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Preface

Traditionally, Statistics has been concerned with uncovering and describing associations, and
statisticians have been wary of causal interpretations of their findings. But users of Statistics have
rarely had such qualms. For otherwise what is it all for?

The enterprise of “Statistical Causality” has developed to take such concerns seriously. It
has led to the introduction of a variety of formal methods for framing and understanding causal
questions, and specific techniques for collecting and analysing data to shed light on these.

This course presents an overview of the panoply of concepts, with associated mathematical
frameworks and analytic methods, that have been introduced in the course of attempts to ex-
tend statistical inference beyond its traditional focus on association, and into the realm of causal
connexion. Emphasis is placed on understanding the nature of the problems addressed, on the
interplay between the concepts and the mathematics, and on the relationships and differences
between the various formalisms. In particular, we show how a variety of problems concerned with
assessing the “effects of causes” can be fruitfully formulated and solved using statistical decision
theory.

Our emphasis is almost entirely on problems of “identification”, where we suppose the proba-
bilistic structure of the processes generating our data is fully known, and ask whether, when and
how that knowledge can be used to address the causal questions of interest. In the causal con-
text, the more traditional statistical concern with estimation of unknown probabilistic structure
from limited data is a secondary (admittedly extremely important, and currently highly active)
enterprise, that will hardly be addressed here.

For reasons of space and coherence, our emphasis is also largely restricted to understanding
and identifying the effects of applied causes. The problem of identifying the causes of observed
effects raises many further subtle issues, both philosophical and mathematical, and would take us
too far afield.
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Part 1

GENERAL CONSIDERATIONS






Chapter 1

What’s So Hard About 1t?

Causal inference is surely the most basic and straightforward of statistical problems. Following
Fisher, almost every introductory Statistics course will illustrate the two-sample ¢-test using ex-
amples such as an experiment where two different fertilisers are randomly assigned to various
agricultural field-plots. The population mean responses under the two treatments are the pa-
rameters of interest, and the difference between these can be considered as the “causal effect” of
choosing to use one rather than the other. This can be estimated (and that estimate hedged about
with a measure of its uncertainty) by the difference in sample means for the treated and untreated
units. Where’s the problem?

1.1 Experimental studies

A good instructor will emphasize the importance of good statistical design as a prerequisite for the
above analysis. Before Fisher introduced and insisted on randomization, agricultural researchers
would typically lay out their experiments by deterministically assigning the treatments to plots,
according to their best judgments, in an attempt to balance out the effects of suspected fertility
gradients etc. But although there is nothing to stop us applying the mathematics of the two-
sample t-test to the results of such an experiment, its validity and relevance can be called into
question. Even more problematic cases arise in studies of new medical treatments, where an
enthusiastic doctor can produce excellent results that others can not replicate—perhaps because
he gave his favoured treatment to carefully cherry-picked patients, perhaps because they received
extra special care, or for many other reasons that can undermine the apparent message of the
data. These problems gave rise to what is perhaps the most important medical advance of the
20th century: the randomized controlled clinical trial (RCT).

1.2 Observational studies

For all that carefully designed experiments are highly desirable, and should be conducted wherever
possible, there are many cases where they can not be performed, for practical or ethical reasons.
In this case, we may have to rely on observational data, where the putative “causal factors” are
not under the control of the investigator. Most of the “findings” reported under screaming 3-inch
headlines in the daily press are taken from observational studies.

Very often the desired interpretation is to extract some “causal conclusion” from observational
data. This is where it begins to get tricky...

The problem is that we typically won’t have the right data, or data in the right form, to address
the questions of interest. We may be interested in comparing what would happen to a patient (or
plot of soil) under various treatments that we might apply: that is, we are really concerned with
assessing and comparing possible treatment interventions, applied to and compared on one and the
same subject—having, necessarily, constant characteristics. However in an observational study the

11



12 CHAPTER 1. WHAT’S SO HARD ABOUT IT?

characteristics of the subjects may not be comparable across the different treatment groups, and
even if they are may not be comparable with those of new subjects we are interested in treating.
The variables measured, and the conditions under which they are produced and recorded, may
not be identical with those in the new situations we wish to understand. In the presence of such
“confounding”, we will not know whether to ascribe observed differences between the responses
in different treatments groups to the treatments themselves, or to other differences between the
groups, whose effects would persist even if all units were treated identically.

In such a case, a naive analysis, treating the treatment groups as if they were comparable, can
be dangerously misleading, and other, more subtle, forms of analysis are required. These in turn
rely on complex “causal models”, relating, in some appropriate and, ideally, justifiable way, the
structure of the process generating the observational data with the quite distinct process relevant
to our causal queries. Such models, and their implications for inference, will be the focus of these
lectures. But they must not be applied too glibly: in the absence of objective support from good
experimental design, there will usually remain much scope for disagreement as to the validity of
the causal assumptions made, and consequently of their implications.

1.3 Some examples

Example 1.1 Cannabis ‘raises psychosis risk’.
From BBC NEWS, 27 July 2007.

Cannabis users are 40% more likely than non-users to suffer a psychotic illness such
as schizophrenia, say UK experts. The researchers looked at 35 studies on the drug
and mental health—but some experts urged caution over the results.

The study found the most frequent users of cannabis have twice the risk of non-users
of developing psychotic symptoms, such as hallucinations and delusions. However, the
authors said they could not rule out the possibility that people at a higher risk of
mental illness were more likely to use the drug. Study author, Professor Glyn Lewis,
professor of psychiatric epidemiology, said: “It is possible that the people who use
cannabis might have other characteristics that themselves increase risk of psychotic
illness.”

Professor Leslie Iverson, from the University of Oxford, said there was no conclusive
evidence that cannabis use causes psychotic illness. “Their prediction that 14% of
psychotic outcomes in young adults in the UK may be due to cannabis use is not
supported by the fact that the incidence of schizophrenia has not shown any significant
change in the past 30 years.”

Questions:
(). Will your future mental health be affected if you start to use (or stop using) cannabis?

(if). Will the nation’s mental health be affected if steps are taken to control cannabis use?

Example 1.2 ‘The facts about fuel’.
From Which?, August 2007.

Mr Holloway said that a colleague of his used to drive from London to Leeds and
back, using Shell petrol to go up there and BP fuel to drive back. He was convinced
the BP petrol gave better fuel economy, but Ray had another explanation: ‘I pointed
out that Leeds is at a higher altitude that London: he was going uphill one way and
downhill the other!’
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Example 1.3 Socialization of children. It is common to regard the environment in which
children are raised, and the behaviour of those around them, as major influences on their mental
health. Bell (1977), Bell and Harper (1977) found that it was just as likely that a child’s behaviour
was influencing parental behaviour (or the behaviour of its teachers) as it was that the rearing
environment had caused the child’s behaviour. a

Example 1.4 Hormone replacement therapy and coronary artery disease (Prentice
et al. 2005). Observational research on postmenopausal hormone therapy suggested a 40-50%
reduction in coronary heart disease incidence among women using these preparations. In contrast,
the Women’s Health Initiative clinical trial of estrogen plus progestin found an elevated incidence.
Even after age adjustment, estrogen-plus-progestin hazard ratio estimates for coronary heart dis-
ease, stroke, and venous thromboembolism in the observational study were 39-48% lower than
those in the clinical trial. a

Example 1.5 Vitamin supplements and mortality. Many observational studies have ap-
peared to indicate that antioxidant supplements reduce the risk of disease. In contrast, random-
ized controlled trials indicate that vitamins A, E and [-carotene may actually increase mortality
(Bjelakovic et al. 2004). a

Example 1.6 Calcium channel blockers. In 1995 non-experimental studies suggested an in-
creased risk of myocardial infarction associated with the short-acting calcium channel blocker
(CCB) nifedapine. Concern soon spread to the entire class of calcium antagonists. It took almost
a decade to obtain RCT evidence, which showed that long-acting nifedapine is safe. o

Example 1.7 Traffic cameras. In 1992 33 speed and red light cameras were installed in accident-
prone locations in West London. The number of fatal accidents, 62 in the preceding three years,
went down to 19 in the following three years (Highways Agency 1997). Subsequently traffic cameras
were installed all over London. ]

Example 1.8 Simpson’s paradox. The following data refer to 800 patients having a certain
serious disease. A new treatment was tried on half the group, the remainder having the standard
treatment.

Recovered Died Total Recovery rate
New treatment 200 200 400 50%
Standard treatment 160 240 400 40%

Table 1.1: Overall results

It seems that the new treatment increases the recovery rate by 10 percentage points. However,
when these data are broken down according to the patient’s sex, the following figures emerge:

Recovered Died Total Recovery rate
New treatment 180 120 300 60%
Standard treatment 70 30 100 70%

Table 1.2: Male results
Recovered Died Total Recovery rate

New treatment 20 80 100 20%
Standard treatment 90 220 300 30%

Table 1.3: Female results

It now appears that, for either sex, the new treatment decreases the recovery rate by 10
percentage points. U
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Example 1.9 Underage drinking. Finally, New Scientist (11 August 2007) quotes a Press
Release from the University of Missouri-Columbia (“Mizzou”):

Mizzou study shows that possessing a fake ID results in more drinking by underage
College students.

1.4 Difficulties

The above examples exhibit a range of difficulties, which go under the general head of confound-
ing—meaning that the observed “signal” in the data need not be a pure effect of the putative
cause under study, but may also be due, in whole or in part, to other factors that vary together
with that “cause”.

1.4.1 Common cause

In Example 1.1, the problem is how to distinguish between whether cannabis use causes psychosis,
or some other, pre-existing, characteristics cause both cannabis use and psychosis (or some com-
bination of the two effects). Both hypotheses would explain the observed association—but they
have very different implications for what to do about it. Iverson’s remark gives some support to
the common cause hypothesis.

1.4.2 Complete confounding

In Example 1.2, there is complete confounding between the fuel type and the altitude rise/drop of
the journey. Either or both may affect fuel economy, and it is impossible to separate their effects.

1.4.3 Reverse/two-way causality

Parents’ behaviour may affect their child’s behaviour, or vice versa, or both. With observational
data these very different explanations can be hard to tell apart.

1.4.4 Selection

Examples 1.4, 1.5 and 1.6 serve as important warnings of the perils of interpreting observational
evidence. The underlying problem is that those choosing or chosen to receive the treatment may
well not be typical of the population at large. People who take HRT or supplements tend to be
healthier, so that the observational studies may be measuring the influence of other factors than
that under investigation. In Example 1.6 the problem is confounding by indication: CCBs were
used to treat hypertension, and this itself is a risk factor for myocardial infarction.

1.4.5 Regression to the mean

The apparent accident reduction in Example 1.7 is unlikely to be fully explained as a causal
phenomenon, again because of selection effects. If the treatment had consisted of emptying a
teaspoon of water onto the chosen sites, rather than installing cameras, we would still have expected
a reduction—because the high pre-treatment values at the chosen sites were likely to be, at least
in part, the results of random, and hence non-recurring, fluctuations (Stone 2004). A better study
would compare the reductions in the treated sites with those of similarly selected sites that were
untreated.
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1.4.6 Simpson

Example 1.8 is a toy example constructed to highlight the way in which confounding (in this
case between treatment and sex) can operate to obscure and even reverse the apparent effect of
treatment. It is considered in more detail in Example 9.3 below.

1.4.7 Promotion and prevention

Finally, the Mizzou drinking study of Example 1.9, which is presumably a case of common cause,
is interesting in that, while we might not expect that issuing an underage student with a fake ID
would have much effect on his drinking habits, removing his fake ID from a student who already
has one could have a large effect.

1.5 Randomization

The randomised controlled trial (RCT) is generally taken as a “gold-standard” for the assessment
of causal effects. In particular, randomization helps guard against many of the difficulties of
interpreting observational evidence displayed by the above examples.

e By ensuring that assignment of treatment is entirely unrelated to other variables, randomi-
sation can eliminate confounding and the problem of the common cause. When we compare
outcomes in different treatment groups, we are “comparing like with like”, and can therefore
ascribe any observed differences in effect to the only real difference between the groups: the
treatment applied.

e External intervention to apply a treatment ensures that any observed associations between
treatment and response can indeed be given a causal interpretation.

e Because application of treatment necessarily precedes measurement of outcome, the direction
of causality is clear.

However, it is often not possible, for pragmatic or ethical reasons, to conduct a RCT; or we
may want to interpret observational data collected by others. We therefore need to formalize the
principles underlying sound causal inference, in a variety of contexts, in a way that will allow us
to decide what can or can not be safely inferred, and under what assumptions—and to understand
the meaning, import and applicability of those assumptions.
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Chapter 2

Causal Questions

Many different varieties of causal question can be identified, but we shall focus on those to which
Statistics can make a useful contribution. Questions such as “What is the true cause?”, or “What
is the ultimate cause?” of some effect generate powerful philosophical dust-storms, which we shall
steer well clear of. Also, as quantitative statisticians, we shall be more concerned with measuring
the effect of a putative cause, rather than the binary question of whether or not there is a non-zero
causal effect at all.

2.1 Effects of Causes and Causes of Effects

Causal questions come in two principal flavours: questions about the effects of applied causes
(“EoC”), and questions about the causes of observed effects (“CoE”).!
Examples are:

Effects of causes : I have a headache. Will taking aspirin help?
Causes of effects : My headache has gone. Is it because I took aspirin?

