
Problems for 3505 (2011)

1. In the simplex of genotype distributions x + y + z = 1, for two alleles, the Hardy-
Weinberg distributions x = p2, y = 2pq, z = q2 (p + q = 1) are characterized by
y2 = 4xz. Show that this set is a parabola (i.e. that there exists a line and a point
such that the set is the locus of points equidistant from the point and the line), and
determine the tangents at the homozygotic states.

2. Let Pij and Qij be the frequency of gene pair (Ai, Aj) among males and

females, resp. Assuming discrete generations, random mating, no selective differ-
ences, etc, determine these frequencies in the next generation, and show that after
two generations, Hardy–Weinberg equilibrium is attained.

(Maybe start with a simple example: in the parent generation, all males are A1A1

and all females of type A2A2)

3. How do gene frequencies evolve in the selection model with w11 > 0 and w12 =
w22 = 0 (a dominant lethal allele)?

4. Analyze the selection model with multiplicative fitnesses: wij = vivj .

(Assume that v1 > v2 > · · · > vn.)

5. Consider the selection model with 2 alleles and fitnesses w11 = 1, w12 = 1− hs, and
w22 = 1 − s. For s = 0.05 and the three values h = 0, 1

2
, 1

(corresponding to A1 being a dominant, intermediate, recessive allele, respectively).
Using your favorite software, plot the allele frequency p1(t) with initial value p1(0) =
0.005 against time t. How long does it take the allele frequency to reach p1(t) = 0.5
in each case?

6. Show that the selection map for 2 alleles, F : [0, 1] → [0, 1], F (p) = pw11p+w12(1−p)
w̄

is
a monotonically increasing function.

(Hint: A change of variables, x = p

1−p
, simplifies the calculation.)

7. Find 3 × 3 fitness matrices W such that the selection map F has

(a) only 3 fixed points;

(b) 7 fixed points;

(c) infinitely many fixed points.

In all cases explain the method how you have found the matrix.

8. Show that along a continuum of fixed points in the selection map, mean fitness is
constant.

9. Compute all fixed points for the selection model with W =





4 0 5
0 3 5
5 5 2
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10. Which of the fixed points in the previous exercise are stable?

11. Compute all fixed points for the selection model with W =





4 7 6
7 1 9
6 9 4





12. Which of the fixed points in the previous exercise are stable?

13. Show that |F t+1p − F tp| → 0 as t → ∞ along any orbit F tp of the selection map
F : ∆n → ∆n.

14. In the selection mutation model for 2 alleles, show that

p′ − p =
p(1 − p)

2V (p)

dV (p)

dp

holds with V (p) = p2ν(1 − p)2µw̄1−ν−µ.

(Hint: differentiate log V )

The following 2 questions are taken from the exam 2004.

15. Consider the selection model with n alleles A1, A2, . . . , An in a large, randomly mat-
ing, diploid population:

a) How do the frequencies p1, p2, . . . , pn evolve from one generation to the next?

Explain the relevant parameters (fitness of a genotype, etc.)

b) State, without proof, the fundamental theorem of natural selection.

c) Show how this theorem implies that each orbit approaches the set of fixed points.

d) If n = 3, what can be said about the number of fixed points?

e) Explain how the asymptotically stable fixed points of the selection map

can be found and characterized from the mean fitness function.

f) Analyze the example with two alleles A, a where the fitnesses of

genotypes AA, Aa, aa are given by 0.8, 1.0, 0.0, respectively.

16. In a large, randomly mating population consider a gene locus on the X-chromosome
that allows for two alleles A and a.

Suppose in males (that carry only one such allele) a is lethal, so that fitnesses of A
and a are 1 and 0, respectively.

In females, fitnesses of genotypes AA, Aa, aa are denoted as wAA, wAa, waa.

a) Derive the equations for the change of allele frequencies in males and females.

b) What happens with allele frequencies in males?

c) What are the equilibrium allele frequencies, i.e., the fixed points of this map?

d) For what fitness values does a polymorphic equilibrium exist?
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Why does the result not depend on waa?

The following 3 questions are taken from the exam 2005.

17. Consider the selection model with n alleles A1, A2, . . . , An in a large, randomly mat-
ing, diploid population:

a) How do the frequencies p1, p2, . . . , pn evolve from one generation to the next?
Explain the relevant parameters (fitness of a genotype, etc.)

b) State, without proof, the fundamental theorem of natural selection.

c) Define stability and asymptotic stability for fixed points.

d) How can fixed points and asymptotically stable fixed points be characterized in
terms of the mean fitness function?

e) Consider three alleles A1, A2, A3 where all homozygotes are lethal (ie, wii = 0 for
i = 1, 2, 3) and heterozygotes have fitnesses

w12 = 1, w13 = w23 = 1
4
: Determine all fixed points and their

invasion and stability properties.

18. Consider the haploid selection model in discrete time. Let A1, A2, . . . , An be the
n possible types, and p1, p2, . . . , pn be their frequencies in a large population. Let
vi ≥ 0 denote the fitness of Ai.

a) Explain why the frequencies in the next generations are given by

p′i =
vipi

∑n

k=1 vkpk

b) For n = 2, and v1 = 1, v2 = .5 find a formula for the frequencies after t generations.
Determine the limit t → ∞.

c) Assuming v1 > v2 > · · · > vn, show that only one type survives in the long run.
Which one?

d) Show that mean fitness V (p) =
∑n

k=1 vkpk is monotonically increasing over time:
V (p′) ≥ V (p) with equality only if p = p′.

e) Which p maximizes the mean fitness V (.)?

