0, then [*_a(z)¢" () dx = [*_ f(x)¢(x) dz; ie. @ (x) = f(z) and so P(Sju) = S;(Pu)
with Pu = u”. For d > 2, the calculation is more complicated, but the basic idea is the same,
crucially using that the coefficients of P! are constant near 08, 0

3.3 Semiclassical ellipticity statements for P’
We begin with a computation quantifying the ellipticity of P! at the symbolic level.

Lemma 3.4. Let pg denote the semiclassical principal symbol associated with P!. Given a
compact set K C R%, there exists C > 0 such that for all x € K and & € R? the following is
true.

1. (Bounding the symbol below by the PML scaling function)

d
Pl(2,6) = C Y &g, i(xm)-

m=1
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2. (Ellipticity at infinity in the £ variable)
if 1El=C then (&) FIpl(w,y,61,&) = C 7

Furthermore, the same properties hold for p! replaced with Ps.

Proof. Observe that

&(1— de] xg))2 5 d 5 (1 - gé,j(xﬁ)Q - 2i92,j($6)> 9
pl(x,&) = +c (@) =) ¢ +c (),
22; (1+ g ;(z0)2)° 222 ‘ (1+ g ;(z0)2)"
so that
Inuﬁcpg)z-zﬁégQ 9657 0 Repd(a.e) = 565 (1= gt (20)°) + ()
o =1 ‘ (1 + 927]‘@6)2)2 =1 1 + gg](xé)z)z

On the one hand, the first equation in (3.4) implies that, for z € K

d
[Tmpl(w,&)| > CY &g} ;(x0),
(=1

from which Point 1 follows.
Since (1 — 52 — 2is) < 0 for s € [0, 00] with equality only when s = 0, given S > 0 there
exists ¢; > 0 and € > 0 such that

%@mnﬂ@_ﬁ_%g)zq for all s € [0, S].

. /
Therefore, with S := maxuex max; g;, ;(7e),

d
%<61(7F/2—6)<pg(x,f)—c )) EZ 1+gej($g) )2

from which Point 2 follows. O

Recall from §B.2 that T*RY can be informally understood as {(z,¢) : * € R4 ¢ € R}
Similarly, 7D can be informally understood as {(x,¢) : 2 € D,¢ € R},

Lemma 3.5 (Directions of ellipticity).
{pl =0}NT"L; C {(x,f) c&e forallec 27 st x 6?}

(i.e., at a point x in the extended PML layer of €2, the symbolpg vanishes only when & is parallel
to every extended generalised edge of Q; that x belongs to a k-neighbourhood of).

Proof. Let (z,§) € T*/jj be such that

(z,8) ¢ {(x',{') c & ||e forall ec 27 st. 2 6?}.
Then, there exists an edge ¢ € Z/ so that x € ¢ and ¢ |[e. Since x € ¢, if m is such that the
Cartesian-coordinates vector e, is normal to ¢ then g, .(zm) > 0 (i.e., the PML is active in

this coordinate direction). On the other hand, since £ |['e, we have &, # 0 for at least one such
m. Therefore, by Lemma 3.4 (1), |pi(x,&)| > Cﬁfng;,m’j(:cm) > 0. O
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4 A propagation result for the PML solutions and its conse-
quences

The main purpose of this section is to prove the following propagation result (stated informally
in §2.2, with the main ideas behind the proof described in §2.3).

Lemma 4.1. Let 1 <j <N, fe H}Q;), g€ H1/2(€)Qj), n >0, (~2j the extension defined by

Definition 3.2, and ¢ € C°(2;). We assume that
1. any trajectory from T*(suppt N ;) N {pé = O} goes to infinity under the backward flow.
2. g=0 on 0Q; NON.

Let w € HY(S;) be the solution to

stw:f in €2,
w=g on 0Q;,

and assume that f and w are tempered (in the sense of Definition B.5). Then, with w := Sjw,

f=5;5f,

WEF;,(Yvw) C U {p € T*(suppl/J) 23 <0 st yp(p) C T*ﬁj and ®.(p) € WFh(Xf)}

X€Ce(Qy)

The interpretation of Lemma 4.1 is that, in the “measurement location” of supp, the
wavefront set of the (extended) solution consists at most of points p = (x,£) coming from the
wavefront set of the (extended) source f under the forward flow; see Figure 4.2. The assumption
in Point 1 is a non-trapping assumption.

Lemma 4.1 is proved in §4.3 below, with §4.1 and §4.2 containing intermediate results. §4.4
and §4.5 contain other consequences of the propagation results of this section, namely Lemma
4.5 (a priori bound on the PML solution operator) and Theorem 4.6 (error incurred by Cartesian
PML approximation of outgoing Helmholtz solutions), respectively.

4.1 Forward propagation of regularity

Recall that ®; is the Hamilton flow for P defined by (1.15). Let ®? denote the Hamilton flow
for P, that is, defined by (1.15) with p replaced by Reps. For any 1 < j < N, let @f’j denote
the Hamilton flow for P/, that is, defined by (1.15) with p replaced by Rep!. Finally, given an
interval I, let

Yi(2,€) = {@(w,€), te T}, (4.1)
Lemma 4.2. On {pé =0}, @f’j = &, for any t € R; and on {ps = 0}, ®¢ = &; for any t € R.

Proof. We prove the first assertion; the proof of the second one is similar. By the expression for

Rep? in (3.4),
(1 - g,(z0)*)

(1 + gg/%j (xE)Q)

¢, Rep! = 2¢,, (4.2)

29

and

5 297 j(e) gy ;(w0) 452.9;,@7]‘(3:@)92%,]'(1'5)(1 — gp(x0)?)
7

9z, Repl = —¢; -
‘ (1 -+, (20)?)” (1+ g5, ;(@)2)’°
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Let (x,&) be such that pg ;(z,&) = 0. Since also Impy j(z,&) = 0, by (3.4),
for all £, either & =0 or g;/{’j(:ng) =0.
In both these two cases, (4.2) and (4.3) above simplify to

8& Repg(w,f) = 2£ma 61@ Rep{(az,@ = 812(0—2)’
and these are the equation defining the flow associated with p (by (1.15)). O

The following lemma uses the notion of wavefront set defined in Definition B.6 below.

Lemma 4.3 (Forward propagation of regularity from an elliptic point). Let v, be a
family of h-tempered distributions in the sense of Definition B.5. Assume there exists (xo,&p) €
T*RY, tg <0, and (s, M) € [0, +oc] x [0, +00] such that

o (20,0) € {(2,€) : [pl(w,)] >0} and (w0, &) NWE M (A7 PIv) = 0. (4.4)
Then (zg,&0) ¢ WF;/’M(U). The same property holds with P replaced with P.

Proof. We do the proof for P! , the proof for Fy is similar. The objects involved in the proof
are illustrated in Figure 4.1. We can assume that pi(zg,&) = 0, otherwise the result follows
directly from Lemma B.9.

The idea of the proof is the following: we seek to use forward propagation of regularity
given by Lemma B.11. By the second assumption in (4.4), the trajectory under the flow ®;
(illustrated in red in Figure 4.1) doesn’t intersect WF;fl’M(h_lpsjv) until at least tg. How-
ever, to use Lemma B.11, we need that the trajectory under the flow @‘;”j doesn’t intersect
WFz_l’M(h_lst v), and this flow is not necessarily equal to ®; once Pl = 0. A solution to this
issue is the following. When travelling backwards from (zq,&p) under ®; (which starts off equal
to ®;” by Lemma 4.2 and the fact that pi(zo,&) = 0), by continuity, the two flows must be
close to each other in a short time interval after p stops being zero, and pl > 0 in this time
interval. That is, we know that under the backward ;7 flow, (z0,&p) reaches an elliptic point
of p} without hitting the data, and the result then follows from Lemma B.11.

In more detail: by Lemma 4.2,

sup {t <0, [pl(®¢(z0,&))| > 0} =sup {t <0, [Pl (D5 (20, &0))| > 0} =t

(since the two flows are the same when pl = 0). By assumption (i.e., the existence of tp),
t > —oo. By Lemma 4.2,

V0 (%0, &0) = ’Y[Sg’f@ (0, %0), (4.5)

(where 'y[sf’%] (20, &) is defined analogously to (4.1) with ®; replaced by ®%7). By the definition
of t, there exists T < t such that

(@57 (w0, £0))] > 0 for all t € (T,#). (4.6)

By (4.5) and the second assumption in (4.4), since ¢y < ¢ and WF;ﬁl’M(h_ngv) is a closed set,

d(vigh (20, €0)) WE; M (571 Pv)) > 0.

Hence, since t — @i’j (x0,&0) is continuous, there exists T' < t1 < t close enough to ¢ so that

i g0, &) NWE, Y (01 Plo) = 0. (4.7)
In particular, (4.6) and (4.7) imply by Lemma B.9 that
O} (wo, &) & WFM (v). (4.8)

Forward propagation of regularity given by Lemma B.11 (the sign condition on Im pé being
satisfied thanks to the first equation in (3.4)) allows us to conclude, by (4.8) and (4.7), that

(z0,&) ¢ WEPY (v). O
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Figure 4.1: The objects involved in the proof of Lemma 4.3.

4.2 Escape to ellipticity

Lemma 4.4 (Escape to ellipticity). For any p € T*(Zj such that the backward trajectory
from p in the flow ®; goes to infinity (i.e. p is not trapped backward in time), there exists T < 0
such that

Yo (p) C Ty, and  ®.(p) € {(z,€) : |pl(z,€)] > 0}.

Although Lemma 4.4 is stated (and then used below) with the flow ®; associated to P, we
note that the result holds for a general continuous flow.

Proof of Lemma 4.4. By Lemma 3.5, it suffices to show the existence of 7 < 0 such that
Ym0 (p) C T*Q; and  ®,(p) € T*Ej\{(az,g) c&|eforallec 27 st 6?}.

For simplicity we give the proof in dimension 3; we then indicate how to generalise it to any
dimension.

By the non-trapping assumption, there exists tg > 0 such that the backward trajectory from
p enters T’ *L7 forever after time to; L€, Y(—ooyto](P) C T*L5. Reducing tg if necessary, we have
Yito,01(p) C T*V.

Observe that the trajectory from p is in an extended PML-face for all times before time
to, 16 Y(—oote)(p) € T¥e1 for some e; € XQj. If there exists 7 < tg such that 7:®-(p) |} &1
and Y41 (p) C T*Q, then we are done. Otherwise, the backward trajectory from Dy, (p) stays
parallel to the face e; it entered before leaving ﬁj, and therefore there exists t; < tg such that
it enters an extended PML-edge forever; i.e., y(_oo ¢,)(p) C T*ey for some ¢y € le. Reducing t;
if necessary, we have again vy, ;1(p) C T+

If there exists 7 < ¢ such that m¢®,(p) | e2 and v 4,1(p) C T*Q, then we are done.
Otherwise, the backward trajectory from @, (p) stays parallel to the edge ¢z it entered before
leaving €2, and therefore there is 7 < t; with y;,1(p) C T*€2; such that it enters a perpendicular
PML-edge (because €2; is a hyperrectangle). We therefore have m,®.(p) € ¢3 and P (p) |/ e3
for some e3 € le and we are done.