Much of classical statistical design and analysis—for example randomized agricultural or med-
ical experiments—has been crafted to address EoC-type questions. CoE-type questions are gen-
erally more of intellectual than practical interest—with the notable exception of legal proceedings
to determine liability. They are also much more problematic, both philosophically and method-
ologically. We shall devote most of our attention to EoC.

2.2 Similarities and differences

There are both similarities and differences between the approaches we shall take to the two kinds
of question.

Similarities:

Intervention For both EoC and CoE, it is helpful to consider a “cause” as an external
intervention in a system—for example, the decision to take aspirin—rather than an
outcome chosen by Nature.

Contrast In both cases, a “causal effect” is best understood as some form of contrast
between the consequences of two or more alternative interventions—e.g. taking aspirin
as against taking nothing, or taking a placebo. Although such a contrast can be purely
qualitative (“Is there a difference or not?”), a more quantitative focus (“How big is the
difference?”) is more usual, and more incisive. In many cases the causal variable will

LA closely related distinction made by philosophers is between “type” and “token” causation.

17



18 CHAPTER 2. CAUSAL QUESTIONS

also be quantitative, leading to questions such as “How much does the effect of aspirin
vary with dose?”

Causal variable The above two points lead us to conceive of a decision variable, whose
values are the various possible interventions under consideration—this is not, however,
a “random variable”, since it is up to some agent, rather than Nature, to choose its
value.

Relativity We do not delve deeply into such questions as “What is the true cause?” of some
outcome, but take a pragmatic approach, where the intervention and outcome variables
of interest are specified in the light of the context of the problem under consideration.
We can change these, as appropriate, to address new questions.

Differences:

Past or future? Typically a EoC query relates to the future effect of a past, present, or
future action, whereas a CoE query asks about the relationship between past actions
and outcomes. (However, it is sometimes of interest to consider these last from a
historical EoC perspective, looking forward from the time the action was taken, rather
than backward from the time the outcome was observed.)

Open or closed? For a EoC problem, where the decision has not yet been implemented,
the various choices for the decision variable are all still “open”. In a CoE problem, one
value has already been chosen, and the others are “closed”.

What information? More important from a statistical viewpoint than either of the above
distinctions is the difference in the the information available for analysis. Specifically,
in a CoE situation we typically know—and should therefore take into account—the
outcome (of the actually applied action). In an EoC situation the outcome is unknown.

2.3 Hypotheticals and counterfactuals

When we address a EoC query, we are typically asking a hypothetical question: “What would
happen to my headache if I were to take aspirin?”. At the very same time we can address
alternative hypotheticals: “What would happen to my headache if I were not to take aspirin?”.
In an open situation, where the decision has not yet been made, both questions are meaningful
and of real interest, and the “true answer” to either could be observed—if we were to take the
relevant action. Ahead of acting, we can try and assess the answer to each (in, say, probabilistic
terms), and base our decision on a comparison of these assessments.

The situation is different for a CoE query, where the aspirin has already been taken and the
outcome observed. Taking a contrastive view of causality now requires us to address the question:
“What would have happened to my headache if I had not taken aspirin?”. Since the premiss of this
question contradicts the known fact that I did take aspirin, it is termed a counterfactual query.
Of logical necessity, the answer to such a question can never be determined. Moreover, if, say, 1
had taken aspirin and my headache went away remarkably quickly, I would not know whether to
ascribe that to the characteristics of the aspirin or of the headache (or some combination of the
two). In the former case, the counterfactual duration of my headache (under no aspirin) would be
long—in the latter, short.

2.4 Probability and Decision Theory

Let X denote the binary variable denoting whether or not I take aspirin, and Y the log-time it
takes for my headache to go away (the actual time will be Z = e¥). We also denote the choice
X =1 by t (“treatment”) and X = 0 by ¢ (“control”). Although X is a decision variable and so
does not have a probability distribution, it is still meaningful to talk of the conditional distribution
of Y given X = z. Let P; [resp. Py] denote the distribution of Y given X =1 [resp. X = 0]. For
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the moment we assume these distributions to be known. Where we need to be definite, we shall
(purely for simplicity) take these distributions to have the following normal conditional probability
density function:

ply | 2) = (2m) F exp— 5y — ) (21)

with a mean pg or p; according as x = 0 or 1, and variance 1 in either case.

The distribution Py [Py] can be interpreted as expressing hypothetical uncertainty about Y,
if T were to decide on action ¢ [¢]. It can incorporate various sources and types of uncertainty,
including stochastic effects of external influences arising and acting between the points of treatment
application and eventual response.

The distributions P; and Py are all that is needed to address EoC-type queries: I can simply
compare the two different hypothetical distributions for Y, decide which one I would prefer, and
take the associated decision.

More formally, we can apply statistical decision analysis (Raiffa 1968) to structure and solve
this decision problem. Suppose that I quantify the loss I will suffer if my headache lasts y minutes
by means of a real-valued loss function, L(y). The decision tree for this problem is as in Figure 2.1.
At node vy, Y ~ Py, and the (negative) value of being at v is measured by the expected loss

Figure 2.1: Decision tree

Ep {L(Y)}. Similarly, vy has value Ep,{L(Y)}. The principles of statistical decision analysis
now require that, at the decision node vy, I choose that treatment, ¢ or ¢, leading to the smaller
expected loss. Whatever loss function is used, this solution will only involve the two hypothetical
distributions, P; and F.

2.5 Potential responses

However, we can not address a CoE query using only the two distribution P; and Py—or, equiv-
alently, a conditional probability specification such as (2.1). For suppose I have already taken
aspirin (X = 1) and observed how long (on the log-scale) it took my headache to go away—say
Y = y. The relevant counterfactual comparison would relate to my uncertainty about Y under the
opposite choice X = 0. But I can not condition, at the same time, both on the actual knowledge
X =1 and on the counterfactual supposition X = 0. More important, I should take account of the
actual observation Y = y in assessing what might have happened in different circumstances—but
there is nothing in the conditional probability model (2.1) that can support such an analysis.

Thus if we want to address CoE-type queries, it appears we shall need a formalism different
from that provided by standard probability theory and decision analysis—one that will allow us
to manipulate counterfactuals. The current “industry standard” for this is provided by Rubin’s
potential response (PR) approach (Rubin 1974; Rubin 1978).

The special feature of the PR approach is that it represents a single response (“effect”) variable
Y by two or more random variables—one for each of the possible values of the “cause variable”
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X under consideration. Thus, instead of the single response variable Y, “the log-duration of
my headache”, the PR approach introduces two potential response variables, Yy and Y7, with Y,
interpreted as “the log-duration of my headache if I take = aspirins”. Both versions Yy and Y; of Y
are conceived as existing simultaneously, ahead of any choice of the value for X. Let Y denote the
pair (Yp,Y71). Then the observed response Y is determined by the values of X and Y, as Y = Yx.

In this approach, it is assumed that “potential events”, such as “Yy > Y77, have determinate
(though of course unknown) truth-values, obeying ordinary 2-valued logic—likewise, “potential
variables”, such as Y7 /Yy, have determinate numerical values. There is then no formal impediment
to assigning a probability distribution to represent joint uncertainty over all potential variables
and events.

I like to picture the two potential responses Y, and Y7 as engraved on either side of a “diptych”,
i.e. a conjoined pair of “tablets of stone” inhabiting Platonic heaven. Each side of the diptych
is covered by its own “divine curtain”. When, in this world, X takes value x, just one of these
curtains—that associated with the actual value x of X—is lifted, so uncovering, and thereby
rendering “actual” and measurable in this world, the associated potential response Y,. However,
because we can only apply one treatment on any occasion, we are never allowed to lift more than
one curtain of the diptych.

In contrast to the two univariate distributions P;, Py for Y, we now need to specify a bivariate
distribution, describing uncertainty about the pair of values (Y, Y1). For consistency with previous
assumptions, the marginal distribution of Y, should be P,. Note however that those assumptions
impose no constraint on the dependence between Y and Y;. In particular, to be consistent with
(2.1) we could assign a bivariate normal distribution to (Yp, Y1), with the given margins, and a
correlation coefficient p that is simply not determined by our previous assumptions.

The PR framework supplies a formal language in which it is possible to formulate counterfactual
speculations, and so address CoE-type queries. Thus if I took an aspirin (X = 1) half an hour
ago, and my headache has just gone, I can consider the counterfactual probability that, had I not
taken aspirin, the headache would still be there—this can be interpreted as the probability that
taking the aspirin caused my headache to depart when it did. We have already seen that this can
not be expressed in terms of the ingredients of the simple conditional distribution model (2.1).
It can however be expressed in PR terms, as Pr(Zy > 30 | X = 1,Z; = 30). The known state
of affairs X = 1 (aspirin taken), and its observed outcome Z; = e¥* = 30, are accounted for by
regular conditioning; while interest in the counterfactual state of affairs X = 0 (no aspirin taken)
is addressed by considering its associated (unobserved) potential response Zy (= e¥°). In the PR
framework there is no impediment to making both these moves at once.

2.6 What can we know?

This additional expressiveness of the PR machinery may appear liberating. However it is bought
at a cost. No matter how we arrange our experiment, it is logically impossible for both values,
Yy and Y7, to be simultaneously observed on the same individual. Consequently, while we might
be able to learn, from data, the marginal distribution of either one of these potential responses,
there is absolutely no way in which any data could support learning about the dependence between
them. Any assumptions we might make about this aspect of their bivariate distribution will be just
as valid, empirically, as any others; and no data could ever support one set of such assumptions
over another.

For example (see §3.2 below) the value of the “ probability of causation” Pr(Z; > 30 | X =
1,7y = 30) introduced above will vary, depending on the value of the coefficient of correlation p
between Y and Y;. You might assume p = 0; I might assume p = 1. So long as we both assign
the same marginal distributions to Y and Y7, no data that could ever be collected? could say that
one of us is right and the other wrong, or even lend more support to one or other of our choices.
Consequently we will never be able to choose between the different values that you and I calculate
for the probability of causation. So how are we to decide what is its “true value”?

2At any rate, if we do not measure any additional variables.
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Formal Frameworks

In §§ 2.4 and 2.5 we introduced two different formalisms for expressing causality. Here we review
these and several variations. In all cases we use the same example of a binary treatment indicator
X (aspirin or no aspirin) and a univariate response variable Y (log-duration of headache). For
the moment we consider X as a decision variable, and so do not (yet) address the difficulties of
making inferences from observational studies.

3.1 Stochastic model

Our simple stochastic model (2.1) just specified the conditional distribution of Y, given either
value of X:

YIX=z~N(ugl). (3.1)
This formulation allows us to address EoC-type questions, which only involve comparisons between
such distributions. For the simple case of (3.1), where the variance is the same for both treatments,
we would typically prefer the treatment with the lower mean. Because it supplies all the ingredients
necessary to address prospective decision problems, such as that described by Figure 2.1, we shall
also term this the decision-theoretic (DT) approach to causality.

However we can not begin to address CoE-type questions using this approach.

3.2 Potential response model

The PR formulation introduces the pair of potential responses, Y := (Yp,Y7)’, with a bivariate
normal distribution:

Y ~N(p,X). (3.2)
Here p := (po, 1), and 3 (2 x 2) has diagonal entries 1 and off-diagonal entry p. It is also implicit
that the pair Y of potential responses is independent of the applied treatment X.

The observed response Y is determined by Y and the treatment indicator X, as Y = Yx. It is
easily seen that the conditional distribution of Y given X is given by (3.1)—mno matter what the
value of p may be. So it appears that everything we can do with the stochastic DT model we can
also do with the potential response model.

However, we can do more. Thus suppose I took the aspirin (X = 1) and the response was
Y =y. I can pose the counterfactual question: “What would Y have been if I had not taken the
aspirin”. In terms of the above ingredients, this can be interpreted as asking about the conditional
distribution of Yp, given the known data X = 1,Y = y—or, equivalently, given X =1,Y; = y. By
the assumed independence of Y from X, this is just the distribution of Yy given Y7 = y, which
from simple bivariate normal theory is normal with mean and variance:

EV [Yi=y)=A = po+ply—pm) (3.3)
var(Yp | Y1 =y) =62 = (1-p°). (3.4)
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By how much did taking the aspirin improve my headache (on the log scale)? This is measured
by y — Yy, with relevant distribution N'(y — A, 62). Similarly the actual time improvement is given
by exp(y) —exp(Yp), having a shifted log-normal distribution with mean exp(y) —exp(A+ 342). All
such counterfactual and CoE causal questions can be addressed within this framework. But the
cost of this increased expressiveness is that the answers to our questions depend on the parameter
p, which was entirely absent from the DT model (3.1), and can not be identified from data.

3.3 Structural model

Consider again the conditional normal model (2.1). An alternative way in which this would
typically be expressed is as follows:
Y=upux+FE (3.5)

where
E ~N(0,1) (3.6)

and it is implicit that the “error” F is independent of X.

Now certainly the above assumptions are sufficient to imply the distributional property of (2.1).
But are they equivalent to it? To assume this is to ignore the additional algebraic structure of
(3.5), whereby Y is represented as a deterministic mathematical function of the two other variables
X and E. Unlike the distributional formulation of (2.1), in (3.5) all the uncertainty is compressed
into the single variable E, via (3.6). If we take (3.5) and its ingredients seriously, we can get more
out of it.