19. Consider the selection-mutation model with 2 alleles A1, A2 in a large, randomly
mating, diploid population:

a) How does the frequency p of allele A1 evolve from one generation to the next?

Explain the relevant parameters (fitness of a genotype, mutation rate, etc.)

b) Show that this is equivalent to the difference equation

p′ − p =
p(1 − p)

2V (p)

dV (p)

dp

with V (p) = p2ν(1−p)2µw̄1−ν−µ, where w̄ is mean fitness and µ, ν are mutation rates.

3



c) Is there an analogue to the fundamental theorem of natural selection for this
model? Explain why each orbit converges to a fixed point.

d) What can be said about the number of fixed points?

e) How can the asymptotically stable fixed points of the selection-mutation map

be characterized in terms of the function V ?

f) Consider genotypes A1A1, A1A2, A2A2 with fitnesses given by .0, .5, 1.0, respec-
tively,

and the mutation rate from A2 to A1 is a small number ν (and there is no mutation
in the other direction). Show that there is a unique fixed point describing selection–
mutation balance, and calculate it.

The following 3 questions are taken from the exam 2009.

20. (a) Consider the model with n alleles in a large, randomly mating, diploid popula-
tion. Show that the allele frequencies remain unchanged from generation to
generation (the Hardy-Weinberg law).

(b) Suppose that in sex-linked genes sex is determined by a pair of nonhomol-
ogous chromosomes: females XX and males XY. Consider a locus on the X
chromosome with two alleles A1 and A2 so that female genotypes are A1A1,
A1A2, A2A2 and males genotypes are A1, A2. Show that genotype frequencies
in females converge to Hardy-Weinberg proportions.

(c) Now suppose that the model includes the selection. State, without proof, the
fundamental theorem of natural selection.

(d) If n = 3, what can be said about the number of fixed points?

(e) Consider the fitness matrix W =





0 1 1
3

1 0 1
3

1
3

1
3

0



 for three alleles. Determine all

fixed points and their stability properties.

21. (a) Consider the selection-mutation model with 2 alleles A1, A2 in a large, randomly
mating, diploid population. How does the frequency p of allele A1 evolve from
one generation to the next? Explain the relevant parameters introduced in the
derivation.

(b) Consider the selection mutation model with 2 alleles A1, A2, allele frequencies
p, 1 − p, mutation rates µ from A1 to A2, and ν from A2 to A1. Let the function
w(p) be the mean fitness function. Which role is played by the function V (p) =
p2ν(1 − p)2µw(p)1−µ−ν in this model?

(c) Consider the selection mutation model for 2 alleles, with fitnesses for A1A1,
A1A2, A2A2 given as 1 − s, 1, 1, and mutation rates µ = 0, ν > 0 (i.e., only
mutations to the less fit allele A1 occur). Show that there is a unique fixed
point p̂ describing selection-mutation balance, which is (approximately) given
by p̂ ≈

√

ν
s
.
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(d) A neutral mutant individual (genotype Aa) enters a genetically uniform (geno-
types AA) population of size N − 1 (N including the newcomer). Assuming
random mating and non-overlapping generations, what is the probability that
the mutant gene, a, will dominate the population?

22. (a) Explain the process of crossover and recombination. Consider alleles A1, A2, ..., An

at one locus and alleles B1, B2, ...Bm at another locus, and let xij be the fre-
quency of gametes AiBj . If the probability for recombination between these
two loci is r derive the frequencies x′

ij in the next generation. Show that the
allele frequencies stay the same.

(b) What values can r take?

(c) Show that xij converges over generations, and determine the limit.

(d) Consider the model with recombination and selection. Show that in a special
case of additive fitness (wij,kl = aik + bjl, aik = aki, bjl = blj) the average
fitness function and allele frequencies in the next generation do not depend on
r. Which theorem can then be used for an analysis?

The following 3 questions are taken from the exam 2010.

23. (a) Consider a model with a selection for 3 alleles in a large, randomly mating,
diploid population. Find 3 × 3 fitness matrices such that the selection map F
has:

i. only 3 fixed points
ii. infinitely many fixed points.

In all cases explain the method how you have found the matrix.

(b) Now suppose that the selection model also includes the mutation controlled
by matrix of mutation probabilities M = (µij) with special mutation rates such
that µij = µi, i.e. mutation rates depend only on the target gene. Derive the
law describing the transformation of allele frequency pi between consequent
populations pi and p′i.

(c) Write down the function which plays the role of mean fitness in this model. How
will this function look like for the case n = 2?

24. (a) Consider the haploid selection model in discrete time. Let A1, A2, ..., An be the
n possible types, and p1, p2, ..., pn be their frequencies in a large population. Let
vi > 0 denote the fitness of Ai.

i. Explain why the frequencies in the next generations are given by

p′i =
vipi

∑n
k=1 vkpk

ii. For n = 3, and v1 = 1, v2 = 0.5,v3 = 0.5 find a formula for the frequencies
after t generations. Determine the limit t → ∞.

25. (a) State, without proof, the fundamental theorem of natural selection.
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(b) Consider the fitness matrix

W =





1 1/2 1/3
1/2 0 1/3
1/3 1/3 0





for three alleles. Determine all fixed points and their stability properties.

(c) Define the concept of locally superior strategy for a symmetric game with n
strategies and payoff matrix A.

(d) Are any strategies of the game with A := W locally superior?
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