The proof generalises to any dimension d > 2 by observing that, if v70)(p) C T *ﬁ; and
Y(=oo,1](p) C T*¢ for some ¢ € Xg with 2 < ¢ < d — 1, then either there exists 7 < T such
that me®,(p) |} e and v,y C T Q) , or the corresponding trajectory enters a £ — 1 dimensional
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edge forever: i.e., there exists 7" < T' such that vz 7)(p) C T*(Tj and Y(_oo,17(p) C T*¢ with
¢ € ngl. The initialisation of this process (entering T*£7) and the end-case (¢ = 1) are the
same as in dimension 3. O

4.3 Proof of Lemma 4.1

o2

Suppvy \_/

Figure 4.2: Idea behind the proof of the propagation Lemma 4.1 illustrated for a subdomain £2;
belonging to a corner of 2, extended as (Nlj (dashed). Any point of 7™ supp ¢ is the end-point
of a trajectory coming from an elliptic point in the PML layer. If such a trajectory doesn’t
intersect WF}, f, it carries no mass by propagation of singularities (red trajectories). Therefore,
the solution in the observation region, v, has only wavefront corresponding to trajectories
coming from WFy, f (blue trajectories).

By the assumption in Point 2 and Lemma 3.3,

Piw = f in Q.

S

Let p € T* supp X be such that

p ¢ U {Ht < 0, Vt,0] (p) C T*ﬁj and ®4(p) € WFF’L(XfN)};

X€Ce(Qy)
in other words, the backwards trajectory for the Hamilton flow of P starting at p either doesn’t
intersect WFp,(x f) for any x € C°(§);) or leaves Q; before intersecting such a subset. By
Lemma 4.4, there exists 7 < 0 such that

’Y[T,O}(p) - T*Qja and (I)T(p) S {('%5) : ]pg(a?,f)] > O} (4'9)

(where we take 7 =0 if p € {p! = 0}). From the first part of (4.9), by assumption on p, we get
that for any x € Cg°(£;)

Vir01(0) YWER(x f) = 0. (4.10)

We conclude from (4.9) and (4.10), by forward propagation of regularity from an elliptic point,
given by Lemma 4.3, that p ¢ WFy,(yw).
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4.4 A priori bound on the local PML solution on the subdomains

Lemma 4.5 (Bound on PML solution operator). Assume that the flow associated with P is
nontrapping. There exists C > 0 and hg > 0 such that the following is true. Given f € H™1(Q;)
and g € H1/2(8Qj), if u satisfies

Plu=f inQ,
w=Jn G, (4.11)
u =g on 09,
then if 0 < h < hg then
lallyiy < € (B My + 2l 372 o) (4.12)

The same holds with €; replaced with €.

We emphasise that the A~3/2 in front of the norm of g on the right-hand side of (4.12) is
not sharp. However, the only way in which (4.12) is used in the proofs of Theorems 1.1-1.6 is
to show that the solution to (4.11) is tempered (in the sense of Definition B.5) if f and g are
tempered, and so this non-sharpness is not important for the results of the paper.

Proof. We first claim that it it sufficient to prove that there exists C,hg > 0, such that if
v € H} () satisfies Plv = f € H1(Q) then, if 0 < h < hy,

ol ;) < Ch I llg-1(qy)- (4.13)
h h ( J)

Indeed, by [43, Theorem 5.6.4], for any Lipschitz domain D there exists Ep : HY?(0D) —
H'(D) such that yEp¢ = ¢ for all ¢ € HY/?(9D), where v : H'(D) — HY?(9D) is the trace
operator. Furthermore,

—1/2
1ED 17200y 111 () < OB (4.14)

noting that the weighted H'/2 norm on 9D used in [43] is equivalent to h~/2|| - ||H1/2(8D) and
h
Y

the weighted H! norm on D used in [43] is equivalent to A - || 1 (p)- Therefore, with u the

solution to (4.11), let v :=u — Epg € H}(;). Then, by (4.13),
ull g1,y < 0l a3,y + 1EDII L0,
-1 ;
< O (I flysiay + 12 Epll 10 ) + 1l
< OB (Ifllyr 0, + C B9l ) ) + B9l 1 )
and the bound (4.12) then follows from (4.14).

We now prove the bound (4.13). Seeking a contradiction, we assume that (4.13) does not
hold. Then, there exists i, — 0, v, € H}(;), fn € L?(Q;), such that P/ (h,)v, = f, in Q;,
and

lonllay (0, 2 ”hﬁlﬂan(H;n(Qj))*'

Renormalising, we can assume that
anHHgn(Qj) =1 (4.15)

Then
h;IanH(H%n(QJ))* — 0. (4.16)

We now extend v,, and f, to ﬁj using the extension defined by Lemma 3.2; i.e., we let v, := Sjv,
and f, := S;f,. By Lemma 3.3, P{v,, = f,,. By (4.15) ¥, is tempered, and so propagation of
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singularities applies. For any x € C’go(ﬁj), by (3.3) and the fact that S; : H1(Q;) — H_l(ﬁj)
(by Lemma 3.3),

||ng(hn)5n”Hgl(ﬁj) = HXﬁlHH,jl(ﬁj) = C"anHgl(Qj)'

Therefore, by (4.16) and the definition of WF~1! (Definition B.6),

WE Y (P (Rn)T,) =0, for all x € C(;). (4.17)

S

By Lemma 4.4 (escape to ellipticity), Lemma 4.3 (forward propagation of regularity from an
elliptic point), and (4.17),

WFOJ(X;&/’/L) = @ for all X S CCOO(Q])

Therefore, by Lemma B.8, Point 1 together with Point 2 of Lemma 3.4 (ellipticity at infinity)
and (4.16),

IXOnll 2 =0  forall x € C(Q).

Lemma B.8, Point 2 together with Point 2 of Lemma 3.4 and (4.16) allow us to strengthen this
to

HX%HH}M — 0 forall x € C2°()

which contradicts (4.15). O

4.5 Error incurred by Cartesian PML approximation of outgoing Helmholtz
solutions

Theorem 4.6. (The error in Cartesian PML approximation of outgoing Helmholtz
solutions O(k™%°).) Suppose either (i) P is nontrapping, or (i) with Ps considered as an
operator either H}(Q) — HY(Q) or HY(RY) — H~Y(RY), its solution operator is bounded
polynomially in h='. Then for any ko, M,s > 0, there exists C > 0 such that the following holds
for all k > ko. Let f € H~Y(Qint) and let uw and v be the solutions to

{Psu— fin Q, {PU— f in R%,

uw =0 on 01, v satisfies the Sommerfeld radiation condition.

Then,
lu =0l ms () < Ck_MHfHH,;l(th) for all k > k.

Theorem 4.6 is not used in the proofs of Theorems 1.1-1.6, but we include it in the paper
because of its independent interest. Indeed, as noted in §1.2, the only other k-explicit Cartesian-
PML convergence result in the literature is that of [10, Lemma 3.4] for the case ¢ = 1 (i.e.,
no scatterer), with this proof based on the explicit expression for the Helmholtz fundamental
solution in this case. k-explicit convergence results for radial PMLs applied to general Helmholtz
problems are in [20].

Proof. By dividing u and v by || f]| Ht (Qp)» W€ CAIL assume, without loss of generality, that
||f||H{1(th) = 1. It is then sufficient to prove that
[u =0l ms (@) < Ck™™  for all k > k.

Let us be the solution to
Puso = f in R,

By [14, Theorem 4.37],
Uco |y = V3 (4.18)
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indeed, the Cartesian PML fits into the framework of [14, §4.5.1] by setting

d -
Fy(x) = (&) diy,
6 ;/ ge\Zy 14

and observing that (VF())m = gz, (¥m) and D?F > 0 in the sense of quadratic forms (i.e., Fy
is convex) since g, > 0. The relation (4.18) implies that it is sufficient to prove that

for all s >0, [lu — uool| gz (0,,) = O(R™). (4.19)

We claim that
for any s >0, [[ucs| ms(a0) = O(R™) (4.20)

and postpone the proof for now.
We now let u, € H'(Q2) be the solution to

Ue = Uoo ON L.

{Psue —0in Q,

By (4.20) and either Lemma 4.5 under Assumption (i), or polynomial boundedness of the
solution operator on H'(R?) under Assumption (ii),

el () = O(R). (4.21)
By Lemma B.8, Part 2, the bound (4.21) can be improved to
for all s > 0 and x € C°(Q),  |[xte|[p @) = OR™). (4.22)
The whole point of the definition of u. is that, by uniqueness of u,
U = Uso + Ue.

Thus (4.19), and hence also the result, follows from (4.22).

We now prove (4.20). Under Assumption (ii), us is immediately tempered in the sense
of Definition B.5. Under Assumption (i), repeating the proof of Lemma 4.5 (without the ex-
tensions), we see that Yu.o is polynomially bounded in A~! in terms of the data f for any
x € C*(R%), and hence uy, is tempered.

Let ¢ € C°(R%) be such that ¢ = 1 near 9Q and suppy C R¥\ Q.. We now seek to apply
Lemma 4.1. By Lemma 3.5, any p € T*(suppy) N {ps = 0} is perpendicular to the scaling
direction. Therefore, since ¢ = 1 in the PML region, any such p goes to infinity backwards in
time under the flow associated to P. Therefore Point 1 in Lemma 4.1 is satisfied, and the result
of this lemma is that

WF,(Yuee) C {p € T*suppv, Tt <0, $ip) € WFﬁ(f)}

By similar arguments, Lemma 3.5 implies that

{p € T"suppy, 3t <0, Py(p) € WFh(f)} - {Ips! > 0}-

By Lemma B.9,
WEF(Yus) = 0.

By Lemma B.8, Part 1, and Lemma 3.4, Part 2, for any s > 0,
lusell gy = O(h)

(where Lemma B.8 is applied with suppx C R?\ Qiy, so that YPsues = Xf = 0). The claim
(4.20) then follows from the trace theorem and the fact that ) = 1 near 912, and the proof is
complete. ]
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5 The propagation of physical error

5.1 The propagation of physical error for the parallel method

Proof of Lemma 2.1. By the definition of 7; (2.4), Tv = 0 on 9Q; N 9 for any v € HL(Q).
Thus, since suppx; N C Q; (by (1.6)), x;Tiv = 0 on 99Q; \ 9Q and so T defined by (2.5) maps
(HE ()N = (HL(Q))N. Now, in €, by the definition of e?“ (2.1) and the iteration (1.7),

ste?r:'}l = PJ (ulo, — u?“) =P

w3

(ule,) = P (ultlo,) + (Pult)lo, = flo,
((w=u})lo,) = (Ps(u—ul))lg,

(}lo;) = (el -

P |

Therefore, by (2.2),

N

pientt =37 (P ((xeet o)lo,) — (Palxeett ), ).
/=1

Furthermore, by (1.7), u}”l = u!} on 9€;, and thus, on 0},

N

n+l _ . n+l _ _n_n_§ n

6+7j =Uu U] =Uu U+—€+— Xg@_hg.
(=1

Therefore, by the definition of 7; (2.4), and the fact (noted after (2.3)) that xse’y , € H(Q),

N
n+1l __ g n
+i = Z Tixeel -
/=1

Therefore, since Xg> X¢ = X¢,

N
vietst =3 (TG et
=1
and the result follows by definitions of €/} ; (2.3) and T (2.5). O

Remark 5.1 (The rationale for putting Xj> in the definition of T). The end of the
proof of Lemma 2.1 shows that if Xj> is omitted from the definition of T, then the result (2.6)
still holds. The advantage of including Xj> 1s that this builds into the operator the localisation
property of the physical error. Indeed, we do not expect the power contractivity proved for T
(which is a result about T applied to arbitrary functions in (H}(Q))N) to hold if Xj> is omitted
from the definition of T.