It is implicit in (3.5) that the values of E and X are assigned separately, that of Y then being
determined by the equation. Given that E takes value e, then if we set X to x, Y will take value
e + e. Thus we can define potential response variables Yy := uo + F, Y1 := u1 + E. Being two
well-defined functions of the same variable F, they do indeed have simultaneous existence—indeed,
they are intimately related, since it is known ahead of time that the difference Y7 — Y, will take
the non-random value p1 — pg. We can thus consider the formulation of the problem in terms of
(3.5) and (3.6) as an alternative description of the potential response model of (3.2) for the special
case p = 1.

A system of equations such as (3.5), which may contain hundreds of relationships represent-
ing response (“endogenous”) variables as functions of other (both endogenous and “exogenous”)
variables as well as of external “error” variables, together with associated explicit or implicit
assumptions about the joint distribution of the error terms, constitutes a Structural FEquation
Model (SEM). Such models are particularly popular in econometrics as representations of causal
structures—though it is not always entirely clear what assertions about the effects of interventions
they are to be understood as making.

3.3.1 Extended structural model

An extension of the structural model (3.5) is given by:
Y =ux+ Ex (3.7)

where we now have two error variables, Fy and E;, with some bivariate distribution—again as-
sumed independent of the value of X. In particular, when X = 0 we have Y = ug + Ep, with
Ey still having its initially assigned distribution; and similarly Y = p; + E; when X = 1. If the
marginal distribution of each E, is standard normal, with density as in (3.6), then (no matter
what the correlation p between Ey and E; may be) the same distribution model (2.1) for Y given
X will be obtained. But again we can go further and define potential responses Y, := p; + Ey, so
allowing counterfactual analysis. Conversely, if we start from the potential response model (3.2)
we can create an extended structural model on introducing E, := Y, — . The two models are
thus essentially identical.
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3.4 Functional model

Mathematically, all the models introduced in § 3.2 and § 3.3 have the following common functional
form:

Y = f(X,U), (3.8)

where X is a decision variable representing the cause of interest; Y is the effect of interest; U is
a further extraneous random variable independent of X; and f is a deterministic function of its
arguments.

In model (3.7), we can take U = (Ey, F1) and f(z, (e, €1)) = fx + €z; the structural model of
(3.5) is the degenerate case of this having U = E and f(z,e) = p, +e.

In the case of a potential response model, we can formally take U to be the pair (Yp, Y1), and
the function f to be given by:

(@, (Yo, y1)) = Y- (3.9)

Conversely, any functional model of the general form (3.8) is equivalent to a PR model, if we
define Yy = f(0,U), Y1 = f(1,U).1

We thus see that (mathematically if not necessarily in terms of their interpretation) PR models,
extended structural models and general functional models need not be distinguished; while a
structural model is a special case of such a model. In particular, all these models support inference
about CoE as well as about EoC.

We note that any functional model determines a DT model: under model (3.8) the distribution
of Y given X = z is simply the marginal distribution of f(z,U). Conversely, given any DT model
Y | X =z ~ P,, we can construct a functional model corresponding it in this way: one simple way
is as a potential response model (3.9), in which the marginal distribution of Y, is P,. However,
in contrast to the essentially unique cross-correspondence between the other models considered
above, the functional representation of a DT model is far from unique—as can be seen, for example,
from the arbitrariness of the parameter p in the PR representation (3.2) of the stochastic model
(3.1).

3.5 Fitness for purpose

As discussed in Chapter 2, we can distinguish between causal questions about “effects of causes”
(EoC) and those about “causes of effects” (CoE).

DT models, as described in § 3.1 above, can address EoC questions, but can not even express,
let alone address, CoE questions.

The other types of model considered above, which are all essentially equivalent, can express
both EoC and CoE questions. For CoE, some such more detailed formal framework is essential—
although, as shown in § 3.2, its application can be problematic.

It is perhaps of some sociological interest that, notwithstanding the fact that DT models
can address EoC questions, there is a very widespread perception that the PR framework (or
equivalent), with its formalization of counterfactual reasoning, is also essential for handling these
problems:

“How is it possible to draw a distinction between causal relations and non-causal
associations? In order to meet this concern a further element must be added to the
definition—a counterfactual” (Parascandola and Weed 2001).

“Probabilistic causal inference (of which Dawid is an advocate) in observational studies
would inevitably require counterfactuals” (Hofler 2005).

L Any variation in U which does not lead to variation in the pair (Yp, Y1) is entirely irrelevant to the relationship
between X and Y, so can be ignored.
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And indeed, at least 95% of all current research into and discussion of EoC-type causal inference
is formulated within the PR framework, simply taking for granted that this is the appropriate
formalism to use.

I consider that this is a mistake, and that the simpler DT conception of causality is in fact
better suited than PR to address all meaningful problems of EoC. This course will therefore
focus on describing and developing the relevant mathematical machinery for use with DT, and
on showing how DT can be used to formulate, address and solve a variety of fundamental causal
concerns.



Chapter 4

Some Assumptions

4.1 Exchangeability

4.1.1 Simple case

In the simplest variety of statistical inference, we have a “homogeneous population” of individuals.
We obtain data by sampling randomly from this population, and use these data to make inferences
about the probability structure of the population. Faced with a new individual, who we can also
regard as randomly selected from the same population, we consider the probabilistic structure
we have learned as applying to him. We can thus use it to make predictions about his as yet
unobserved variables, conditional on whatever we have observed on him.

One way of making the above generalities more precise is through the concept of exchangeabil-
ity. This has its origins in the personal/subjectivist world view of Bruno de Finetti (de Finetti
1937; de Finetti 1975), but is much more widely applicable (Dawid 1982; Dawid 1985).

Consider a (typically multivariate) generic variable X, which we can in principle measure
for any subject ¢ in the population Z, the specific instance of X for individual i being X;. A
subjectivist statistician could (in principle at least) specify her joint distribution II for all the
(X; : i € 7). What properties should this joint distribution have?

A classical statistician would naturally model the (X;) as independent and identically dis-
tributed. But this is inappropriate for the subjectivist, who can not leave any aspects of II
numerically unspecified—independence across individuals would entirely preclude the possibility
of learning from data on some individuals about the properties of others. It would however often
be reasonable to impose the weaker condition that the joint distribution should be unchanged
if we considered the individuals in a different order. Thus (X5, X317, X1,...) should have the
same joint distribution as (X1, X2, X3, ...), etc.—this implies that each X; has the same marginal
distribution, each pair (X;, X;) the same bivariate distribution, etc. This is the property of ex-
changeability. Essentially, it just says that the order in which we consider the individuals in the
population is entirely irrelevant—thus reflecting, in a generally acceptable way, the intuitions of
“homogeneity” and “random sampling” discussed above.

4.1.2 de Finetti’s theorem

The celebrated theorem of de Finetti (1937) constitutes the vital link between the subjectivist and
frequentist approaches to Probability and Statistics.

de Finetti showed that (so long at any rate as we can conceive of an unbounded number
of exchangeable individuals) exchangeability is mathematically equivalent to the existence of a
random distribution P, conditional on which the (X;) behave as independent and identically
distributed draws from P. Here P being “random” means simply that the subjectivist does not
know it in advance—that lack of knowledge being expressed by means of probabilities.
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On observing data, she will learn more and more about this unknown P, which in turn will
enable her to make more useful predictions about new individuals. Given a large enough sample,
P will be essentially determined: it is the “objective” distribution of X in the population. Then
she would simply predict X; for a new individual j as following distribution P. With less data,
she could take account of the remaining uncertainty about P by taking a further expectation with
respect to its posterior distribution.

To remove the personal element, consider now a bevy of subjectivists, having various different
joint distributions II for (X1, Xo,...), who nevertheless all agree on exchangeability. Then, though
they may have different prior opinions about the “objective” distribution P, they will all agree that,
given P, the (X;) are all independent with distribution P. Hence the frequentist’s “independent
and identically distributed” model can be considered as the agreed component of all exchangeable
distributions: it arises as a necessary consequence of the very weak symmetry assumption of
exchangeability. Moreover, given a large enough sample all exchangeable subjectivists will learn
the same “true” P (asymptotically equivalent to the empirical distribution in the sample), and
use it to describe uncertainty about a new individual.

4.1.3 Conditional exchangeability

Sometimes exchangeability might be an unreasonable assumption, but it can still be assumed
that, for some variable Z, all individuals having the same value of Z are exchangeable. This
is conditional exchangeability. In parallel with the unconditional case, we can show that condi-
tional exchangeability (say for X, given Z) is equivalent to assuming the existence of a (generally
unknown) specification p(x | 2) of the conditional density! function of X given Z; given which,
conditional on Z; = z; (i € I), the (X;) are independent, X; having density p(- | 2;).

4.1.4 Causal inference

In a causal setting we can again consider, in an intuitive sense, an exchangeable population of
individuals. However we might choose to apply different treatments to different individuals. We
shall suppose that this is done in a way that takes no account of the other variables we could
measure.

The set U of “pre-treatment” variables might now be treated as completely exchangeable, and
so modelled as independent and identically distributed across the population. All other variables
V (including in particular the response variable Y') might be treated as conditionally exchangeable,
given treatment T (and U). Then we can model the situation as follows, in terms of (unknown)
densities p(u) and p(v | u,t) for (generic) U, and for V' conditional on receiving treatment ¢ and
on U:

Conditional on treatment assignment,

p(ui,vi [ ;) = p(ui) p(vi | wi, t;), (4.1)

independently across individuals .

Given data, we can identify p(w) from all individuals, and p(v | u,t) from all those receiving
treatment t. Having learned these distributions, we can apply them to a new subject, randomly
drawn from the same population, to whom we are considering applying one or more of the available
treatments.

4.1.5 Extensions

We often wish to extend our causal inferences more boldly than to members of the same population
already sampled: perhaps to new populations, or to medical patients who did not meet the
specific criteria for inclusion in the study, or even across different species. Or (what will become a
major consideration below) our data might have been gathered in a non-random way, e.g. because

1In complete generality densities need not exist, but the general principle still holds.



4.2. TREATMENT-UNIT ADDITIVITY 27

treatment was not assigned at random, but we nevertheless wish to make causal inferences from
our data. Then we can not rely on the above analysis. But we might be able to justify applying
these ideas to small components of the overall structure: regarding, say, p(y | z,t) as the same
for all individuals involved, be they in our data-base, or intended targets of our predictions. We
could then learn these modular components from the data, and combine this partial knowledge
with other sources of information to construct our overall predictions.

The property that a conditional distribution p(y | ) is the same across the various different
probabilistic “regimes” which we are interested in will be termed stability of the distribution of
Y given X. When suitable stabilities hold, causal inference can flow much more smoothly; but
stability should not be assumed without good cause, and needs to be justified so far as is possible.
When stability properties can not be agreed upon, purported causal inferences will remain subject
to dispute.

4.1.6 PR approach

The preceding discussion focused on the DT approach to causal inference. Within the PR frame-
work, we would naturally take the various bivariate vectors Y; = (Yo, Yi1), comprising the pair of
potential responses on individual i, as exchangeable across individuals. In the presence of further
individual pre-treatment characteristics U, we would extend this exchangeability to the (U;,Y;).?
From de Finetti’s theorem we can thus model the (U;,Y;) as independent and identically dis-
tributed from some (unknown) joint density, say ¢(u, y).

A link with the treatment in §4.1.4 (with V = {Y'}) can now be made:

p(u) q(u) (4.2)
pylwt) = q(y|w). (4.3)

An apparent advantage of this approach is that we can readily account for non-random treat-
ment assignment, by including an observable “treatment variable” T' as part of U, and defining
the observed response Y as Yp. If T is not independent of the potential response Y;, then (4.3)
need not hold, i.e. we can allow for confounding in the data. An apparent disadvantage is the
difficulty of incorporating extensions as considered in §4.1.5.

4.2 Treatment-unit additivity

Treatment-unit additivity (TUA) is an assumption often made within the PR approach. It asserts
that, although the values of Y; = (Yg;,Y1;) may differ from one individual ¢ to another, their
difference Y1; — Yy, (the “individual causal effect”, ICE, for individual ¢) is a constant, 7 say,
across individuals.® This is already implicit in the structural model of §3.3; in the more general
PR model of §3.2 it is equivalent to taking the correlation p = 1. With 7 = —log2 (say), TUA
says that any headache episode would last exactly half as long if treated with aspirin than if left
untreated.

Although TUA concerns the dependence between potential responses, it does have some impli-
cations for the associated DT model: it requires that the distributions Py and P, for Y, associated
with either one of the two possible treatments, are identical up to a location shift. If this property
is false, then TUA can not hold. For example, if we had different variances for different « in (2.1),
we could not have TUA. With equal variances, we could identify 7 with the difference of means,
M1 — Ho-

If this location-shift property does hold, then TUA might be assumed—though it is by no
means implied. It is one thing to say that, if I were to take aspirin, the log-duration of my
headache would be on average shorter by log2 than if I did not. It is quite another to say that

2Any other variable in V' that might be affected by treatment would need to be expanded into a collection of
potential variables, one for each treatment. We shall not consider this further here.