5.2 The propagation of physical error for the sequential method

Proof of Lemma 2.7. We prove the first equation in (2.16); the proof of the second equation is
very similar. To keep the notation concise, in the proof we omit the restrictions onto {1; so that,
in particular, the PDE defining u?"“ in (1.10) becomes

S

Pluz"™ = (P! — P)(uj},) + f  in Q.
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By the definition of 62;?1 (2.13) and the definition of u?”“ (1.10), in €,

P 2¢7Lj+1 stu_Péju?TH-l — (pj —P)u+f— (pj —Ps)(ufn) —f

= (B = R (= 2w = 3 i)
1<j <l
= (P! - P, ( Z xew =Y xeug =" XZU%H>
l<j <L
= (P! (ng(u up"th) —i—ZXg u— u" )
1<j j<e
= (PJ (Z XgeQ”H + Z Xe€? E)
<j j<e

Similarly, on 0€;,

2+l w2+ = on+1 n+1
et =um = u =) e = e = ) el + ) xee

1<j <l 1<j <l

where, in the last equality, we used the same manipulation as in the previous displayed equation.
Therefore, by definition of 7; (2.4) and the definition of Xj> in §2.1,

= S T+ 3 T = Y T+ T

1<j <l 1<y i<t
Therefore
2n+1 _ 2n+1 2n+1
(€ =xe2 T =D 0aTixg e T + ) 0GTixg e
1<j <L
2n+1
=> +2_06Tix7)
<j J<£

The result (i.e., the first equation in (2.16)) follows by the definition of T (2.5) and the fact that
L and U are the lower/upper triangular parts of T. O

The following lemma is proved in an analogous way to Lemma 2.7.

Lemma 5.2. For the general sequential method with ordering {o,}, for n >0,
€l = A" 4+ B,

where

(A)ie — {Ti,an(é) if € < fﬁl(i)’ (B — {Ti,an(f) if € > iﬁl(i), '
0 otherwise 0 otherwise

Comparing Lemmas 2.7 and 5.2, we see that, for the forward-backward method, both A,
and B,, alternate between equalling L and U.

By their definitions, we see that (A,,); ¢ is non-zero if o,,(¢) appears before 4 in the ordering of
subdomains {oy(1),...,0,(N)} and (By,); ¢ is non-zero if o, (¢) appears after ¢ in this ordering.
Compare this to the fact that (L,);, is non-zero if ¢ < i, i.e., £ appears before ¢ in the ordering
{1,2,..., N} or after i in the ordering {N, N —1,...,1}, and (U,,); is non-zero if £ > 1, i.e., ¢
appears after ¢ in the ordering {1,2,..., N} or before i in the ordering {N,N —1,...,1}.
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Proof of Lemma 5.2. Arguing exactly as in the proof of Lemma 2.7, we obtain that

(X o) = Z(Xan(j)ﬁn(j)ian(f)kz—:’_gln(g) + > Xow () To () Xon(0) €% 0 (t)-
0<j Jj<t

Therefore, with i = o, (j),
€= Y iTXew@)r i+ Y XiTiXen0) o)
<oy (i) on ' (D)<e

and the result follows by the definition of T (2.5). O

6 Proof of Theorem 1.6

6.1 Precise definition of following a word

Recall from §2.2 the definitions of the set of words W and the composite map 7, (2.9). Recall
the definition of the trajectory staring at (z,§) for a time interval I, y7(z, &) (4.1).
We now define a set of cutoffs that are bigger than the Xj>S- Let {X]> };VZI be such that, for

each 7, Xj> € C®(R%), supp)(j> NnQCQy, Xj> =1on suppxj>, and Xj> is zero on supp(P! — P,).

Definition 6.1. A trajectory v for P follows a word w € W of length n > 2 if

v= 11 w

2<j<n

where the product stands for concatenation, v; = ’}’(07Tj}(-’ﬂj—1,§j—1) for some T; > 0 and
($j,§j) e T*R? with

o for1<j<mn—1, x; €suppxy, Nsupp (P =Py,
o v C T*ﬁwj for 2 < j <n (recall Definition 3.2 of the extended domains),
L4 (xnagn) = (I)Tn (xn—lafn—l) € T*(supp Xi)n)

Figure 2.2 illustrates a simple example of a trajectory following a word.

6.2 Reduction to a propagation result for 7,, (Lemma 6.2)
Recall that in §2 we showed how Theorem 1.6 follows from Lemma 2.4; i.e., the result that
If weW isnot allowed then ||yw||H%(Q)—>H%(Q) = O(h™).

The heart of the proof of Lemma 2.4 is the following result, described informally in §2.2, and
proved in the next subsection using the propagation result of Lemma 4.1.

Lemma 6.2. Suppose that c is nontrapping. Let w € W of length n := |w| > 1. For any
Xmeas € C°(Qy,) and any tempered h-family v of elements of HE (), XmeasTwv is tempered
and

WFh(Xmeas%)) C {p € T Supp Xmeas : Jto < 0 8.2 Y(4,0/(p) follows w}, (6.1)

where %Jv = Su,, 0.
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Proof of Lemma 2.4 using Lemma 6.2. The fact that ymeasZw? is tempered is a consequence
of the resolvent estimate given by Lemma 4.5. We fix a word w € W not allowed. Seeking
a contradiction, we assume that (2.10) fails; that is, there exists i, — 0, v, € H}(Q) with
HU"HH%R =1 and Ny € N such that

for all n > 1, || Zy(hn)vallms (@) > By

We show that
ng(hn)vnHHgn(Q) = O(hﬁw),

leading to a contradiction. To lighten the notation, from now on we drop the subscripts n
from v, and hy,. By the definition of a word being allowed, Lemma 6.2 implies that, for any
Y € C2(D,), .

WF}(x Zwv) = 0.

Therefore, by Lemma B.8, Part 1 together with Lemma 3.4, Part 2,
for all x € CZ*( Q) XTutlgy(q,,.) = O). (6.2)

Recall that Z,v has a Xu, at the front by the definitions of .7, (2.9) and T (2.5). We now
choose x in (6.2) to be one on suppxw, N 2y, and supported in €, , and obtain that

| Zwvll @) = | Zwoll g (0u,) = O)-
O

Remark 6.3 (Why we don’t extend interior subdomains). Consider the end of the proof
of Lemma 2.4 using Lemma 6.2. If Q, is an interior subdomain, i.e., Oy, N0 = 0, then xu,
is compactly supported in b, (indeed, its support does not touch the PML layer of Q. ), and
we can choose x to be compactly supported in Qy, ; i.e., we do not need information about F,v
up to 0Ly, . However, if 0, is not an interior subdomain, then x.,, can be supported up to the
boundary of Q,, (by the partition of unity property) and we therefore need information about
Twv up to Oy, . This is why we extend €y, to an, choose x to have support in ﬁwn \ Quw,,
and do the propagation in the interior of ﬁwn (to bypass the issue of propagating up to Oy, ,
as discussed in Remark 2.5).

6.3 Proof of Lemma 6.2 (ending the proof of Theorem 1.6)

It therefore remains to prove Lemma 6.2. The idea of the proof is to iteratively apply Lemma
4.1. We proceed by induction on the length n of w. We first assume that the result of the lemma
holds for any word of length n and we show it for any word of length n + 1. At the end of the
proof we show that the result holds when n = 2.
If |lw| =n+ 1, we decompose w as
w = (TI/, wnJrl)a
and write (by the definitions of .7, (2.9) and T, (2.4))
ng = Xwn+1 7;Un+1 X'L>Un y’lf)v'

We now apply Lemma 4.1. Let
W = 720"+1X1>Un T

so that 7,v = Xw, ., W. By (3.2),

P

Xmeaszn+1W = Xmeas(Xwn+1 W) = Xmeasng- (63)
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By the definition of Ty, ., (2.4),

n+1
Pswn+1W — (PS’UJn+1 _ Ps)(Xin gu—j'l)) in an+17
W = xg,. Zov on 09

Wp41)

where we omit the restriction operators on 1, ,, to keep the notation concise (as in the proof
of Lemma 2.7 above).

We therefore apply Lemma 4.1 with j := wn1, f = (B = Bs)(xo, Tav), 9 1= Xa, Tavs
and ¢ := Xmeas Xwn+1 -

We need to check that the assumptions in Points 1-2 are satisfied. The assumption in Point
1 is satisfied because c is nontrapping. The assumption in Point 2 is satisfied since Tzv € H(Q)
by Lemma 2.1.