30f course this property depend crucially on a particular scale of measurement: it would not be preserved under
a non-linear transformation of Y.
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my headache will last ezactly half as long. For DT purposes it is only the average (i.e. stochastic)
behaviour that matters.

Assuming TUA appears to be a way of resolving the ambiguity exhibited in §2.6. However,
since there is typically no strong reason to assume it, this “resolution” is in fact illusory.

TUA has no real implications for DT analysis, and we shall not consider it further here.*

4.3 Stable unit-treatment value assumption

Another basic assumption in the PR approach (Rubin 1980; Rubin 1986) is the stable unit-
treatment value assumption (SUTVA), which requires that the potential responses to the various
treatments that might be applied to an experimental unit be well-defined. In particular, they can
not depend on what treatments are applied to other units. If this can not be assumed, then the
whole PR description of the problem, including the definitions of experimental unit, treatment,
and potential response, must be revised.

From the DT perspective SUTVA (to the extent that it makes any sense at all) appears
inappropriate. There is no good reason to require that two different experiments, in each of
which treatment ¢ is applied to unit ¢ (but other units may receive divergent treatments) would
necessarily deliver identical responses for unit ¢: for one thing, this would exclude any unpredictable
random component of response to treatment. Fortunately, such an assumption is not required for
DT. Instead, we could make the generally reasonable assumption that application of treatments
does not destroy the homogeneity of the units, beyond the obvious and important difference that
some will now have one treatment, some another. Then we will still have exchangeability of the
responses for all units (experimental, or future) receiving the same treatment, and can thus use
the experimental data to identify the distribution, P;, of response within treatment group t—
which also expresses our uncertainty about the response Y; of a new unit j, were it to be given
treatment t. We then have all the ingredients we need to set up, and solve, the basic treatment
choice problem for the new unit j.

4.4 1Is there a “fundamental problem of causal inference”?

Within the PR approach, we conceive of the simultaneous existence of both potential responses,
Yy and Y7, and build models for their distribution, jointly with each other and with other variables
of interest. But as a logical consequence of their very definition, we can never observe both Yy and
Y: on the same individual: at least one of them will always be missing.® Since the PR conception
of causal effect revolves around the comparison of Y and Y7, e.g. in terms of the ICE, Y; — Yj,
which would always be unobservable, this missing data issue appears highly problematic: Holland
(1986) called it “the fundamental problem of causal inference”. It is intimately related to the fact
that it is impossible to learn from data about the dependence between the potential responses.

Fortunately, many analyses conducted within the PR framework make no use of this depen-
dence structure. For example, if we consider the “average causal effect” ACE := E(Y; — Y}), this
can be re-expressed as E(Y7) — E(Y}), which can thus be identified knowing only the marginal
distributions of Yy and Y;. Likewise, in the problem of § 2.4, where Y is measured on a log-scale,
we could identify the ICE on the original scale, E(Z; — Zy) = E(e¥*) — E(e¥?). However, we can
not so identify other comparisons, such as E(Z1/Zy) = E{exp (Y1 — Yo)}, since this does depend
on the unlearnable dependence between Y and Y;.

Within the DT framework there is nothing missing, so no “fundamental problem”. We might
be interested in comparing the expectations of Y (or Z) under the two treatment regimes: the
difference of these values would be the ACE. But there is simply no DT counterpart of an

4A version of TUA expressed entirely in DT terms is introduced and analysed in Dawid (2000), § 8.1.

51t is perhaps no accident that the PR approach to causal inference was introduced and developed by Rubin
shortly after he had developed important analyses of the general statistical problem of making inferences in the face
of missing data (Rubin 1976), and that the PR approach to causal inference conceives of it as a special application
of this technology (van der Laan and Robins 2003).
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unlearnable quantity such as E{exp (Y1 — Yy)}. The very “poverty” of the language of DT prevents
us from asking, and purporting to answer, silly questions.

When we move to consider CoE questions, we can not avoid the use of a PR-type framework,
and (as seen in §3.2) the fundamental problem of causal inference becomes a real problem. It
is usually “solved” by simply assuming a particular relationship between Y; and Y7, for example
TUA as in §4.2; but, while that may remove the ambiguity in our causal answers, it does so at
the cost of introducing an entirely arbitrary and generally unjustifiable added ingredient.
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Chapter 5

Conditional Independence

Properties of independence and (especially) conditional independence (CI) will prove fundamental
to understanding statistical causality. Intuitively, when we say that a random quantity X is
independent of another Y (written X 1l V'), we mean that the distribution of X given Y = y does
not depend on y. When we say that X is independent of Y given Z (written X 1L Y | Z) we mean
that the distribution of X given (Y, Z) = (y, z) depends only on the value z of Z. This motivates
our formal definition (where we denote by X the set of values for X, etc., and P denotes the joint
distribution of all variables under consideration):

Definition 5.1 [CONDITIONAL INDEPENDENCE| We say X is independent of Y, and write X 1LY,
if, for any measurable set A C X, P(X € A|Y) = P(X € A) [P-almost surely]. We say X
is conditionally independent of Y given Z, and write X LY | Z, if, for any such A, P(X €
A|Y,Z) = P(X|Z) [P-almost surely]. O

Independence can be regarded as a special case of conditional independence, with the conditioning
variable Z being trivial (e.g. constant).

When we need to specify explicitly the underlying joint distribution P we will write e.g.
Xuy|zip.

5.1 Properties and axioms
Suppose for simplicity that all variables are discrete.® Let p(z,y | z) denote P(X = z,Y =y | Z =

z), and let a(z, z), for example, denote an unspecified function of (x, z); etc. Then X 1L Y | Z if
and only if any of the following equivalent conditions holds:

Cla: p(xl|y,z)=p(z|z) if p(y,z) >0
Clb: p(x|y, z) has the form a(zx, z) if p(y,z) >0
C2a: p(x,y|z) =ple|2)ply|z) if p(z) >0
C2b: p(x,y]2) has the form a(z, 2)b(y,z) if p(z) >0
C3a: plx,y,2) = plx|2)p(y| 2)p(2)

C3b: p(x,y,2) = p(x, 2)p(y, 2)/p(2) if p(z) >0
C3c: p(x,y,z) has the form a(z, 2)b(y, 2).

Among the further general properties of probabilistic conditional independence are the follow-
ing (Dawid 1979a), which may be verified straightforwardly. We here write W <Y to mean that
W is a function of Y.

1These properties readily extend to continuous quantities, though some care is needed. Thus in full generality
C1b requires that, for any measurable set A, the exists a measurable function a : Z — [0, 1] such that P(X € A |
Y,Z) = a(Z) [P-almost surely].
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P1  “Symmetry” : XUY|Z

P2 L XLY|X

P3  “Decomposition” : X 1LY |Z, WY

P4 “Weak union” : XUY|Z, W<XY
X1UY|Z

P5  “Contraction” : and
XLWI(Y,2)

(The descriptive terms are those given by Pearl (1988), Chapter 3).

YIX|Z

XUW|zZ
XY | (W,2)

X1 (Y,W)| Z.

It is possible to derive many further properties of CI by regarding P1 to P5 as axioms for
a logical system, rather than calling on more specific properties of probability distributions. A
simple example is the following, which expresses the “nearest neighbour” property of a Markov

Chain:
Theorem 5.1 Suppose
(i). X5 1 X5 | X
(ii). Xqll (X1,X5) | X3
(ii1). X5 1 (X7, X2, X3) | X4

Then X3 AL (Xl, X5) | (X27X4).

Proof. Applying P4 and P1 in turn to (ii), we obtain
X1 U X4 | (X2, X3),

while from (i) and P1 we have
X; AL X5 | Xo.
On applying P5 to (5.2) and (5.1), we now deduce
X; U (X3, X4) | Xo

whence, by P4 and P1,
X3 1l X7 ‘ ()(27 X4).

Also, by (iii) and P4 we have
X5 AL (X1, X3) | (X2, X4)

and so, by P4 and P1,
X3l X5 | (X1, X2, X4).

The result now follows on applying P5 to (5.4) and (5.6).

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

Some other results obtainable by manipulating CI properties using only P1-P5 are given in
Dawid (1979a). These do not involve any properties of probability other than those expressible

purely in terms of the CI relation.
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5.2 Further axioms?

Another putative property of CI is:
P6  “Intersection”: X 1LY |(Z,W)and X L Z | (Y, W)= X1 (Y,Z)|W.

The intuitive argument for P6, for the simple case that W is absent, is as follows. Suppose
X1UY|Zand X 1L Z|Y. Since the distribution of X given (Y, Z) (i) does not depend on Z (when
Y is given), and (ii) does not depend on Y (when Z is given), it is tempting to conclude that it does
not depend on either Y or Z, and thus X 1L (Y, Z). However, this argument does not work (Dawid
1979b), since there may be information common to Y and Z, which could be relevant to X. For
example, let Y and Z be functionally unrelated, but suppose the joint distribution gives probability 1
to the event Y = Z. Then, for any X, X 1l Y | Z and X 1L Z | Y; but we cannot deduce that X 1l Y.
But P6 does hold if we impose some additional conditions (Dawid 1980): in particular, if the sample
space is discrete and each elementary outcome has positive probability.

There are other general properties of probabilistic CI, not derivable from P1-P5: for exam-
ple (Studeny 1989; Studeny 1992), if X LY | (Z,W), ZLW |X, ZULW |Y and X 1LY, then
ZUW|(X,)Y), X1LY |Z, XULY |W and Z L W. Indeed there are infinitely many mathemati-
cally independent such properties. However, for present purposes we will never need to use any general
properties of CI other than P1-P5.

5.3 Extension to non-stochastic variables

In order for Definition 5.1 to make sense we must be able to talk about distributions for X, which
thus has to be a random variable; but (subject to appropriate interpretation of the “almost sure”
qualification) Y and Z need not be. For example, let (X,Y") have a joint distribution Py, depending
on the value 6 of a non-stochastic parameter-variable ©. We can then interpret X 1l Y | © as ex-
pressing the probabilistic independence of X and Y under each Py. More interestingly, X 1 © | T
asserts that the conditional distribution of X given T' = ¢t under Py is the same for all values 6.
Similarly, T' 1l © denotes that the marginal distribution of T is the same under any Py. When
T is a function of X these properties are, respectively, just the definitions of sufficiency and of
ancillarity of the statistic T' in the family of distributions for X indexed by ©.

Another important type of non-stochastic variable is a decision variable, whose value is deter-
mined by a decision-maker, rather than by Nature.

We must exercise a little care when applying the notation and theory of §5.1 to non-stochastic
variables, to ensure that these always appear, explicitly or implicitly, as conditioning variables.
For example, in the application to sufficiency, where X and Z are stochastic but Y = © is non-
stochastic, the property X 1l © | Z can not now be re-expressed in the form of C2 or C3 (a or
b); C1b should be qualified as holding whenever p(z | §) > 0; and Cla now serves as a definition
of p(x | z) (now only implicitly conditioned on ©). Again, when T is sufficient (X 1L © | T) or
ancillary (T 1L ©), we can not use P1 to deduce © 1L X | T or © LT, since, for example, the
latter would assert that the conditional distribution of © given 7' = ¢ does not depend on t—a
meaningless statement when © is non-stochastic.?

Nevertheless, suitably interpreted, properties P1-P5 do still hold (Dawid 1980). In fact any
deduction made using them will be valid, so long as, in both premisses and conclusions, no non-
stochastic variables appear in the left-most term in a conditional independence statement (we are
allowed to violate this condition in intermediate steps of an argument). So we can apply P1-P5
freely, even in the presence of non-stochastic variables, so long only as we do not attempt to derive
any obviously meaningless assertion.

5.4 Conditional independence as a language for causality

Our conception of a causal relationship will be very workaday, but nonetheless fit for most practical
(rather than metaphysical) purposes for which this concept is required.

2But we can make these deductions if we take a Bayesian position and so treat © as stochastic. See Dawid
(1979a) for more on this.
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Firstly, we shall allow fully stochastic dependence relationships: the dependence of some (gen-
erally multivariate) variable Y on another such variable X is regarded as embodied in a conditional
distribution p(y | ).

However, in order to justify regarding such a dependence as causal more is needed. To this
end we consider, not just one, but a variety of joint distributions for the variables of interest: we
term these regimes. The various regimes describe different, but related, real-world situations in
which we are interested. For example, we might consider different historical times or geographical
settings, or patients in different hospitals. In this context, a very important type of regime is
that which results from some external intervention, perhaps to force some quantity to take on a
particular value.

Although we would not normally expect the same joint distributions of all the variables under
the different regimes, certain modular components of those distributions might reasonably be
expected to be the same. When the conditional distribution p(y | x) is such an invariant ingredient
across regimes, we regard the dependence of Y on X as ‘causal’. This property is of particular
interest when one or more of the regimes involves an intervention fixing the value of X, but other
cases also arise. In any event, this understanding of causality is an entirely relativistic one, highly
specific to the particular set of regimes under consideration.

We can introduce a non-stochastic regime indicator, F' say, which acts like a parameter to index
the various different regimes in play. Then the invariance property of the conditional distribution
p(y | x) is equivalent to the property that p(y | =, FF = f) is the same for all regimes f; that
is to say, to the conditional independence property Y Ll F' | X. In this way, causal concepts can
be re-expressed, and consequently manipulated, using the language and theory of conditional
independence. This equivalence will form the basis of most of our analysis of causality below.



Chapter 6

Directed Acyclic Graphs

In many problems, conditional independence properties can be helpfully represented and manip-
ulated using a variety of graph-theoretic tools. Here we consider directed acyclic graph represen-
tations of CI.

A directed graph D = (V, E) is defined by means of a set V of vertices (or nodes) (which in our
applications will label a set V of random variables under consideration) and a set E C V x V of
(directed) edges. When v,w € V and (v, w) € E we draw an arrow from v to w, thus: v — w (or
w < v). In this case we say that v is a parent of w, and that w is a child of v. The set of parents
of v is denoted by pa(v), and the set of children of v by ch(v). Also if A CV we define pa(A4) as
Upea Pa(v), ete.

A directed path from v to w is a sequence v = vy — v ... — v, = w. When such a path exists
we write v — w, and call v an ancestor of w, w a descendant of v (we also regard any node as
both an ancestor and a descendant of itself). The set of ancestors of v is denoted by an(v), the set
of descendants of v by de(v), these definitions again extending to sets of nodes on taking unions.
The set of non-descendants of v is denoted by nd(v).

The directed graph is acyclic if, for every v € V, there is no directed path from v to v. Then
we have a directed acyclic graph (DAG).

6.1 DAG representation of a distribution

Let V = {X, : v € V} be a labelled set of variables, with joint distribution P, and suppose the
label-set V' has been ordered somehow. We can then identify V with the sequence (1,2,..., N).
Correspondingly we have the ordered sequence of variables X = (X3,...,Xy). For 1 <v < N let
pre(v) = (1,...,v — 1) (and pre(0) = 0), and let X,¢(,) denote the subsequence (X1,... X, 1).

We now construct a DAG D, with vertex-set V', as follows.

Introduce each node v in order. For v = 1,..., N, consider the distribution of X, given X .c(y)-
Let pa(v) be defined as a subset of pre(v) such that this conditional distribution in fact depends
only on Xp,(,). (There is always such a subset, if only the full set pre(v); but we would usually
want pa(v) to be chosen as small as possible). We then draw an arrow from each w € pa(v) to v.
In the resulting DAG pa(v) is indeed the set of parents of v.

We note that, for any v € V', the defining property of the set pa(v) can be expressed in terms
of conditional independence:

XUJ_LXprC(U) | Xpa(v). (6.1)

Example 6.1 Suppose that P is a distribution for (X,Y, Z) such that X 1L Z | Y. If we take the
variables in the order (X,Y, Z), the corresponding graph is X — Y — Z; for the order (Z,Y, X),
itis X « Y « Z; for the orders (Y, X, Z) or (Y,Z,X) it is X «— Y — Z; while for any other

37
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order it is a complete graph, with arrows between each pair of vertices. O

6.2 Factorization of the density

We can decompose any joint density p(x) of X = (X1,...,X,) in terms of successive conditional
densities, as follows:

N
p(x) = H p(zy | xprc(v))'

veV

When (6.1) holds, this simplifies to:

p(w) = H p(xv | xpa(v))' (62)

veV

For a given DAG D = (V, E), and distribution P for V = {X, : v € V}, we say that P
factorizes according to D if (6.2) holds for its density. For any well-ordering of V' (i.e. such that
v — w = v < w), this is equivalent to requiring (6.1). In particular, this property is entirely
determined by the graph, and not the way in which its nodes are numbered.

6.2.1 Ancestral sets

A set A C V of nodes of a DAG is termed ancestral if, whenever v € A and v — v, then u € A.
Then A must contain all the ancestors of any of its members.

Lemma 6.1 Suppose the density p(x) factorizes according to a DAG D, as in (6.2). Let A be an
ancestral set. Then the marginal joint density of x4 is

p(CL‘A) = H p(xv | xpa(v))' (6'3)

vEA

In particular, p(z4) factorizes according to D 4, the induced subgraph of D over A, whose vertex
set is A, and whose edges are just those edges in F both of whose endpoints are in A.

Proof. If A=V there is nothing to prove. Otherwise there must be at least one childless node
w in V '\ A. Then z,, will occur in the right-hand side of (6.2) only in the term p(zy | Tpa(w)),
and integrating out over z,, simply removes this term. Hence the result holds for A = V' \ {w}.
Continuing in this way, we eventually obtain the desired result for any ancestral A. a

6.3 Conditional independence properties implied by a DAG

Suppose that the distribution P factorizes according to the DAG D. For any node v, we can
always well-order the set V' such that pre(v) = nd(v). It follows that we must have

Xo AL Xna) | Xpaw)- (6.4)
This property is expressed by saying that P is directed Markov with respect to D. It is fully

equivalent to the factorization property (6.2). But still other conditional properties are implied
by DAG-factorization.

Hn special cases there may be further (conditional) independences implied by P, leading to deletion of some of
the arrows in these graphs; but this will not happen in general.
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6.4 Moralization

To explore these, we define the moral graph of a DAG D to be the undirected graph D™ obtained
by first “marrying unmarried parents”, i.e. adding undirected edges between any pair of parents
of a vertex which are not already joined by an edge, and finally making all edges undirected.

For subsets A, B, S of V, we say S separates A from B in D™ if, in that graph, every path
from a node in A to a node in B intersects S.

Theorem 6.2 Suppose that P factorizes according to D, and that S separates A from B in D™.
Then X4 1L Xp | Xg [P].

Proof. Let A* := {v € V : S separates v from B} \ S, B* :=V \ (A* US). Then A*, B*,S form a
partition of V, AC A*U S, BC B*UJS, and S separates A* from B*.

Suppose a term of the form p(zv | Tpa(y)) involves both xq and zy, for some a € A*,b € B*.
There are three possible cases to consider: v = a and b — a; v =b and a — b; or a — v and b — v.
In any of these cases, a and b are neighbours in the moral graph D™. But this is impossible, since S
separates A* from B* in D™. Consequently, any term p(z. | xpa(v)) is a function either of x g=g or
of TB*yUS-

On collecting terms together, it now follows that (6.2) can be expressed in the form

ot
=

p(x) = f(zax,zs) g(xp*,xs). (6.

Thus, from (C3c) of §5.1, X4+ 1l Xp« | Xg [P]. Finally, on applying P1-P5 (and using X4
(Xa*,Xg), etc.), Xa 1l Xp | Xg [P] follows.

OlA

This result can be extended, as follows.

Suppose P factorizes according to D, and let A, B, S C V. Consider V' := an(A U B U S),
the smallest ancestral set containing A, B and S, and denote the moralized graph of Dy by
man(AU BUS). On using Lemma 6.1, we can apply Theorem 6.2 to the marginal distribution of
Xy to deduce the following.

Definition 6.1 We write A Lp B| S to denote the property that S separates A from B in
man(AU BUS). O

Theorem 6.3 (Moralization criterion) Suppose that P factorizes according to D, and A Lp B | S.
Then X4 1L Xp | X [P].

This property is also expressed by saying that P satisfies the (global) directed Markov property
with respect to D.

It can be shown that the purely graph-theoretic separation property L obeys essentially the
same formal properties P1-P5 (see §5.1) as probabilistic CI. An alternative, more abstract, proof of
Theorem 6.3 can be based on this and the easily verified fact (exactly parallel to (6.4)) that, for any
DAG D, Xy Lp Xnd(v) | Xpa(v) (Lauritzen et al. 1990).

It can further be shown (Geiger and Pearl 1990) that the conditional independencies one can
deduce by applying Theorem 6.3 exhaust all those of the form X4 1l Xp | Xg that hold for every
distribution P that factorizes according to D, which are in turn all those that can be formally
deduced by repeatedly applying P1-P5 to the input conditional independence properties of (6.1).
Thus Theorem 6.3 can be used as a fully powerful “theorem-proving machine”, allowing one easily
to read off all the consequences of one’s initial conditional independence assumptions (so long as
these can be represented as a list of the form (6.1)). For example, the unrevealing algebraic proof
of Theorem 5.1 can be replaced by simple inspection of the DAG X; — Xo — X3 — X4 — Xj5
that embodies the assumptions made.
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Y1 Y2

Figure 6.1: Directed graph D for criminal evidence

Figure 6.2: Ancestral subgraph D’

Example 6.2 The graph D of Figure 6.1 describes the relationships between the evidence and
other variables figuring in a criminal trial (Dawid and Evett 1997). The graph is constructed so
that the local directed Markov property captures the assumed dependence structure. For example,
the distribution of Y1 (measured properties of a tuft of fibres found at the scene), given all other
variables, is supposed fully determined by the values of X3 (properties of the suspect’s jumper)
and of A (an indicator of whether or not the fibres came from the suspect’s jumper). Thus, even
before attempting numerical specification of the joint distribution, we know that it will be directed
Markov over D. We can therefore read off certain conditional independence properties that the
distribution must possess. For instance, we can show that (B, R) 1L (G1,Y1) | (A, N) as follows.
First we construct the ancestral subgraph D' = D,n(B r,c1,y1,4,n), containing the vertices of
interest and all their ancestors (Figure 6.2). We then moralize it, by “marrying unmarried parents”
and dropping the arrowheads, to obtain G’ = (D")™ (Figure 6.3).

We now note that, in G’, it is impossible to trace a path from either of B or R to either
G1 or Y1 without it intersecting the set {4, N}, i.e. (B,R) Lp (G1,Y1)]| (A, N). Since the
joint distribution is directed Markov over D, we can thus deduce the probabilistic conditional
independency (B, R) 1L (G1,Y1) | (A, N). (Properties such as these have been used to simplify
expressions for the likelihood ratio in favour of guilt in the light of the evidence.) a

Caution: It should be remarked that, although every DAG describes some collection of con-
ditional independence properties, and can be used to manipulate these, by no means every such
collection can be represented by a DAG. Thus while DAG models can be very helpful when they
can be used, they are not always available. In full generality, we may need to use algebraic ma-
nipulations, applying the CI axioms P1-P5 to derive the implicit consequences of any assumed
collection of conditional independencies.
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Figure 6.3: Moralized ancestral subgraph G’

6.5 d-separation

We shall use the moralization criterion of Theorem 6.3 to derive CI properties implied by a DAG
representation of a distribution. However there is an alternative formulation that is commonly
seen, based on the property of d-separation (Pearl 1986; Verma and Pearl 1990). This we now
describe.

The skeleton D~ of a DAG D is the undirected (but unmoralized) graph obtained from D by
ignoring the directions of the arrows. A trail in D is a sequence of distinct vertices forming a
path in D™~. A node v of a trail 7 is HH if it is an internal node of 7, and the arrows of ™ meet
head-to-head at v.

Let S C V, A trail 7 is said to be blocked (by S) if it contains a node ¢ such that either

e c€ S and cis not HH; or
e ¢ and all its descendants are not in S, and ¢ is HH.

A trail that is not blocked by S is said to be active. Two subsets A and B are said to be d-separated
by S if all trails from A to B are blocked by S.

Theorem 6.4 Suppose the distribution P is directed Markov with respect to D. Then if A, B,
and S are pairwise disjoint sets of vertices, AL B | S [P] whenever S d-separates A from B in
D.

Theorem 6.4 can be proved directly (Verma and Pearl 1990). Alternatively, it follows from Theorem 6.3
and the following purely graph-theoretic result.

Theorem 6.5 (Lauritzen et al. (1990); Richardson and Spirtes (2002), Theorem 3.18) Let
A, B, and S be pairwise disjoint subsets of a directed acyclic graph D. Then S d-separates A from
B if and only if ALp B| S.

Proof.2 Let W := an(AU BUS), let D’ denote Dy, and let G’ be the moralization of D’.

Suppose S does not d-separate A from B. Then there is an active trail = from A to B such as,
for example, the one indicated in Figure 6.4.

All internal nodes c in this trail must lie within W. For if ¢ is HH, then ¢ € S or ¢ has descendants
in S. If ¢ is not HH, we can start to follow a subpath directed away from c until we either meet an
incoming arrow, necessarily at a HH node, in which case ¢ has a descendant in S; or until we get to
a or b, in which case ¢ has a descendant in A or B. Hence 7 C an(AU BU S).

If an internal node v of 7 is in S, then v must be HH. Since neither of its neighbours, say «,
B, in 7 can also have this property, they must both lie outside S. There must be a link a—/3 in
the moral graph G’, as illustrated in Figure 6.5. On replacing every such configuration o — v «— 3
by the undirected edge a—/3, and dropping remaining arrows, we create a path from A to B in G/,
circumventing S. Consequently we do not have A Lp B | S.

2This proof fills some gaps in that given by Lauritzen et al. (1990) and repeated in Cowell et al. (1999). 1 am
grateful to Thomas Richardson for pointing these out.
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A B

Figure 6.4: Example of an active trail from A to B. (The path from ¢ to d is not part of the trail,
but indicates that ¢ must have descendants in S.)

A

Figure 6.5: The moral graph corresponding to the active trail in D.

Conversely, suppose we do not have A Lp B | S. Let 7 denote the set of paths from A to B in G’
that circumvent S, and whose interior nodes all lie outside AU B; then 7 is non-empty. The edges of
any such path either correspond to directed edges of the original DAG D, or are “moral edges” a—_
created by marriages of “immorality” configurations @ — v «— 3 in D, where v € W.