The result of Lemma 4.1 is that

WFh(Xmeaszn+1 W) C

U {p € T" supp Xmeas : I <0 s.t. Y q(p) C T*an+1 and ®,(p) € WFh(Xf)},
XECS (Quyy )

where f = S, af W = SwpaW. Recall that in the extended region the PML is linear and
the coefficients of both P/ and Py are constant. The arguments used in the proof of Lemma 3.3
therefore show that the extension operator S; of Definition 3.2 is such that

Sj ((st+l - Ps)(ijj)) = (P! = P)Sj(xjwy) = (PI*! — P (xjwy). (6.4)

where we have used (3.2) in the second step.
Therefore

WFh(XmeasznHW) C U {p € T Supp Xmeas : 3t <0 s.t. y0(p) C T*fvlwmrl

XE€C (an-H )

and @(p) € WE(x(P+ = P)(xz, Tav)) . (6.5)
We ultimately use that, by (B.4) and (B.5),

WE x (P2 = Po)(xa, Tav) € WEL(X™ X2, Tav) N T (supp X, ) N T (supp(P" " — ),
~ (6.6)
where x~ € C°(Qy,,,) is such that x~ = 1 on suppy. However, we first change the cut-off

X € CF(Qu,.,) into a cut off in C°(€y,) so that we can use the induction hypothesis, which

gives information about WFy,(xxz Tav) with x € C2°(Qy,)-
Observe that

for all x € C2°(Q,,,,) there exists ¥ € CZ°(Qy,) s.t. x (P — Po)xg, = (P — Po)xa,

(note that this crucially relies on the presence of xg, on the right of both sides of the equality).
Using this in (6.5), we have

WFH(Xmeaszn_;,_lW) C U {p € T Supp Xmeas : 3t <0 st y0(p) C T*ﬁwn+l

and @(p) € WEp($(P " = P)(x5, Tov)) }. (6.7)
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Therefore, by (6.6) with x replaced by v,

WFh(Xmeaszn+1 W)
- U {P € T Supp Xmeas : It <0 s.t. [t,0] (p) C T*anJA
wngo(ﬁwn)

and ®4(p) € WFﬁ(¢>XL>Un’i‘;)) N T*(supp X4, ) N T (supp(Pm+' — F)) }

= U {P € T Supp Xmeas : 3t <0 s.t. t,0] (p) C T*an+1
YECE (Qun)

and ®¢(p) € WFy,(¢xg, Tov) N T*(supp x4, ) N T (supp(P+ — ) }

Therefore, by the induction hypothesis that (6.1) holds with w replaced by w and then the
Definition 6.1 of following a word,

WEFp(XmeasXwnia W) C {p € T Supp Xmeas : 3t <0 s.t. v 01(p) C T*ﬁwnH and
®4(p) € T*(supp xg,,) N T*(supp(Ps*" ' — By)),
and 3tg < 0 s.t. (4,01 (P2(p)) follows w}

- {p € T* supp Xmeas : Jt1 < 0 s.t. Y(t1,0] (p) follows w},

and the result for words of length n + 1, assuming the result for words of length n, follows by
(6.3). To complete the induction, we prove the result for words of length 2. If w = (w1, ws),
then the inclusion (6.7) simplifies to

WFE(XmeaszQW) - U {p eT” SUPD Xmeas @ 3t < 0 s.t. Y[t,0] (p) - T*ﬁwg
YECE (Duy)

and @,(p) € WEA(U(P* = P)xis,) }-

Arguing as in (6.6) and using the definition of following a word (Definition 6.1), we obtain

WF1 (Xmeas Xw, W) C {p € T Supp Xmeas : 3t <0 s.t. Y(t,0] (p) follows w},

and the proof is complete.

7 Proofs of Theorems 1.1, 1.2, 1.3, 1.4

7.1 Checkerboard coordinates

The proofs of Theorems 1.1, 1.2, 1.3, 1.4 use a set of checkerboard coordinates {c;}1<i<p.

For concreteness we use the natural coordinates coming from the checkerboard construction
in §1.4.7. For a d-checkerboard, the coordinates (with origin (0, ...,0)) of the subdomain §2; are
(c1(4),---,cd(j)) where ci(j) = my if the U; from which € is formed equals H?Zl(yfnﬁl,yfne).

For a d-checkerboard, we omit the (d — ) directions that have Ny, = 1 to obtain coordinates
{cei<i<o.

Examples 7.3 and 7.4 below use coordinates with respect to other checkerboard vertices;
these are defined in an analogous way by first rotating the checkerboard to place that particular
vertex at the origin and relabelling all the points ¢, £ =1,...,d, m =0,..., N.
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7.2 Allowed words in a checkerboard when ¢ =1

Lemma 7.1. Assume that {Qj}évzl is a checkerboard and ¢ = 1. Then, if w € W is allowed,
for any 1 < £ <0, the map j — c,(wj) is monotonic.

Proof. The underlying idea of the proof is that a straight line through a non-overlapping checker-
board (i.e., the decomposition of i, described in Point (i) of §1.4.7) necessarily has monotonic
coordinate maps. The subtlety here is that the subdomains {€; }é\le overlap; however, the fact
that an allowed word must pass through the (disjoint) subdomains in (2.7) essentially puts us
back in the non-overlapping case.

Assume that n := |w| > 2, otherwise the statement is void. By the definition of allowed,
there exists a trajectory following w. Since the coefficients are constant, this trajectory is a
straight line, and by the definitions of allowed (Definition 2.2) and follow (Definition 6.1), the
trajectory intersects

[ U T*ﬁij N T*(suppxij Nsupp (P — Ps)>] U (T supp x4, N T*ﬁwn) = U X;
1<j<n—1 1<j<n

Since x; is supported in T*Qy and away from supp (PSZ — PS), this implies that X; N X1 =0
for1<j<n-1and X; C T*ﬁwj for 1 < j < n. It follows that there exists (z1,...,2,) on a
line with x; € SN)wj\(lejH, j=1,...,n—1and z, € Q,. Because xj € SNlj \ QjH and {Qj}é\le
is a checkerboard, it follows that for any ¢ such that c/(j) # c¢(j + 1), ce(§) < ce(§ + 1) if and
only if (z;)¢ < (x41)¢ (where subscript ¢ denotes the ¢th coordinate of = in R°); note that for
this to be true it is key that the z; is not in the overlap of ﬁj and §j+1 (which we have ensured
above). The result follows. O

7.3 Proofs of Theorems 1.1 and 1.3 (i.e., the results about the parallel
method with ¢ =1)

By Lemma 7.1, if {Q;} is a d-checkerboard, then N =1+ (Ny —1)+---+(No—1) = Ny +-- -+
Ny — (d—1). Indeed, this is the length of the longest component-wise monotonic sequence with
values in {1,..., N1} x --- x {1,...,Ng}. Thus Theorem 1.3 is a consequence of Theorem 1.6.
Theorem 1.1 is then a consequence of Theorem 1.3 with 0 = 1.

7.4 Exhaustive sequence of orderings

Given a sequence of orderings {oy}i<n<s, for every n we define the order relation =<, on
{1,---, N} by

i Znj == 0,'(0) <0y (h);
i.e., 1 <, j if at step n of the method, €2; comes before (;.

Recall that {c/}1<¢<p is a fixed set of checkerboard coordinates, i.e., ¢ : {1,...,N} —
{1,..., N} is such that ¢,(j) is the ¢th coordinate of ©2; on the checkerboard.

Definition 7.2 (Exhaustive ordering). We say that an ordering {oy}1<n<s is exhaustive if
(i) for any 1 < m < S, there is 1 <m < S such that 0,,(i) = om(N —i+ 1), and (ii) for any
sequence {ji}1<i<n of elements of {1,--- , N} such that

forall 1 <€ <0, i ce(j;) is monotonic, (7.1)

there exists an 1 < s <n so that
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Figure 7.1: Example of an exhaustive ordering of a 3 x 3 checkerboard obtained by following the
construction in Example 7.4; the key point is that, moving through the subdomains in order,
their coordinates on the checkerboard with respect to the first subdomain are non-decreasing.

Recall the informal definition of exhaustive in §1.6 that (i) given any ordering in the sequence,
the sequence also contains the reverse ordering (i.e., where the subdomains are visited in reverse
order), and (ii) given any directed straight line (here a sequence of subdomains with monotonic
coordinate maps (7.1)) the sequence of sweeps has to contain at least one sweep such that the
subdomains in the straight line are visited in order, but not necessarily sequentially, in that
sweep; i.e., (7.2).

Observe that, if m, m are the indices of reverse orderings, as in Definition 7.2, then <,,, = >m.

In what follows, we assume that the Cartesian directions on the checkerboard are always
ordered in the same way, i.e., if (¢}')1<n<o and (¢}*)1<n<o are two set of checkerboard coordinates,
then ¢ and ¢* represent coordinates in the same /th direction.

Example 7.3 (Lexicographic orderings). Let (v1,...,09) be the vertices of the checkerboard.
For 1 <n <2, let (c}')i<e<o be the set of checkerboard coordinates with vy, as origin. Define
on, for 1 <n <2° to be the lezicographic order with respect to (c})1<i<o, ie the lexicographic
order with vertex v, as origin. Then {on}1<n<20 is exhaustive. One such ordering is given by

defining
0

o) =14+> ( [] Nm)(0)-1);

/=1 m<l—1

this is shown in the case 0 = d =2 and N1 = No = 3 in Figure 1.2.

Example 7.4 (An algorithm for generating exhaustive sequences of orderings).

Let (01,...,09) be the vertices of the checkerboard. For any1 <n < 2°, let (2}})1<¢<o be the set
of checkerboard coordinates with v, as origin. Forn = 1,...,2°, if 0, is not already defined,
define oy, in such a way that all the maps j — x}}(0,(j)) are non-decreasing, then, for n €
{1,...,2°} such that vy has for coordinates (¢} (on(N)),...,c}(on(N)), define o5(j) := on(N —
Jj+1). Then {on}1<n<o is exhaustive.

Figure 7.1 illustrates an exhaustive sequence of orderings for a 3x3 checkerboard following
the algorithm in Example 7.4.

Lemma 7.5. On a 2-checkerboard, if {0, }1<n<s is erhaustive then S > 22.

Proof. Suppose we have an exhaustive sequence of orderings on a 2 x 2 2-checkerboard. Label

the subdomains
C | D
A| B

By the definition of exhaustive, there exist an ordering o, that visits (in order) C, A, B and
an ordering o, that visits (in order) C, D, B, with these subdomain orderings corresponding
to diagonal lines from the top left to bottom right passing, respectively, below and above the
centre.

If 0,, = o, then o, equals either (C,A,D,B) or (C,D,A,B). In either case, neither
ordering, nor its reverse, visits A, B, D or A,C,D in order (with these subdomain orderings
corresponding to diagonal lines from the bottom left to top right passing, respectively, below
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and above the centre). Therefore the sequence of orderings consisting of o, and its reverse is
not exhaustive, and so S > 4.

If o), # oy, then the reverse ordering to o, (which visits B, A, C' in order, and hence B before
() is neither o, (which visits C, D, B in order, and hence B after C') or the reverse ordering to
Om (since o, # o4,). Therefore S > 4.

For an arbitrary 2-checkerboard, we repeat the argument above in the top left 2x2 corner. [

7.5 Proof of Theorem 1.4

Arguing as in the proof of Theorem 1.2 outlined in §2.5, and using Lemma 5.2 instead of Lemma
2.7, we obtain

N—1
et = Z AlB,€e,
1=0

where we used that AY = 0 since A, is the rearrangment of an lower-triangular matrix. It
follows that
e = > A¢Bg...A'Bj€l,
0<4y,...ls<N-1
and Theorem 1.4 therefore follows immediately from the following lemma.
Lemma 7.6. Assume that {0y }1<n<s s ezhaustive (in the sense of Definition 7.2). Then, for

any £1,...,0s € N,
¢ o)
IASBs ... AT Bl g1 o) (s v = O(F®).

To prove Lemma 7.6, we identify the words arising in the entries of the products Ags Bgs... Alel,
show that they are not allowed, and then apply Lemma 2.4.

Lemma 7.7. Assume that {op}1<n<s is exhaustive. Then, no word w = (w1, ..., wy,) satisfying
W1 7y W2 Zjy W3 Zjg -t T,y Wny (7.3)
where (Ji)1<i<n—1 5 a surjective sequence with values in {1,...,S} is allowed.

Proof of Lemma 7.6 assuming Lemma 7.7. Let
M := ASBs...Al'B;.