Let 7~ € 7 with the smallest possible number of moral edges. Starting from 7™~ we can create
a path® 7 in D’ by replacing each moral edge a3 by its originating immorality o — v «— (3, and
restoring the direction of the arrow on any other edge. We will show that 7 is an active trail.

Lemma 6.6 The path  is a trail (i.e., all its nodes are distinct).

Proof. Let a, b be the end-points of 7~ in A and B respectively.

Suppose a — vy « [ is an originating immorality as above, and without loss of generality
suppose that « lies between a and (8 in the path 7. Let A denote the supbath of 7~ from
a to a (inclusive), and similarly B that from 3 to b.

We first remark that we can not have v € A. For if so, the path v—B, where the
connecting edge derives from v <« (3, would be in 7 but have fewer moral edges than 7~—a
contradiction. Similarly v ¢ B.

Now suppose v € ™. Without loss of generality let v € A, and let A+ denote the subpath
of 7~ from a to . Then the concatenated path Ay—B, where again the connecting edge
derives from v < (3, would be in 7 but with fewer moral edges than 7#~—a contradiction.
Soy &m™.

Finally suppose we have two such immoralities, a1 — 71 « (1 and ag — 72 «— [o2;
without loss of generality let a1 be closer than a2 to a in the path 7#~. If y; = 72, then
a1—32 is an edge (possibly originally directed, but if not then moral) in G’, and replacing
the original portion of 7~ between 1 and f2 by this edge would again produce a path in
7 with fewer moral edges than 7#~. Hence 1 and ~2 must be distinct. O

Every node of the trail 7 that is not in 7™ must have been introduced as the result of a marriage.
In particular, since 7™ avoids S, any node in 7 that is in S must be HH. To show that 7 is active, we
therefore need to show that, if ¢ € w is HH, then either c or one of its descendants is in S.

Suppose not. Then ¢ must have descendants in A or B—for definiteness, say in A. Let ¢ be a
shortest directed path in D leading from c into A (see Figure 6.6), and denote by A the part of the
trail m between ¢ and b. Then § and A intersect at ¢, and might also intersect elsewhere. Let w be
“lowest” node in ¢ that is also in A. Concatenating the part of ¢ leading from w into A and the part of
A leading from w into B now forms a trail x in D’ having at least one less HH node than 7: Figure 6.6

3i.e., a sequence of nodes such that, for any consecutive nodes a, b either a — b or a « b.
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Figure 6.6: The path 7~ in man(A U B U .S) makes it possible to construct an active trail 7 from
Ato Bin D.

show this for the case w = ¢. From k we can now construct a path in 7 having fewer moral edges
than 77, But since this would contradict the definition of 7™, we conclude that 7 is active, and hence
that S does not d-separate A from B. a

6.6 Markov equivalence

We have seen that, associated with any DAG D, there is a collection of conditional independence
properties, as described by Theorem 6.3 or equivalently Theorem 6.4, that hold for all distributions
P that are directed Markov with respect to D. However, distinct DAGs can represent identical
collections of conditional independencies—in which case they are termed Markov equivalent.

Recall that the skeleton of a DAG D is the undirected graph D~ obtained by ignoring the
directions of the arrows on the edges of D. An immorality, or v-structure, in D is a configuration
of the form a — ¢ « b, where a and b are parents of a common child ¢ but are “unmarried”, i.e.
neither a — b nor b — a.

Theorem 6.7 (Frydenberg (1990); Verma and Pearl (1991)) Two DAGs Dy and D; on
the same vertex set V are Markov equivalent if and only if they have the same skeleton and the
same immoralities.

Example 6.3 There are just three possible DAGs on two nodes:
(i). A— B

(ii). A< B

(iii). A  B.

Since DAGs (i) and (ii) have the same skeleton, and neither has any immoralities, they are Markov
equivalent: indeed, they embody no conditional independence properties whatsoever. Any joint
density p(a,b) can be factorized either according to (i), as p(a) p(b | a) or, equivalently, according
to (ii), as p(b) p(a | b).

However, DAG (iii), which has a different skeleton, embodies the non-trivial conditional inde-
pendence restriction A Il B. O

Example 6.4 Consider the following DAGs on three nodes:
(i), A-=B—-C

(i), A« B« C

(iii). A« B—C

(iv), A— B C.
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These all have the same skeleton. However, whereas DAGs (i), (ii) and (iii) have no immoralities,
(iv) has one immorality. Consequently, (i), (ii) and (iii) are Markov equivalent to each other,
but (iv) is not Markov equivalent to these. Indeed, (i), (ii) and (iii) all express the conditional
independence property A L C'| B, whereas (iv) expresses the marginal independence property
Al C. 0

6.7 Influence diagrams

We have seen how certain collections of stochastic conditional independence properties can be
represented by DAGs, where each vertex of the DAG is associated with a random variable.

In §§ 5.3 and 5.4 we extended stochastic conditional independence to allow some of the variables
to be parameter, regime or decision variables. Correspondingly we can extend DAGs to do the
same. What results is an influence diagram (ID) (Howard and Matheson 1984; Shachter 1986;
Oliver and Smith 1990; Lauritzen and Nilsson 1999; Nilsson and Lauritzen 2000), a DAG in which
some of the nodes are designated as stochastic or random, and marked by a circle or oval, and
others are non-stochastic (typically, though not invariably, interpreted as decision nodes), being
marked by a square or rectangle.

Example 6.5 In Figure 6.7, nodes B, D and E are random nodes. Associated with each random
node is its conditional distribution given its parent nodes, just as in a fully probabilistic DAG.

Nodes A and C' are decision nodes. The value of a decision variable is determined by the outside
intervention of a decision maker, DM, rather than being left to arise naturally. The parents of a
decision node represent the information that is supposed available to DM, at the point at which
that decision has to be made.

Figure 6.7: Influence diagram

A full description of a particular pattern of behaviour by DM would require specification, for
each decision node, of a function of the values of its parent nodes, describing exactly which of
the available decisions is to be selected for any particular set of information. We can extend
this further to allow randomized decision-making, described by specifying conditional probability
distributions over the available decisions at a node, given its parents. A given specification, 7 say,
of these functions or distributions at decision nodes constitutes a decision strategy. Combining this
with the given conditional distributions at random nodes. we then recover exactly the structure
of a probabilistic DAG—and this applies, albeit in degenerate form, also in the non-randomized
case.

We thus suppose that we have specified externally the densities p(b), p(d), and p(e | ¢, d); while
DM can choose a value for (or distribution over) the decision at A; and, for each pair of values of
A and B, a value for (or distribution over) the decision at C.

The extra strategy information required to turn an influence diagram into a DAG is not part of
the basic specification: conditional distributions are given for random nodes, but the functions or
distributions involved at the decision nodes are arbitrary and at the choice of the decision maker.
The specified inputs determine what we may term the partial distribution of random nodes, given
decision nodes. In our example, this is

p(b, d,e:a, C) = p(b)p(d)p(e | = d)'
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Similarly, any decision strategy m specifies a partial distribution, this time for the decision
nodes given the random nodes: in our example this is

m(a,c:b,d,e) =w(a)w(c|a,b),

where the terms are to be interpreted as probabilities or densities. Once a strategy m has been
specified we readily obtain the full joint distribution for all the variables:

pr(a,b,c,d,e) = p(b,d,e: a,c)r(a,c:b,d,e). (6.6)

It is important to realize that the partial distributions are not, in general, the same as the corre-
sponding conditional distributions calculated from the full joint distribution. o
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Chapter 7

Causal Interpretations Of DAGs

s

Figure 7.1: A probabilistic DAG

The DAG of Figure 7.1, like any DAG, can be considered as a representation of properties
of conditional independence between variables associated with its vertices. Specifically these
are: AU B; D1 (A B,C); and E 1l (A, B) | (C,D); together with all other properties, such
as E 1 B|(A,C), deducible from the above using P1-P5, or, equivalently, readable off the DAG
using the moralization criterion of Theorem 6.3 or the d-separation criterion of Theorem 6.4.

From one point of view, the only use for a DAG such as D is to express such conditional
independence properties—using the pure stochastic DAG semantics already described. In partic-
ular, purely graph-theoretic concepts such as arrow, parent, child should not be interpreted as
referring to anything in the outside world: they are merely internal cogs in a technical machinery
for expressing conditional independence (a relation that, it should be noticed, does not incorpo-
rate any concept of directionality, whereas a DAG does). In particular, using these semantics we
would have no reason to distinguish between Markov equivalent DAGs, such as those described in
Examples 6.3 and 6.4.

However, going beyond the above purely stochastic semantics, it is common to interpret an
arrow a — b in a DAG as representing some kind of “direct causal dependence” of X on X,. This
vague statement can be (and often is) left vague, or else clarified by means of an extended “causal
DAG semantics”.

7.1 Intervention DAGs

One such semantics (Pearl 2000, Definition 1.3.1) treats a DAG such as that of Figure 7.1 as
representing, not merely a joint distribution under naturally observed conditions, but also various
different joint distributions that might arise as a result of external interventions in the system.
Thus consider a “point” (or “atomic”) intervention, that forces one of the variables in the system,
say C', to take on a pre-assigned value, say cg. Since this is an entirely new state of affairs from the
non-interventional situation described by Figure 7.1, there is no reason to expect any relationship
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whatsoever between the joint distributions of the variables in the two cases. But under an extended
“causal” interpretation of Figure 7.1, such a relationship is assumed. Specifically, it is supposed
that the new distribution still factorizes according to Figure 7.1, with the identical specification
for the parent-child distributions p(x, | Zpa(w)) except for v = C, when this is replaced by the one-
point distribution on the assigned value cg. In particular, since this new conditional distribution
does not in fact depend on the parents (A and B) of C in Figure 7.1, node C, together with all its
incoming arrows, is now redundant and could be removed. The distributions of variables which
are non-descendants of C' (namely A, B and D) are entirely unaffected; while that of E given D
becomes p(e | cg,d). Thus the joint distribution of (A, B, D, E) when C is set to ¢ is supposed
given by

pla,b,dye | C — co) = p(a)p(®)p()p(e | co,d). (7.1)

Here the notation ‘C' < ¢’ indicates ‘conditioning by intervention’, in contradistinction to ‘C' =
co’, which we reserve for ordinary conditioning; alternative notations that have been used are
pla,b,d,e| ¢o), pla,b,d,e| éo), pla,b,d,e| C = cp), and p(a,b,d | do(C = ¢)).

Taken to its limits (which is how Pearl and others appear to interpret it), the above procedure
could be applied to determine a revised joint distribution for the variables under a point interven-
tion at any one of the nodes, or simultaneous point interventions at any set of nodes. Hence under
this interpretation the DAG model of Figure 7.1 is regarded as modelling, in closely related ways,
all the various distributions of the variables, in a whole variety of distinct circumstances. We call
a DAG equipped with these modified semantics an intervention DAG.!

Caution: It is important to appreciate that whether or not such a description of the effects of
interventions is appropriate can never be a purely mathematical question, but must be assessed
in the light of what is in fact the case in the empirical world that the intervention DAG is
purporting to model. In particular this needs to take account of the real-world interpretations of
the mathematical terms. For example, there will usually be a variety of mechanisms by which the
value of a variable could be set: setting a patient’s aspirin treatment to ‘none’ by (a) withholding
it from him, (b) wiring his jaw shut, or (c¢) killing him are all very different interventions, with
different effects, and we must be very clear as to which mechanism we are considering. An
intervention DAG model can be justified only to the extent that it fits the behaviour of the world
in the setting to which it is intended to apply. Furthermore, since the main question is whether
or not the various interventional situations are indeed related to the non-interventional one in the
specific way described by the DAG, no assessment of its appropriateness can be made (at any rate,
on any purely empirical basis) if we only have data from the non-interventional distribution.

Note that we can not calculate (7.1) if all we know is the initial joint density of the variables:
we also need to know the assumed DAG structure. In particular, distinct DAGs that are Markov
equivalent as probabilistic DAGs are no longer equivalent when interpreted as intervention DAGs,
since they will yield different intervention formulae.

Example 7.1 The DAGs of Figure 7.2 and Figure 7.3, which (see Example 6.3) are equivalent
as probabilistic DAGs, are no longer equivalent when interpreted as intervention DAGs. Thus
after an intervention to set A to ag, the new distribution of B would be its original conditional
distribution, p(b | ag), for Figure 7.2, but its original marginal distribution, p(b), for Figure 7.3.
Thus A ‘affects’ B in the former model, but not in the latter.