Observe that

N
BrX)ij =Y Bm)ieXe; = > (Tion@)(X)ey, (7.4)
=1 2070 (i)
and
N
(AnX)ij=> (An)ieX)es = Y. (Dign(X)es- (7.5)
=1 <o (i)

Now, any product of Ay, and By, 1 < £,/ < N, can be understood as the sum of 7, for
suitable words w’. Recall from the definition of 7, (2.9) that the last letter in w appears in the
left-most operator in the composition defining 7,,. The equation (7.4) therefore implies that
left-multiplying such a product by B, results in a linear combination of operators 7, such that
the last letter of w (corresponding to i in (7.4)) is =<, the previous letter (corresponding to o, (¢)
n (7.4)). Similarly, (7.5) implies that left-multiplying a product of Ay and By, 1 < £,¢' < N, by
A, results in a linear combination of operators T, such that the last letter of w (corresponding
to i in (7.5)) is =, the previous letter (corresponding to o,,(¢) in (7.5)).
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By induction, it follows that the entries of M are linear combinations of operators of the

form 7, where w is a word of size |w| := n > S that can be written as the concatenation
w=ww'. . w
where
|w0| =1,

and each word w™ for 1 < m < S is of size |w™| = n,, := 1 + ¢, and verifies

w™ = (Um(ZT)v 70m(221m))7
i <ot (wp ),
i > o H(wi ) for all 2 < k < ny,.

Observe that, by definition of >=,,, for any 1 <m < S

m m—1
wq jm wnm

- and wy' = wieq for all 2 <k < ny,.

On the other hand, by the definition of exhaustive, for any 1 < m < .5, there is 1 <m < S such
that <,, = =7. We thus have, forany 1 <m < §

w ! w0 e wl
It follows that, denoting w = (wq, ..., wy), there is a surjective sequence (j;)1<i<n—1 With values

in {1,...,5} so that
W1 Zj, W2 Zjy W3 Zjy * T,y Wne

Hence w is not allowed by Lemma 7.7, and Lemma 2.4 gives the result. O

Proof of Lemma 7.7. Seeking a contradiction, assume that such a word w is allowed. By Lemma
7.1, all the coordinates maps ¢ — cy(w;) are monotonic. As a consequence, since {o,} is
exhaustive, there exists an 1 < s < S so that

Wy s Wo g W3 g 1 D Why (76)

However, there exists 1 < ¢ < n — 1 such that j; = s. Therefore, by the assumption (7.3) and
(7.6)
w; =, wiy1  and  w; =y, wit1,

hence w; = w;11, which contradicts the definition of a word. O

Remark 7.8 (The analogue of Theorem 1.4 when ¢ # 1). In the general case when ¢ # 1,
we define an ordering {on }1<n<s to be exhaustive if (i) for any 1 <m < S, there is1 <m < S
such that o, (i) = om(N —i+ 1), and (ii) for any allowed word w of size n > S+ 1, there exists
an 1l <s<S so that

w1 Ng 0 Ng W

The proofs of Lemma 7.6 and Lemma 7.7 still hold, and this therefore leads immediately to the
generalisation of Theorem 1.4 when ¢ # 1 with the result that, if {0y} is ezhaustive (as defined
above) and of size S then

S _
[u” = ullmp) <k MJa® — ull 71 (q)-

For such orderings to always exist, one would need in principle to define the sequential method in
a more general way by not imposing the oy, to be bijections, allowing to visit a subdomain multiple
times during a single sweep — as would a non-straight trajectory visiting the same subdomain
multiple times. Constructing such orderings is, however, difficult, since it depends on the specific
dynamic of the Hamilton flow imposed by the non-constant ¢, and we have therefore not pursued
this further in this paper.
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8 Numerical experiments

8.1 The overlapping Schwarz methods on the discrete level

Given a finite-dimensional subspace of HE(f2), which we denote by V},(£2), the discrete analogues
of the parallel and sequential methods described in §1.4.5 and §1.4.6 (respectively) compute
approximations to the solution of (1.5) in V() using Galerkin approximations to the solutions
of the local problems (1.7) and (1.13) in appropriate subsets of V().

We now describe this process in detail for the discretisation of the parallel overlapping method
in §1.4.5, showing that it gives a natural PML-variant of the well-known RAS (restricted additive
Schwarz) method (introduced in [8]).

The Galerkin approximation of the PDE (1.5). Let {7,} be a shape-regular conforming
sequence of meshes for ). We assume that the edges of T resolve the boundaries of €, Qint,
Qint,j, and €, for all j = 1,..., N; since all these domains are unions of hyperrectangles, this is
straightforward to achieve in practice.

Let Vi,(Q) € HY(Q) be the standard finite-element space of continuous piecewise-polynomial
functions of degree < p on 7. Given f € H~1(2), the Galerkin approximation to the solution
of (1.5) is defined as the solution of the problem: find u; € Vj,(€2) such that

a(un,vn) = (f,on) g-1@)xmi()  for all v, € V4(Q), (8.1)
where the sesquilinear form a(-,-) is obtained by multiplying the PDE (1.5) by a test function
and integrating by parts; i.e., when d = 2,

= -2 w) - Vo — (8- Vu)u) — ¢ 2uv | dz or U, v ! .
o, v) ._/Q (k (DVu) - Vo — (8- Vu)o) >d for w,v € HY(Q),  (32)

J

1
D = Vi (1) (1) and B := <’Yi(x1) 7 Vé(xQ))T
0 ’yg(xz) 7:13(:51) 7:23(:52)
with yi(z1) := 1 +igy(21) and y2(x2) := 1+ igy, (x2).
We abbreviate V4,(€2) to Vj,, define Ay, : V3, — V) by

where

(Apup)(vp) = alup,vp)  for all up, v, € Vy (8.3)

and denote the functional on the right-hand side of (8.1) by f, € V}/, The variational problem
(8.1) then becomes Apup = fr, and is equivalent to a linear system in C™, where m is the
dimension of Vj,.

The Galerkin approximations of the local problems. Let a;(-,-) be the sesquilinear form
obtained by multiplying P? be a test function and integrating by parts; when d = 2 the definition
of a;(-,-) is the same as the definition of a(-,-) (8.2) except that g;, £ = 1,2, is replaced by gj ;.

Let Vi j := {vnlo; : vn € Vi) N H&(Qj) and let Ay ; : Vi j — V,;j be the operator associated
with a;(-,-); i.e.,

(.Ahd-uh,j)(vh’j) = aj(uhd-,vh,j) for all Uh,j, Uh,j S Vh,j' (84)

We assume that that all the operators Ay : Vi, — Vi and Ap; : Viy = Vi i =1,...,N
are invertible. When the Helmholtz problem on €2 is nontrapping, we expect this to be true
when (hk)?Pk is sufficiently small; this threshold was famously identified for the 1-d Helmholtz
h-FEM in [29], and the latest results for d > 2 proving existence of the Galerkin solution (along
with error bounds) under this threshold are given in [21]. The results of [21], however, are not
immediately applicable when € is a hyperrectangle because of the low regularity of 0.
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Restriction and prolongation operators. We define the prolongation operator RZ i
VhJ’ — Vi by, for vy, € Vh’j,

RE vy i(z) = vpj(x), when z is a node of €2,
hog "t 0, when z is a node of (2 that is not a node of €2;.

Let Rp,j : V;, = V; ; be the adjoint of RT’j, ie.,
<Rh7jf, Uh7j>V};’]-><Vh,j = <f, Rg;jvh,jh/};xl/h for all f € V}; and Vh,j € thj' (8.5)

We also define a weighted prolongation operator 7%2: ;e Vhj — Vp, involving the partition-of-
unity function x;, by

R jvnj = RE;(Ma(xjvny))  for all vy ; € Vi,

where IIj, is nodal interpolation onto Vj. Then, for all w, € V},, and all finite element nodes
x €€,

N N
Y REwilo) (@) = > (Malxgwalo,)) (@) =Y xj(@)wn(z) = wi(z);
J=1 JiweQ j=1
N ~
> Rij(whla,) =ws  for all wy, € Vi, (8.6)

=1

The discrete parallel overlapping Schwarz method. Let cj j be the finite-element ap-
proximation to the local corrector c;? (1.9); i.e., given up € V4, cZ} ; € Vh,j is the solution of

a;(¢h jsvng) = (fs Rhj0ns) — a(up, R jon;)  for all vp; € Vi
Thus, by (8.3), (8.4), and (8.5),
Apjeh s =Rui(f — Apup) € Vi, andso ¢ ;= A R i(f — Awuft) € Vi
In analogy with the second equation in (1.9) and recalling (8.6), we then define
N ~
upt™h =g+ RIAAR,(f — Awupy) € Vi
j=1
i.e., the method is the preconditioned Richardson iteration

uptl =+ BN (f = Apup) € Vi with Byi= ) RE AR, . (8.7)
J

The preconditioner B;l : Vi — Vj, is of the form of the RAS preconditioner [8], with the crucial
fact that it involves the weighted prolongation operator ﬁz j instead of R:}f j (compare, e.g., [12,
Definitions 1.12 and 1.13]). The classical ‘Optimised’ RAS (known as ORAS [50], [12, §2.3.2])
for Helmholtz uses the impedance boundary condition on the subdomain boundaries (see, e.g.,
[26, 27]), but here we have PML at the subdomain boundaries. We note that numerical results
on this version of RAS when the PML scaling function is proportional to k~! were given in [4].
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GMRES. The main results of the paper concern the overlapping Schwarz methods described
in §1.4.5 and §1.4.6 as fixed-point iterations (on the continuous level). We also present numerical
results for the generalised minimal residual (GMRES) algorithm [48] acting as an acceleration
of the parallel fixed point iteration in (8.7). Since the iteration counts of the sequential method
used as a fixed-point iteration are relatively low, we do not consider GMRES acceleration for
this iteration here.

We therefore briefly recall the definition of GMRES applied to the abstract linear system
Cx = d where C is an nonsingular complex matrix. For GMRES applied to the parallel method
above, C is the matrix corresponding to the operator B,:lAh : Vi — Vp and d is the vector
corresponding to B,?l fn € V3. Given initial guess x°, let r¥ := d — Cx" and

K, r) = span{erO :j=0,...,n—1}.
For n > 1, define x™ to be the unique element of K™ satisfying the minimal residual property:

"2 :=||d — Cx"||2 = min _||d — Cx||a.
xeKn(C,r0)

8.2 Common set-up for the experiments

The Helmholtz problem. We work in R? with Q;, := (0,1)? and PML width x = 1/40,
so that © := (—1/40,1 + 1/40)2. Note that, for k& = 100, 150, 200, 250, 300, 350, the number
of wavelengths in the PML is (1/40)/(27/k) = 0.40,0.60, 0.80,0.99, 1.19, 1.39, respectively. We
take the PML scaling function as fs(z) = 5000z%/3, and the right-hand side of the PDE (1.5)
to be f(z) = Jo(k|zr — xo|) when o = (0.5,0.5). Note that taking the right-hand side to be
a Helmholtz solution, similar to for a scattering problem, ensures that all of the mass of the
solution in phase space is oscillating at frequency approximately k, ensuring that the solution
propagates.