Are)

Figure 7.2: A before B

ILauritzen (2000) uses this description for what we shall term below an augmented DAG. Pearl (2000) calls our
intervention DAG a causal Bayesian network.
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Figure 7.3: B before A

We will never be able to decide which, if either, of these distinct causal models is appropriate
merely by examining observational data: to do this we need to perform experiments in which we
do in fact intervene to set the value of A, and note what effect that intervention has on B. And it
may well turn out that neither of the above choices represents the actual distribution of B in the
experiment—in which case the intervention DAG semantics are simply inappropriate to describe
the actual causal relationships. O

7.1.1 Seeing and doing

On making the appropriate replacement for p(c | a,b) in the product formula (6.2), we readily see
that the joint interventional density of all the variables, at configuration = (a, b, ¢, d, e), is

p(x)
p(C=cy|A=a,B=0D)

p@ ] C o) = (7.2)

so long as ¢ = ¢p (and is otherwise 0).
This should be contrasted with the effect of conditioning, in the purely observational regime,
on the observation that C' = ¢g. In that case we have, instead,

e =)= L (7.3

for ¢ = ¢y (and otherwise 0). Since C' is not independent of (A, B) in the non-interventional joint
distribution p, the effect (7.2) of doing C' = ¢ is thus different in general from the effect (7.3) of
seeing C' = cp. The effect of seeing can be calculated knowing only the observational joint density;
whereas that of doing requires further knowledge of the structure of an intervention DAG assumed
to describe the causal structure.

7.2 Augmented DAGs

Having two different semantics linked to the same graphical representation (either a purely prob-
abilistic DAG, representing conditional independence in a fixed regime, or an intervention DAG,
representing relationships between distributions in different regimes) is clumsy, and can lead to
confusion. Here we show how an extended graphical representation for the causal setting, using
an influence diagram rather than a simple DAG, can make this distinction explicit and clear.
Let X be arandom variable taking values in X'. Suppose that it is possible to intervene somehow
to force X to take on some chosen value x € X. We now represent this explicitly by introducing
an intervention variable Fx, which is a special kind of decision variable. The state space of Fx
is constructed by augmenting X with an additional state @), also termed “idle”. Intuitively, if
Fx =0, X is allowed to arise ‘naturally’; while a value z € X for Fy indicates an intervention to
set the value of X to x. In particular, the conditional distribution of X, given Fx = 2 € X (and
any other information) will be degenerate at the value x; while the conditional distribution of X
given Fy = (), and any other information H, will be just its ‘natural’ distribution, given H.
Formal conditioning on Fy = () is supposed to have no effect on any other variables in the
problem. However, the global effect of an intervention, Fx = x (beyond its immediate effect at
setting X = x) needs further specification. There is no magic solution to this problem: what is
appropriate must depend on the context and meaning of the variables (including the way in which
intervention is effected), and on what assumptions appear reasonable in the circumstances.
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The semantics of an intervention DAG, as described in § 7.1, provide one way of modelling and
describing global response to intervention. An alternative, more explicit and versatile, representa-
tion of these assumptions is by means of an ‘augmented DAG’: a special kind of influence diagram,
which, for each existing domain node X of the original probabilistic DAG, explicitly adds a new
intervention node F'x, as described above, as a decision node parent of X (Spirtes et al. 1993;
Pearl 2000; Lauritzen 2000).

Formally, let pa®(X) be the set of domain parents of X, i.e. those random variables featuring
as parents of X in the interventional DAG. In the augmented DAG (which is now an influence
diagram, ID), a decision node representing the intervention variable Fy is explicitly introduced,
and becomes another parent of X. The conditional distribution of X, given any configuration y
of pa®(X) and the value x of F, is taken to be the same as the original distribution for X given
pa’(X) = y if = (); but otherwise puts all its probability mass on the value x for X.

It is easily seen that, as represented by the augmented DAG, the conditional joint distribution
of all the domain variables given Fx = z 2 is just the joint observational distribution when
z = (), and otherwise agrees with the distribution implied by applying the semantics of § 7.1 to the
unaugmented DAG D to model the effect of an intervention setting X to x. This readily extends
to conditioning on a set of intervention nodes (all others being idle). Consequently, for any sets
of domain variables A, B, C, Pr(A=a | B =b, Fc = ¢), as calculated from the augmented DAG,
is the same as Pr(A =a | B =b, C < ¢) as calculated by applying intervention semantics to the
unaugmented DAG D.

Once we have constructed the augmented DAG, we can apply the full formal machinery of
moralization (see §6.4) or equivalently d-separation (see §6.5) to it; but because we are now
able to include the decision variables together with the domain variables, we can also use DAG-
separation properties to express causal, as well as purely probabilistic, assertions, as described in
§5.4.

Example 7.2 The augmented DAGs corresponding to Figures 7.2 and 7.3 (regarded as interven-
tion DAGs) are given by the influence diagrams of Figures 7.4 and 7.5.

Fa F

Figure 7.4: Augmented DAG: A causes B

Fa F,

Figure 7.5: Augmented DAG: B causes A

An immediate payoff of the explicit display of the intervention variables in the DAGs is that
we can see directly that these graphs do not represent equivalent causal assumptions since, al-
though they have the same skeleton, they have different immoralities. Furthermore, using e.g.

2Here and throughout, any unmentioned regime indicator is to be regarded as idle.
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the moralization criterion, we see that Figure 7.2 expresses the conditional independence property
B 1l Fa | A3: this says that the conditional distribution of B given A = a is the same no matter
what the value of F4 may be, i.e. the same in the interventional regime, when F4 = a, as in
the observational regime, when Fs = (). However Figure 7.3 expresses graphically the conditional
independence property B 1l Fl4, and thus makes it explicit that it the marginal distribution of B
is the same, no matter whether (and how) A is subjected to intervention, or not. a

We thus see how the implicit causal properties of an intervention DAG are rendered explicit, and
simply expressible by graphical representations of conditional independence, when we elaborate it
into an augmented DAG.

Example 7.3 The augmented DAG corresponding to Figure 7.1 is given by Figure 7.6.

F—(A) (B)=—F
Pl C) (D~—1F,
= E)

Figure 7.6: Augmented DAG

We can read off the graph that, for example, C Il (D, Fu, Fg, Fp, Fr) | (A, B, F¢): conditional
on its parents, C' is conditionally independent of its other non-descendant nodes. In particular, if
we fix F at () (and drop this conditioning from the notation), the ‘natural’ conditional distribution
of C given A and B is not further affected by additional conditioning on the value of D, nor by
whether or not any or all of A, B, D or E arose naturally or by intervention. Similar properties
hold for any other domain node in place of C. In particular the conditional distribution for a
node, given its domain parents, when it is allowed to ‘arise naturally’, remains unchanged when
its parents are set by intervention. That is, the augmented DAG explicitly encodes the assumptions
that are only implicit in the intervention interpretation of a probabilistic DAG; and further makes
it possible to read off their implications directly. O

An augmented DAG model expresses exactly the same assumed structure as an intervention
DAG model; but the augmented DAG representation is to be preferred, since the assumed structure
is explicitly represented in the diagram, its implications can easily be read off the graph, and
equivalence of different structures is easy to check. (Note however that the requirement that
p(X | Fx = z,pa’(X)) be degenerate at x (z # ()) is not explicitly displayed in the graph, and
still has to be introduced as a separate externally specified constraint).

7.2.1 Extensions

The augmented DAG representation also easily allows for the incorporation of additional flexibility,
by varying specific details while retaining the general structure of an influence diagram. For
example, we could restrict the possibility of intervention to a subset of the nodes, or to a subset
of the state-space of a node; or modify the effect of intervention, for example so as to determine
the value of the associated node in some externally decided random way; or allow dependence
between the decision nodes, or have a decision node dependent on ancestral nodes in the graph,
or make some domain nodes pure decision nodes. All such modifications are easily made explicit
and manipulated by means of suitable influence diagrams, such as that of Figure 6.7.

3Since Fg is also a decision variable we should also be conditioning on that: for a non-trivial result we take it
as set to its observational value Fg = 0.
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7.3 Functional DAGs

An alternative graphical representation for probabilistic and causal structures uses functional models,
based on functional rather than probabilistic dependence relations: these form the basis of Pearl’s
later approach to causal modelling (misleadingly, he calls them ‘probabilistic causal models’). We
introduce these in the purely probabilistic setting; causal extensions return in § 7.4 below.

Consider the functional DAG of Figure 7.7. Here the observable domain variables are A and B,

e
Figure 7.7: Functional DAG, A causes B

while € 4 and ep represent independent unmeasured ‘exogenous random errors’, indicated by dashed
circles. The hollow arrows are used to indicate externally specified deterministic dependencies, given
by functional relations of the form:

A = gA(aA), (7.4)
B = gB(A7EB). (7.5)

These can also be considered as special degenerate forms for the conditional probability specifications
at nodes A and B, so that Figure 7.7 is indeed a DAG representation of the joint probabilistic structure
of (ea,ep,A, B).

In order to complete the description of the model, we need to specify the dependence of each
node in Figure 7.7 on its parents: that is to say, the marginal probability distributions of € 4 and ep,
and the functional relationships g4 and gp in (7.4) and (7.5). Having done this we can obtain the
joint distribution of (e4,ep, A, B), and thus the joint distribution for (A, B) by marginalizing over
(€A yEB ) .

It is not hard to see that, by suitable choice of the distributions of € 4 and £p and the functions
ga, 9B, we can obtain any desired joint distribution for (A, B) in this way. Thus suppose that A, B
are real-valued (extensions to the multivariate case are straightforward), with a joint distribution
represented by the DAG model of Figure 7.2 (which is to say, with no restriction whatsoever). We
can define the full probability structure by specifying the distribution function G4 of A, and, for
each value a of A, the conditional distribution function G} of B given A = a. Define €4 and ep
to be independently uniform on [0,1], ga(:) = G;l(v), and ggp(a,-) = (G%)71(-). It is then easily
verified that the implied marginal distribution of A, and the conditional distributions for B given A,
are exactly as desired. It is also easy to see that this is just one of many distinct ways in which we
could specify a functional DAG that induces the desired distributions for A, and for B given A.

We can similarly represent any probabilistic DAG by means of a functional DAG, constructed
by adding a new exogenous ‘error node’ €, (again represented by a dashed circle) feeding into each
domain node v, different error variables being taken as mutually independent. Thus a functional DAG
representing the probabilistic DAG of Figure 7.1 would look like Figure 7.8, with, again, the functional

N <&

<)—’/£ \1

Figure 7.8: Functional DAG

relationships and the distributions of the error variables externally specified. It is readily seen, using
the moralization criterion, that the conditional independence properties between the domain variables
embodied in Figure 7.8 are identical with those embodied in Figure 7.1. And once again, for each node
v, we can reproduce any desired specification of p(v | pa®(v)) by suitable choice of the distribution of
the corresponding error variable €, and the function g, in v = g, (pa®(v),ey). Consequently we can
recreate an arbitrary specification of a probabilistic DAG structure by starting from some functional
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model, in which all the randomness is confined to the error variables. We reiterate, however, that
the details of such functional representations are far from unique. The following example (essentially
recapitulating § 3.3 above) makes this clear.

Example 7.4 Consider the following joint distribution associated with the probabilistic DAG of
Figure 7.2. A is a binary variable, with

Pr(A=1)=1-Pr(A=0) =p. (7.6)
Also, conditionally on A =a (a = 0,1), B has the normal distribution
B~ N(/chh 1) (77)

for given po, p1.

We now introduce ep = (¢p,0,€B,1), having a bivariate normal distribution with each margin
N(0,1), and correlation p. Define gg by: gp(a,eB) = pa +€B,q- We can complete the functional
description, introducing an additional variable €4 and equation A = ga(e4), in a variety of ways,
to recreate the marginal distribution of A: the specific details of this are not relevant to our current
purpose. We then obtain a functional representation, as described by Figure 7.7, of our original
problem. Note particularly that the desired conditional distribution of B given A = a, viz. N'(tta, 1)
(a =0,1), will follow from (7.5), no matter what may be the value assigned to p. ml

We thus see that there can be distinct functional models which represent the same probabilistic
DAG. In the above example, the differences are confined to the form of the distribution for eg. In
general we could also vary the functional relationships. These arbitrarinesses are over and above the
variety of ways by which the same joint distribution may be represented by different probabilistic
DAG diagrams, as in the case of Figures 7.2 and 7.3.

7.3.1 Latent variable models

A functional DAG is a special case of a DAG with unmeasured (latent) variables—in this case, the €’s.
A more general case arises when we do not insist that the arrows in a diagram such as Figure 7.8 be
hollow, i.e. the dependence of C on (A, B, e¢), etc., is allowed to be probabilistic rather than determin-
istic. In this case too, the implied joint distribution for the original domain variables (A, B, C, D, E)
will have the independence properties expressed in Figure 7.1.4 This gives yet more ways in which we
can represent that original structure—by introducing, and then ignoring, additional variables. And
once again, there is a very wide variety of ways in which this could be done. In certain problems (see
Chapter 11) the additional variables introduced might themselves be unmeasured domain variables,
with clear external meaning, and in such cases it could indeed be helpful to expand the DAG in this
way. However, when the additional variables are pure mathematical fictions, introduced merely so as
to reproduce the desired probabilistic structure of the domain variables, there seems absolutely no
good reason to include them in the model. Moreover there is a danger that, if we incorporate into our
model terms which do not have any clear external referent, we may all too easily lose sight of this fact,
and attempt to make inference about them, or impose additional conditions on them, so leading us
to conclusions that might appear to be meaningful (because they can be expressed mathematically in
terms of the ingredients we have chosen to include in our model), but which in fact have no scientific
basis (since those ingredients are themselves largely arbitrary, and this arbitrariness may feed through
to our ‘conclusions’).