The domain decomposition. We consider both strip and checkerboard decompositions of
2. The overlapping decomposition { it ; };VZI (1.2) is taken to have overlap § = 1/40, with then
each overlapping subdomain extended by PML layers of width x = 1/40.

The smooth partition of unity functions are constructed with respect to a (still overlapping)
cover of (i consisting of subsets of {2, j, so that each POU function x; vanishes in a neigh-
bourhood of Qiyt j. In more detail, for strip decompositions with Qint; = (a’, ) x (0,1), we
let

b —ad)2
() = e 4(x—aj_(0436)(b;'—086—x)’ r € (a/ +0.35,6" — 0.36), j=2,.. N-1,
0, elsewhere,
and
bl—al bl ol
i) ={¢ 201-035-2) 3 < bt —0.36, In(@) =€ 2@=aN=038) 7> oV + 0.3,
0, elsewhere. 0, elsewhere.

The PoU functions x; are then defined by x; := X,/ (Zjvzl X;). For checkerboard decompositions,
the PoU functions are created by normalising the Cartesian product of x;(z)xe(y).
We use the abbreviations RAS-PML and RMS-PML to denote the parallel (additive) and

sequential (multiplicative) methods, respectively.

The finite-element method. The finite-dimensional subspace V}, is taken to be standard
Lagrange finite elements of degree p = 2 on uniform meshes of ), with h chosen as the largest
number < k~1-2% such that 1/h is an integer (recall from the discussion immediately below (8.4)
that we expect the relative-error of the finite-element solutions to be bounded uniformly in k
under this choice of h). We write the resulting linear system as Au = f.
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8.3 Experiment I: c =1

Figure 8.1 plots the rate that the residual decreases as a function of k for

e astrip decomposition, with RAS-PML (Plot (a) of the figure) and RMS-PML with forward-
backward sweeping (Plot (b)),

e a checkerboard decomposition, with RAS-PML (Plot (c)) and RMS-PML with the exhaus-
tive sequence of four orderings constructed via Example 7.3 (Plot (d)).

In all cases the rate of residual reduction increases as k increases (as expected from Theorems
1.1-1.4 and 1.6).
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Figure 8.1: The rate of reduction of the residual against &

Figures 8.2, 8.3, 8.4, and 8.5 present the convergence histories for RAS-PML and RMS-
PML for different ks and different domain decompositions. We highlight that, for the strip
decompositions with N = 4 and N = 8, Figure 8.2 shows that the residual for RAS-PML on a
strip undergoes a significant reduction after every N iterations, as expected from Theorem 1.1.
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8.4 Experiment II: variable ¢

We consider three cases

Case 1: ¢2=1,
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Case 2: ¢~2 € [2,1] decreases linearly from the center to |z| = 0.4 and equals 1 for |z| > 0.4,

Case 3: ¢~2 € [0.5,1] increases linearly from the center to |x| = 0.4 and equals 1 for |z| > 0.4.

When ¢ decreases, i.e., ¢! increases, as a function of |x|, then the problem is nontrapping (see,

g., [28, Theorem 2.5], [28, §7]). If ¢ increases quickly enough as a function of |z|, then the
problem is trapping [44], but the growth of the solution operator through an increasing sequence
of ks is very sensitive to the particular value of k [32], and depends on the data [11]. Therefore,
in these experiments, we do not seek to solve any trapping problems where the solution operator
grows faster with k£ than for nontrapping problems.

Experiment I showed that, in Case 1 (¢ = 1), the rate of residual reduction increases with k
for all the methods considered. In this experiment, we compare Cases 1-3 by listing the fixed-
point iteration counts (in brackets, GMRES iterations) to obtain the following relative-residual
reduction

[A(u —u")]l
IA(u = uO)[|2
with Table 1 considering RAS-PML on strips, Table 2 considering RMS-PML on strips, Table 3

considering RAS-PML on checkerboards, and Table 4 considering RMS-PML on checkerboards.
In all scenarios the number of iterations are very similar for each of Cases 1, 2, and 3.

<107°, (8.8)

Variable ¢ 2 Case 1 Case 2 Case 3

E\N 2 4 8 2 4 8 2 4 8

100 6(6) 11(11) 23(22) | 6(6) 13(12) 26(23) | 7(6) 11(10) 22(22)
150 4(4)  7(7)  15(15) | 5(4) 10(10) 18(18) | 5(4) 10(8) 17(15)
200 4(4) 7(7)  15(15) | 4(4) 10(10) 18(15) | 4(4) 10(8) 15(15)
250 4(4)  7(7)  15(15) | 4(4) 10(8) 18(15) | 4(4)  8(7)  14(14)
300 4(4)  7(7)  15(15) | 4(4) 10(8) 15(15) | 4(4) 8(7)  15(15)
350 4(4)  5(5) 8(8) | 4(4) 10(7) 13(13) | 4(4) 7(7)  13(13)

Table 1: Number of fixed-point iterations (in brackets, GMRES iterations) to obtain the residual
reduction (8.8) for RAS-PML with a strip decomposition

Variable ¢=2 | Case 1 Case 2 Case 3
T\ N 2 4 8|2 4 8|2 4 3
100 4 4 4|14 3 3|4 4 4
150 3 3 3|3 3 3[3 3 3
200 2 2 2|13 3 23 2 3
250 2 2 212 2 212 2 2
300 2 2 212 2 212 2 2
350 2 2 212 2 212 2 2

Table 2: Number of fixed-point iterations to obtain the residual reduction(8.8) for RMS-PML
with a strip decomposition, where one iteration equals one forward plus one backward sweep

8.5 Experiment III: variable coefficient in the differential operator

Remark 2.6 above described how the results in Theorems 1.1-1.4 and 1.6 do not hold for the
problem
k2Vs- (AVqu) +c2u=—f mRY  u=0 ondQ, (8.9)
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Variable ¢ 2 Case 1 Case 2 Case 3
E\N 2x2 4x4 8x8 |2x2 4x4 8x8 |2x2 4x4 8x8
100 8(7) 18(16) 30(27) | 8(7) 20(18) 34(30) | 8(7) 17(15) 28(27)
150 7(6) 16(15) 28(25) | 7(6) 17(16) 30(27) | 7(6) 15(14) 27(24)
200 7(6) 15(14) 27(25) | 7(6) 16(15) 29(26) | 7(6) 14(14) 25(24)
250 6(5) 14(13) 26(24) | 6(6) 15(14) 28(26) | 7(6) 13(13) 25(23)
300 6(5) 13(13) 26(23) | 6(6) 15(14) 26(25) | 6(6) 13(12) 25(22)
350 6(5) 13(12) 25(23) | 6(6) 15(14) 25(24) | 6(6) 12(12) 23(21)

Table 3: Iteration counts of fixed-point iteration (in brackets, GMRES iterations) to obtain the
residual reduction (8.8) for RAS-PML with checkerboard decompositions, where one iteration
consists of one exhaustive sequence of four orderings.

Variable ¢ 2 Case 1 Case 2 Case 3
E\N 2x2 4x4 8x8|2x2 4x4 8x8|2x2 4x4 8x8
100 2 3 4 2 4 5 2 3 4
150 2 3 4 2 3 4 2 3 4
200 2 3 4 2 3 4 2 3 4
250 2 3 4 2 3 4 2 3 4
300 2 3 4 2 3 3 2 3 3
350 2 3 3 2 3 3 2 3 3

Table 4: Tteration counts of fixed-point iteration to obtain the residual reduction (8.8) for RMS-
PML with checkerboard decompositions, where one iteration consists of one exhaustive sequence
of four orderings.

where
1

1+ ig}(x1)
Vs =
1
—F0
1+ ig(zq) ™

1

and A is a general symmetric-positive-definite-matrix-valued function with supp(l — A) C Qint.
This experiment demonstrates that the parallel Schwarz method diverges when applied to (8.9),
where the local problems involve the operator (2.12).

In common with the previous two experiments, {2, is the unit square in 2-d, now centred at
the origin to make the expressions for A simpler. We let Q = (—0.5—k,0.5+k) x (—=0.5—k, 0.5+K)

" Az) = <(1) (1)) + (? é) ((0.4— ) + 0.4 — w); (8.10)

0.8
08 1
the start of the PML. The variational formulation of (8.9) is (8.1) with the sesquilinear form
now

1
i.e., A transitions from being equal to ( ) at the origin to being equal to (O (1)> near

a(u,v) := /Q (k—Q(Evu) VT — (- Vu)) — c_zuv) dx  for u,v € H}(Q),

J
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B ) 0 1 0 N 1 0 71%3;1;
A(z) = | MG 1) A(z) m(gl) 7(1) and B(z) = 71(6@) % A(z) %(xé)
2(Z2

Y2 (x2 2(22 3 (x2)

with v1(z1) := 1 + igj(z1) and y2(x2) := 1 + igh(z2) as before. The local sesquilinear forms
a;(+,-) are defined analogously, with gy, £ = 1,2, replaced by g ;-

We consider a strip decomposition with two subdomains and overlap 6 = 1/40. We display
the results for PML width x = 1/40,1/20,1/10. The number of wavelengths in the PML at
k = 350 are then 1.39,2.78, and 5.56 respectively.

Table 5 displays the number of fixed-point iterations (in brackets, GMRES iterations) re-
quired to achieve the residual reduction (8.8), both for the coefficient A given by (8.10) and
(for comparison) A = I. Table 5 shows that the parallel Schwarz method applied to (8.9) with
A given by (8.10) converges when x = 1/40 (with iteration counts almost identical to the case
A =1), but diverges when x = 1/20 and when x = 1/10.

When PML is used to approximate the radiation condition, the accuracy increases with the
width of the PML (see [30, Theorem 5.5, [6, Theorem 5.7], [20, Theorems 1.2 and 1.5]). The
fact the the behaviour of the parallel Schwarz method with A # I gets worse as the PML
width increases is consistent with the fact, highlighted in Remark 2.6, that PML is not intended
to be used when A # I (in the sense that the imaginary part of the principal symbol is not
single-signed).

A given by (8.10) A=1T
B\ | 4 20 1o 0 xn 1
100 | 7(7) diverges(14) diverges(24) 6(6) 4(4) 17(7)
150 | 5(5) diverges(> 100) diverges(> 100) | 4(4) 3(3) 5(5)
200 | 5(5) diverges(> 100) diverges(> 100) | 4(4) 3(3) 4(4)
250 | 4(5) diverges(> 100) diverges(> 100) | 4(4) 3(3) 3(3)
300 | 4(5) diverges(> 100) diverges(> 100) | 4(4) 3(3) 3(3)
350 | 4(4) diverges(> 100) diverges(> 100) | 3(4) 3(3) 3(3)

Table 5: Iteration counts (GMRES)(tol=1e-6) for RAS-PML using two subdomains for the
problem (8.9) with A given by (8.10).

A Extending the main results to more general complex absorbing-
layer operators

A careful examination of the assumptions used in the proof of Theorems 1.1-1.6 shows that
these results hold under the following abstract assumptions, in which P4 and Pj (A standing
for “absorbing”) play the role of (and generalise) Ps and P, respectively.

Theorem A.1. Let {Qj}évzl be an overlapping decomposition of ) associated with the partition
of unity {x;}1<j<n. Let PPy, P’ € \IIZ(Rd) be second-order semiclassical pseudodifferential
operators (m the sense of §B.2) with p, pA,pA denoting their semiclassical prmczpal symbols and

Dy, <I>t , ’J denoting the Hamiltonian flows associated to Rep, Repa and RepA respectively
(i.e. d;aﬁned by (1.15) with p replaced by the appropriate symbol). Assume further that P, Py,
and Pi‘ satisfy the following.

1. (Constant coefficients near 02) P4 and le can be written near 02 as second-order differ-
ential operators with constant coefficients and zero first-order coefficients.
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2. (Agreement of P4 and Pﬁl) Py= Pi on Qing,j-
3. (Ellipticity)

(a) (Escape to ellipticity (cf. Lemma 4.4)) For any p € T*Qj not trapped backward in
time, there exists T < 0 so that

Furthermore, the same property holds replacing ﬁj by RY.

(b) (Ellipticity at infinity (cf. Lemma 3.4)) For any compact K, there exists C > 0 such
that if x € K and [£| > C then |p’y(x,§)| > C~'. Furthermore the same property
holds for p 4.

4. (Respecting propagation)

(a) On {pf4 = 0}, <I>24’j = ®; for any t € R; and on {pg = 0}, &/ = &; for anyt € R
(cf. Lemma 4.2).

(b) Imp’y < 0 near {p/; = 0}, and Imp4 < 0 near {p4 = 0}.

Then the results of Theorems 1.1, 1.2, 1.8, 1.4, 1.6 hold (replacing (PS,PSj) by (PA,Pi) in the
definition of the iterates).

Proof of Theorem A.1. As discussed in §2.4, the proofs of Theorems 1.1, 1.2, 1.3, 1.4, 1.6 are
the consequences of

(i) Algebra of the error propagation, showing which words appear in the products 7y,.
(ii) Semiclassical analysis, showing that T, = O(A*) if w is not allowed (Lemma 2.4).
(iii) Properties of the trajectories of the flow associated with P, dictating which w are allowed.

By Point 2, the regions Pj — P, are unchanged, so that, in particular,
x; =0 on supp(P4— PY). (A.1)

This implies that (i) above remains unchanged. We define both the notion of following a word
and the quantity N exactly as before (i.e., by Definition 6.1 and (2.8), respectively).

For (ii), we observe that the proof of Lemma 2.4 uses only the following properties of P, P;
and PY/:

e Point 2 of Lemma 3.4 (ellipticity at infinity): this is Point 3b, and
e Lemma 6.2 (a composite map follows the associated word).
The proof of Lemma 6.2 in turn uses only:

e the fact that in the extended region the PML is linear and the PDE coefficients are constant
(this is used to obtain the expression (6.4) involving the extension operator S; of Definition
3.2): this is a consequence of Point 1,

e the property (A.1), and
e Lemma 4.5 (PML solution-operator bound) and Lemma 4.1 (key propagation lemma).

The proofs of Lemma 4.5 and Lemma 4.1 use only the following: for both Lemma 4.5 and Lemma
4.1:
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e Lemma 4.4 (escape to ellipticity): this is Point 3a,

e Lemma 4.3 (forward propagation of regularity from an elliptic point), the proof of which
uses only Points 4a and 4b,

e Lemma 3.3 (the homogeneous Dirichlet extension of a solution is a solution on the extended
subdomain), the proof of which only uses Point 1.

O

Theorem A.2. (Approximation of outgoing Helmholtz solutions.) Assume that P and
P4 satisfy the assumptions of Theorem A.1, and, in addition, that

1. P = —h?V-AV — ¢ 2, with A smooth and positive definite, ¢ smooth and strictly positive,
and (A, c) = (Id,1) in a neighbourhood of R\ Qs .

2. P =Py in Qn.

3. Either (i) P is non-trapping, or (ii) the solution operators for P4 and P, as operators on,
respectively, HY(Q) and H'(R?), are bounded polynomially in h=".

Let f € H Y (Qny), and let u and v satisfy

u =0 on 01, v satisfies the Sommerfeld radiation condition.

{PAu = f in Q, {Pv = f in R,

Then
for all s >0 and x € CF(Qint),  [Ix(u =)z = OBF) [[fll g0

int) ’

Proof. Recall from the proof of Theorem A.1 that, under the assumptions of Theorem A.1,
Lemma 4.1 and Lemma 4.5 hold with P replaced with Py4.
By dividing u and v by || f|| H () WO Can assume, without loss of generality, that || f|| H Q) =

nt

1. When Point 3.(ii) holds, both u and v are tempered directly by assumption. When Point
3.(1) holds, v is tempered by the non-trapping solution-operator bound for P (from [39] together
with either [55, Theorem 3]/ [56, Chapter 10, Theorem 2] or [34], or [7, Theorem 1.3 and §3])
and u is tempered by Lemma 4.5 (with Py replaced with Py).

Let ¢ € C2°(€2) be such that ¢ = 1 near Q. Let

Z:=u—Yuv,

and observe that

Ppz = —[Pyg,¢Jv —p(Pg — P)v =: F in Q,
z =0 on 0f2.

Since v satisfies the Sommerfeld radiation condition,

WF,v C {p, 3t < 0,P(p) € T*(suppf)};

indeed, this is a classical consequence of Rellich’s uniqueness theorem, the outgoing properties of
the free resolvent, and propagation of singularities; see e.g., [19, Proof of Lemma 3.4]. Therefore

WF, F C {p, It <0,P4(p) € T*(supp f)} N (T*(suppw(PA - P)) uT* (supszﬂ)).
Let x € C2°(Qint); we aim to show that

WF(xz) =0, (A.2)
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from which Lemma B.8, Part 1, yields the result.
Lemma 4.1 with P replaced with P4 gives that

WF;(xz) C {p € T*(supp X) sit. J <0, Py(p) € WFh(F)},
hence
WF;(xz) C {p € T*(supp X) s.t. Tty <t <0,

@, (p) € T* (suppp(Pg — P)) UT* (suppVy) and Py, (p) € T (Suppf)}-

The trajectories for P are straight lines in a neighbourhood of R\ ¢, but the support properties
of x, (P4 — P), and f, imply that no smooth curve going from T*(supp x) to T*(supp ¢ (P4 —
P)) U T*(suppVe) then back to T*(suppf) can possibly be straight in a neighbourhood of
R Q. We therefore obtain (A.2) and the result follows. O

Remark A.3 (Comparing Theorems 4.6 and A.2). Comparing Theorems 4.6 and A.2,
we see that the advantage of PML truncation is that it controls the error on the whole of Qing,
whereas the more general approzimation considered in Theorem A.2 only controls the error in
compact subsets of Qint. This difference is because of the property of PML that the scaled solution
without truncation is precisely the scattering solution (i.e., (4.18) below), thanks to analyticity.

Example A.4 (Complex absorbing potential). Let A € C*(R% R¥>*4)) be such that A(x)
is symmetric positive definite for every x € R?, ¢ € C®(R%,R) be such that ¢ > 0, and (A, c¢) =
(Id, 1) near 092. Define
P:=—k72V.(AV) — ¢ 2,
P = —k2V - (AV) — ¢ 2 —iV;, Pa:=—-k2V-(AV)-c?—iV,

where V;,V € C®(R4,R) are such that V,V; >0, {V; > 0} = Zj, {V >0} =L (in the notation
of §3.1), and V and V; are constant near 0S). Then, the assumptions of Theorem A.1 are
satisfied. In particular, the results of Theorems 1.1, 1.2, 1.3, 1.4, 1.6 hold (replacing (Ps,st)
by (Pa, PY) in the definition of the iterates).

Proof. We check the assumptions of Theorem A.1. Point 1 holds because V and V; are constant
near 0f). Point 2 holds by the support properties of V' and V. Point 3a holds because any
trajectory starting from p goes to T*L;, but {WA‘ >0} D] Impi‘] >0} = {V; > 0} = T*L;.
Point 3b holds because |p]A\ > |Re p]A\ and A is symmetric positive definite. Point 4a holds

because Re pz4 = Rep4 = Rep, and Point 4b holds because Im pit = —V; <0 and Impy =
-V <. O

Example A.5 (PML on the main domain, CAP on subsets of the subdomains).
Let A € C®(R%R¥™%)) be such that A(x) is symmetric positive definite for every x € R,
c € C®(R% R) be such that ¢ > 0, and (A, c) = (Id, 1) near 0Q. Define

P:=—k72V.(AV) — %

1
L —
1+ ig)(ze)

Pl =~k 7V, (AVy) — ¢ 2 — iV
where V; € C°(R%,R) are such that V; > 0 and (in the notation of §5.1)

Py :=—k2V,-(AVy) —c 2, (Vs)e:

suppV; = U °
e€2i\Z),
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(in the PML setting of the rest of the paper, the region on the right-hand side of this last equality
is Uy {z € RY gy (w0) # ge(w0) }).

Then, the assumptions of Theorem A.1 are satisfied. In particular, the results of Theorems
1.1, 1.2, 1.3, 1.4, 1.6 hold (replacing (Ps, P!) by (P4, P%) in the definition of the iterates).

Proof. The assumptions of Theorem A.1 are verified for P4 by remarking that the results of
§3 and §4 (in particular, Lemma 3.4, Lemma 4.2 and Lemma 4.3), still hold for P4 instead of
Py using the fact that A = Id near L. These results also hold for Pj by this same reasoning
combined with the arguments in the proof of Example A.4. Observe that the key point is that
A = Id whenever any PML-scaling is active. O

B Recap of results from semiclassical analysis

We recap here some standard definitions and results of semiclassical analysis that we use through-
out the paper. The two main tools that we use are, as highlighted in §2.3, semiclassical ellipticity
and forward propagation of regularity, in the forms stated below as Lemma B.9 and Lemma B.11,
respectively.

B.1 Weighted Sobolev spaces

Recall that & := k~'. The semiclassical Fourier transform is defined by

(Fru)(€) = /Rd exp ( —qx- g/h)u(x) dz,

with inverse
(F ) i= a0 [ exp (ia- €/m)u(e)
Rd

see [59, §3.3]; i.e., the semiclassical Fourier transform is just the usual Fourier transform with
the transform variable scaled by A. These definitions imply that, with D := —i0,
1

fh((hD)o‘)u) = {O‘}}lu and Hu||L2(Rd) = W

H]:hUHH(JRd) 3 (B.1)
see, e.g., [59, Theorem 3.8]. Let
Hi(RY) := {u e §'(RY) such that (€)*(Fyu) € L2(Rd)},

where (€) := (1 + [£[2)Y/2, S(R?) is the Schwartz space (see, e.g., [38, Page 72]), and S'(R?) its
dual. Define the norm
2 - 1 2m 2
el zzym ray = @rhyd Rd@ | Fru(§)]” dE.
The properties (B.1) imply that the space Hj(R?) is the standard Sobolev space H*(R?) with
each derivative in the norm weighted by i := k~'. The norm on H:(2) for © C R? is then
defined by

|||U|||Hg(Q) = V‘Q:U’glein(Rd) |||V|”H§(Rd);

see, e.g., [38, Page 77]. When working with the wavenumber k (instead of h) we write H3(R?) as
Hi(R?) and Hi () for Hi(Q), and similarly for the norms, to avoid the cumbersome notation
H;_(RY) and H;_,(Q).

When (2 is Lipschitz and s > 1, the norm ||-| () 18 equivalent (with the constants in the
norm equivalence independent of k) to the norm ||| HE(Q) defined by (1.14) for s € Z* and by
interpolation for s > 1; see, e.g., [9, §4]. For simplicity, from here on we drop the “triple bar”
notation and use only ||| H; for norms on Hj.
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B.2 Semiclassical pseudodifferential operators

The set of all possible positions 2 and momenta (i.e. Fourier variables) ¢ is denoted by T*R%;
this is known informally as “phase space”. Strictly, T*R? := R? x (R%)*, but for our purposes,
we can consider T*R? as {(z,¢) : z € R ¢ € R4},

Definition B.1 (Symbols). We say that a € C®(T*RY) is a symbol of order m (and write
a € S™(T*RY)) if, given multiindices o and 3, there exists Ca, such that, for all (x,§) € T*RY,

10907 a(x, )] < Cap(&)™

Definition B.2 (Semiclassical pseudodifferential operators). Fiz xo € C°(R) to be iden-
tically 1 near 0. We say that an operator A : C°(R%) — D'(R?) is a semiclassical pseudodiffer-
ential operator of order m, and write A € \P%”(Rd), if A can be written as

1

Aule) = G [ eH T Oate nolle — y)ul)dyde + ON®)gw, (B

where a € S™(T*R?) and E = O(h%®)g-os, if for all N > 0 there exists Cy > 0 such that
< CNFLN.

B a1 ety e et

We use the notation Opy a for the operator A in (B.2) with E =0, and define
U = ﬂ\I’m, ST = ﬂSm, U = U\Ilm, S = US’m.
m m m m

Theorem B.3. ([14, Propositions E.17 and E.19].) If A € V"' and B € ¥}"?, then
(i) AB € Ujm+m2,

(ii) For any s € R, A is bounded uniformly in h as an operator from Hj to H; ™.

Principal symbol. There exists a map
ol Y™ — §™/pSm!
called the principal symbol map such that the sequence
0 = hsmt B gm T gmpam-1 g

is exact and, for a € S™,
o' (Opp(a)) =a  mod AS™

see [59, Page 213], [14, Proposition E.14]. When applying the map o}* to elements of ¥},
we denote it by o (i.e. we omit the m dependence) and we use o;(A) to denote one of the
representatives in S (with the results we use then independent of the choice of representative).
By [14, Proposition E.17],

or(AB) = op(A)on(B). (B.3)
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Compactification at infinity. To deal with the behaviour of functions on phase space uni-
formly near & = oo (so-called fiber infinity), we consider the radial compactification in the &
variable of T*R?. This is defined by

T*R? := R? x BY,

where B? denotes the closed unit ball, considered as the closure of the image of R? under the
radial compactification map

RC: & &/(14(6);

see [14, §E.1.3]. Near the boundary of the ball, ]f\:l o RC7! is a smooth function, vanishing
to first order at the boundary, with (|¢|~! o RC™, & o RC™!) thus giving local coordinates on
the ball near its boundary. The boundary of the ball should be considered as a sphere at
infinity consisting of all possible directions of the momentum variable. When appropriate (e.g.,
in dealing with finite values of £ only), we abuse notation by dropping the composition with RC
from our notation and simply identifying R¢ with the interior of B¢,

Definition B.4 (Operator wavefront set). We say that a point (zo,&y) € T*R? is not in the
wavefront set of an operator A € W™ and write (xo,&0) ¢ WF A, if there exists a neighbourhood
U of (x0,&) such that A can be written as in (B.2) with

sup |0207a(x,€)(€)N| < CapnhY.
(z,8)eU

By [14, Equation E.2.5],

WF,(AB) C WF(A) N WF(B). (B.4)

B.3 Tempered distribution

Definition B.5 (Tempered distributions). An h-dependent family of distributions vy, €
D'(R?) is tempered if

for all x € C°(R?) there exist C, K > 0 such that [ xvall - < crh K.
h

Definition B.6 (Semiclassical wavefront set). Let v be a h-family of tempered distributions
onRe. For any s, M € R, the strict semiclassical wavefront set of v at reqularity (s, M), denoted
WF;’L’M v, is defined as follows: p € T*R? is not in WFZ’MU if for any A € W%O(Rd) so that
WEFE}, A is a sufficiently close neighbourhood of p,

hiMHAUHHﬁ — 0.
In addition

WEy™v:= [ WEyM v,  WEF v = [ WFy™ v,
M>0 520

and WFEpv := VVF;O’OO V.
By [14, Equation E.2.18], if v is tempered (in the sense of Definition B.5) then

WEF}(Av) € WF,(A) N WF(v). (B.5)
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B.4 Semiclassical ellipticity

We say that A € U(RY) is elliptic at (z0,&) € T*R? if there exists a neighbourhood U of
(z0,&0) such that
inf A) ()™ = e>0.
Jnf oA 2 ¢

Lemma B.7. (Elliptic parametrix [14, Proposition E.32].) Let A € U7 and B € V§ be
such that B is elliptic on WF, A. Then there exist E,E' € \Il%n_é such that

A=BE+O(h®)g-w = E'B+ O(h*)g—co.
We use the two following applications of Lemma B.7.

Lemma B.8 (Ellipticity at infinity in the ¢ variable). Let Q € V(R?) be such that, given
a compact set K C R?, there exists C > 0 such that for all z € K

if 1€=C,  then |on(Q)(x,€)| = CTHE[™ (B.6)

Then, for any (s, M) € [0,+0c0]?, and any x,X € C(R?) such that X = 1 near suppx, the
following holds.

1. For any h-family of tempered distributions vy such that WF%M(XU) =0 and ||)?QU||H;_m =
o(hM),
Ixvllmz = o(h™).

2. Given s > 0 there exists C > 0 such that, for any h-family of tempered distributions vy,
Ixvllag < € (Il + IRQull e +O(r™)).

Proof. We begin with Point 1. We do the proof for M < 400, the proof for M = 400 is similar.
Let ¢ € C2°(R) be such that ¢» = 1 near B(0, A). Then, on the one hand, by definition of the
wavefront-set,

m Ml (IhD)xv) m; — 0.

On the other hand, by the assumption (B.6) and the properties (B.3) and (B.4), xQ is semi-
classicaly elliptic near WF;(1 — ¢ (|AD|))x; hence

(1~ G(BD))x = BXQ + O(h), .
with FE € \I’gm(]Rd). Applying v to the above gives
B (1= p(RDD)xoll — 0,

and the result follows. The proof of Point 2 is very similar to the proof of Point 1 using that
given s > 0 there exists C' > 0 such that [[4(|AD|)xv| gz < C||xv||r2; this follows from Part (ii)
of Theorem B.3 since 1 (|AD|) € ¥, *°(R9). O

Lemma B.9 (WF statement from symbolic ellipticity). Let Q € UT(R?). Then, for any
hi-tempered family of distributions vy, any x, X € C°(R?) such that X = 1 on supp x and any
(87M) € (—OO, +OO]27

WEM (yo) € WE ™M (3Qu) U {o4(Q) = 0}.

If @ is elliptic, i.e., {o4(Q) = 0} = 0, then Lemma B.9 states that an elliptic pseudodiffer-
ential operator does not “move around” mass in phase space; i.e., in any compact set in space,
the wave front set of v is contained inside the wavefront set of Qu.
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Proof of Lemma B.9. Let p ¢ WF%’M()?QU) U{on(Q) =0}, and b € C°(T*R?) with b = 1 near
p be such that
suppb N WF;_m’M(iQU) =0, suppbn {os(Q) =0} =0.

Then, by (B.3), xQ is semiclassically elliptic on suppb N T*supp x. Therefore, by the elliptic
parametrix construction (Lemma B.7),

(Opy b)x = EXQ + O(h™) g o,

with £ € ¥,™ and WFj, E C suppb. Therefore WF; E N WFf{m’M(in) = () and applying v
to the last displayed equation we see that p ¢ WF‘;L’M(XU), which implies the result. O

B.5 Propagation of singularities

Lemma B.10 (Propagation of singularities estimate, [14, Theorem E.47]). Let Q €
\If}i”(]Rd), of semiclassical principal symbol q. Let ¢, be the Hamiltonian flow associated to Req
(i.e. defined by (1.15) with p replaced by Req), and A, B, By € U9 (R%) be so that

Imqg <0 on WFy, By,
and
there exists T >0 s.t. o_p(x,€) € elly B, and for all t € [0,T], o—¢(x,&) € ell By.

Then, for any s > 0 and any family vy, of h-tempered distributions (in the sense of Definition
B.5)
1Al < ClBolla + CH [ BrQol gy + O(F).
We use the following an application of Lemma B.10.

Lemma B.11 (Forward propagation of regularity). Let Q € \Il%”(Rd) with semiclassical
principal symbol q. Let ¢y denote the Hamiltonian flow associated with Req (i.e. defined by
(1.15) with p replaced by Req), and assume that Imq < 0. Let v, be a family of h-tempered
distributions (in the sense of Definition B.5). Let (x9,&) € T*R? and (s, M) € [0,400] x
[0, +00]. If (z0,&0) ¢ WF;’M(U) and there exists to > 0 so that

{got(ﬂzo,fo), te [O,to]} AWES M (=1 Qu) = 0,

then 1, (0, &) ¢ WEY (v).

Lemma B.11 is a rigorous statement of Point 1 in §2.3; i.e., that the absence of mass in phase
space of the solution of Qu = f propagates along the flow defined by @ as long as the trajectory
does not intersect the data f.

Proof of Lemma B.11. By continuity of the flow and the assumptions in the lemma, there exist
A B By € \I/g such that A is elliptic near ¢y, (z0,&0), WF}; B is an arbitrarily-small neighbour-
hood of (z9, &), and, for any (z,&) € WF} A,

there exists T'> 0 s.t. ¢_r(x,&) € elly B, and for all ¢t € [0,T], ¢—_¢(x,&) € ell; By,

with
WE, By 0 WE; "M (5=1Qu) = 0.

Hence, by the propagation of singularities estimate (Lemma B.10), for any s > 0,
|Avllz; < ClIBul g + Ch [ BiQu] gys-mss + O(H),
and the result follows taking WFj; B small enough. 0

Remark B.12. Working in R?, as opposed to on a general manifold defined by coordinate
charts, allows us to remove the proper-support assumption appearing in [14, Proposition E.32]
and [14, Theorem E.47].
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