7.4 Functional intervention models

Just as we were able to extend the semantics of a probabilistic DAG to model certain assumption
about the effects of interventions, so we can introduce an intervention semantics into a functional
model. In the probabilistic case we needed to know the various conditional probability distributions
associated with each node, and describe the effect of interventions on these. Now we need to know
the functional relationships and error distributions, and describe how interventions are supposed to
affect these. Thus consider the effect of ‘setting’ C' to cg in Figure 7.8. One way of modelling this is
as follows (though we again emphasize that this is by no means the only possibility, and whether or
not it provides a good model must remain an empirical question). We suppose that, on setting C to
co, the original functional relation C' = gco (A, B, e¢) is now deleted, to be replaced by C = co; while
all other functional relations remain unchanged.

To complete the specification, we still need to describe the effect of the intervention on the error
variables. The assumption we shall make is that there is no effect of intervention on the (joint)
distribution of the errors. We may describe this by saying that the errors are supposed insensitive
to intervention. Note that this is different from the assumption usually made, that the actual values
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4In general, however, if we marginalize out over certain variables in a DAG model, the joint distribution over
the remainder may not itself be describable in terms of any DAG.
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of the errors are unchanged by intervention, a situation that may be described as unresponsiveness.
In full generality neither condition need imply the other, although in a functional intervention model
unresponsiveness implies insensitivity (Heckerman and Shachter 1995).

Just as for a probabilistic intervention DAG, the assumptions implicit in a functional interven-
tion DAG can be represented more explicitly and usefully by its augmented form, incorporating an
additional decision node F, for each domain node v. The augmented functional intervention DAG
corresponding to Figure 7.7 is as in Figure 7.9.

Fy Fs

’\eA) ®_> \SB)

Figure 7.9: Augmented functional DAG, A causes B

Equation (7.5) is now replaced by:
B=nhp(A,ep, '), (7.8)

where hg(a,u,0) = gg(a,u), while, for x # 0, hg(a,u,x) = x. Equation (7.4) is adjusted similarly.
Apart from the fact that we never associate interventions with the error nodes, the augmented func-
tional DAG is related to the functional DAG (which is after all just a special probabilistic DAG) in
exactly the way we have described in §7.2. Note that the assumption that the &’s be insensitive to
(i.e. independent of) the F’s is encoded explicitly, by the standard DAG semantics, in Figure 7.9.
Again, we can readily represent variations in the nature and scope of interventions. For example,
the ‘functional influence diagram’ of Figure 7.10, together with Equation (7.5), represents a situation

Ab—e(B )=t

Figure 7.10: Functional influence diagram, A causes B

in which A is a pure decision node, entirely under experimental control, while no direct intervention on
B is possible. (Indeed, this more restricted structure was all that was really needed for our description
of Example 7.4).

It is easy to see that, if we start with a functional DAG representation of a probabilistic DAG, then
the above defined functional intervention DAG is likewise equivalent to the associated probabilistic
intervention DAG, in the sense that the probabilistic consequences of any intervention will be the
same in both descriptions. Similarly, any probabilistic influence diagram, such as that of Figure 6.7,
can be represented by means of a functional influence diagram, having, for each random domain node,
a new exogenous error node as an additional parent. The distributions and functions can be chosen
(though, we again note, non-uniquely) to represent any desired partial distribution for random nodes

given decision nodes.
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Chapter 8

Computing Causal Effects

In the presence of unmeasured variables it may or may not be possible to identify causal effects
from data on the remainder.

Example 8.1 Consider a problem represented by the augmented DAG of Figure 8.1, where the
dashed circle indicates that U is unmeasured (and intervention at such a variable, and in this case
at Y, is not envisaged).

Figure 8.1: A DAG with unmeasured variables

Using e.g. moralization one readily checks the following conditional independence properties
between the measured variables (each statement being meaningful even though the intervention
variables F'y, F'z are non-stochastic):

Y L Fs | (X.Fx,2) (8.1)
Z 1L Fx | (X,Fy) (8.2)
X U Fy | Fx. (8.3)

These do not exhaust all the conditional independence properties implied by the assumptions
of the augmented DAG. In particular, whenever any variable is set by intervention, its dependence
on its domain parents is voided, and we can delete all the associated arrows from the DAG. For
example, if X is being set, the problem can now be represented by Figure 8.2, from which we can
read off the following further conditional independence:

Y 1L (X,Fx,Fz) | (Z,Fx #0). (8.4)

Yet another property that holds for any measured variable V' in any augmented DAG is: Fyy = v
(v #0) = V = v. However this can not be expressed solely in terms of conditional independence
or graphs.

o7
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Figure 8.2: DAG when X is set (Fx # 0)

We can attempt to apply the above properties to compute a target causal distribution, such
as p(y | Fx = z) (x # 0), from distributions conditioned on Fx = Fz = (), which are identifiable
under observational conditions. For simplicity, we assume a discrete joint distribution in the
following. Any unmentioned intervention variable is assumed set at ().

Suppose first we want the causal effect of X on Z, i.e. p(z | F, = z) (x # 0). Since Fx =z =
X = z, this is equivalent to p(z | X = x, Fx = z). But from (8.2) Z 1L Fx | X, so that this is the
same as p(z | X = xz)—and so identifiable from observational data.

Next consider the causal effect of Z on Y, p(y | Fz = z). Now we do not necessarily have
Y Il Fz | Z, so this is not immediately identifiable. However (using Fz = z = Z = z) we can
express

Pyl Fz=2)=) ply| X =2,Z=2F;=2)pX =x|Fz =2). (8.5)
x

By (8.1) Y 1L Fz | (X, Z), whence the first term on the right-hand side is p(y | X = z,Z = z).
Similarly, from (8.3) X 1L Fz, so the second term is p(X = xz). Since both terms can thus be
identified! in the observational regime, so can p(y | Fiz = 2).

Finally, consider the causal effect of X on Y, p(y | Fx = ). We have:

ply | Fx :x):Zp(y|X:x,FX:x,Z:z)p(Z:z|X::c,FX:x). (8.6)

From (8.2) the second term is p(Z = z | X = z), and so observationally identifiable.

As for the first term, by (8.1) thisis p(y | X =z, Fx = x,Z = z,Fz = z). Now applying (8.4)
(further conditioned on Fz), this reduces to p(y | Fz = z), which we have already shown to be
identifiable by formula (8.5). So we can identify (8.6). a

8.1 General approach

We here make use of the notation of Pearl (2000) in which e.g. p(y | =, Z) refers to Pr(Y =y |
X =z, Fz = 2) (it being implicit that z # ), and all unmentioned intervention variables are idle.)

Let X, Y, Z, W be arbitrary sets of variables in a problem also involving intervention variables.
The following rules follow? from the very definition of conditional independence.

Rule 1 (Insertion/deletion of observations) If Y 1L 7 | (X, Fx # (), W) then

p(y | jvsz) = p(y | jvw)' (87)

1To be fully rigorous we need to impose further “positivity conditions” to ensure that the desired conditional
distributions are well-defined. Thus for the term p(y | X = 2, Z = z) to be well-defined we must require p(z | X =
x) > 0—at any rate for the relevant z-values, i.e. those for which p(X =z) > 0.

2 Again, we shall ignore throughout the further positivity conditions required to ensure that the relevant condi-
tional probabilities are well-defined.
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Rule 2 (Action/observation exchange) If Y Il F; | (X, Fx # 0, Z,W), then

p(y | &, 2,w) =ply | & z,w). (8.8)
Rule 3 (Insertion/deletion of actions) If Y Il Fy | (X, Fx # (), W), then

p(y | &, 2,w) = py | 2,w). (8.9)
Example 8.1 illustrated how successive application of these rules, coupled with the property
Fx = ¢ = X = z and the laws of probability, can sometimes allow one to express a “causal”
expression in purely observational terms. In particular, the argument there for p(y | Fz = z) can
be expressed in the following completely general terms (where simply to be confusing we have

interchanged X and Z):

Theorem 8.1 (Back-door formula) Suppose that

Z I Fx (8.10)
Y 1 Fy|(X.2) (8.11)

Then
Py Fx=2)=> ply| Z=2X=1)p(Z = 2). (8.12)

Similarly the argument in Example 8.1 for p(y | Fix = x) can be expressed generally as:

Theorem 8.2 (Front-door formula) Suppose that

Y U F, (8.13)
Z A Fy|X (8.14)
Y 1 Fy|(X,Z Fx) (8.15)
Y 1 (X,Fx)|(Z Fz Fx #0) (8.16)
Then
ply| Fx =x) =Y p(z|2)> ply |, z)p(). (8.17)

8.2 DAG models and Pearl’s “do calculus”

Suppose now that our problem is represented by an augmented DAG D. Then (just as we did in
Example 8.1) we can use the moralization criterion to check the conditions for applying Rules 1-3.

Let D+ denote the “manipulated” augmented DAG obtained from D on removing all arrows
into any node in X from its domain parents. Under intervention at X (i.e., Fix # () the problem
is represented by D+, which is therefore the relevant graph to use to query any of the above rules.
Thus we have:

Rule 1 If Y Lp_ Z [ (X, W), then p(y | Z,z,w) = p(y | F,w).3
Rule 2 If Y Lp_ Fz | (X, Z, W), then p(y | &, 2,w) = p(y | 2, 2, w).

Rule 3 If Y Lp_ Fyz [ (X, W), then p(y | 2, 2, w) = p(y | Z,w).

3In fact in this setting Rule 1 is redundant, since it is easily seen that Y J_DY Z | (X,W) implies both
Y J_DY Fz | (X,Z,W) and Y J_DY Fz | (X,W). So when this condition holds we can use Rule 2 to replace
p(y | Z,z,w) by p(y | &, 2, w), followed by Rule 3 to replace this by p(y | &, w).
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Pearl (1995a) gives alternative expressions for the above separation properties in D, purely
in terms of the underlying intervention DAG G5 obtained from D+ by removing the intervention
nodes and related arrows. For the case that the sets X,Y, Z, W are disjoint, he shows that these
conditions are equivalent to:

Rule 1Y lg_Z|[(X,W).

Rule 2 Y 1g_ 7| (X,W), where G, is obtained from G+ on removing all arrows out of nodes
inz. -

Rule 3 Y J_gXUZ(W) Z | (X, W), where Z(W) is the set of nodes in Z that have no descendants

in W. (The proof of equivalence, credited to David Galles, is somewhat intricate).

For any of these cases the relevant graphical separation condition can be checked either by mor-
alization or by d-separation in the relevant unaugmented graph. But the previous approach of
querying the augmented graph D+ directly is generally more straightforward.

Pearl terms the application of the above rules the “do-calculus”. In the context of an aug-
mented DAG model, when only expressions involving measured variables are considered, it can be
shown (Shpitser and Pearl 2006a; Shpitser and Pearl 2006b; Huang and Valtorta 2006) that this
calculus is complete, in the sense that, whenever there exists a reduction of a causal expression to
observational terms, it can be constructed by such successive application of the above three rules
(together with the condition Fx =z = X = x, and the general laws of probability).

8.2.1 Back-door and front-door

Pearl interprets (8.10) and (8.11) in terms of d-separation properties of the unmanipulated inter-
vention graph G, as follows:
Z Cnd(X) (inG) (8.18)
Z blocks all back-door trails from X to Y in G. (8.19)
Here a back-door trail from X to Y means one that leaves X by an arrow directed into X (hence
the description of Theorem 8.1).

Similarly, he argues that conditions (8.13)—(8.16) of Theorem 8.2 will hold when the following
properties hold in the intervention DAG G:

(). Z intercepts all directed paths from X to Y.
(ii). There is no back-door trail from X to Z.

(iii). All back-door trails from Z to Y are blocked by X.

8.3 Nonidentifiability of causal effect

In certain circumstances we can show that a causal effect can not be identified from observational
data (at any rate, without imposing further assumptions).

8.3.1 Bow-pattern

Definition 8.1 Let D be an augmented DAG, with measured domain variables M and unmea-
sured domain variables U. Let X, Y € M. A bow-pattern between X and Y is a trail from X to Y
in the ancestral graph anpy (X, Y) of {X, Y} in D, whose arrows at the endpoints are directed into
X and into Y, and all of whose intermediate nodes are in . An essentially identical definition
applies to an intervention graph. O
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Remark 8.1 In the presence of a bow-pattern, there will be a path from Fix to Y in manp(X,Y)
all of whose intermediate nodes are in U.

Remark 8.2 A bow-pattern in D will be retained in any manipulated DAG resulting from inter-
vening at any Z C M\ {X,Y}.

We can indicate the presence of a bow pattern by a double-headed arrow, as in Figure 8.3
which derives from Figure 8.1.

Figure 8.3: A bow pattern

A special case of a bow-pattern occurs when there exists U € U that is an ancestor of both X
and Y, and directed paths from U to X and Y passing through only unmeasured variables: this
is the only case considered by Pearl (2000) (§ 3.5).

8.3.2 Parent-child bow
Suppose that Y € ch(X), and there is a bow-pattern between X and Y, as in Figure 8.4.

e

Figure 8.4: Parent-child bow pattern

Pearl claims, without proof, that the presence of the bow-pattern prevents the identification of
the causal effect p(y | &) from observational data “since any portion of the observed dependence
between X and Y may always be attributed to spurious dependences mediated by U”. This claim
can be verified as follows.

Suppose that, by successive application of Rules 1-3, we are able to reduce p(y | Fx = z)
to a form involving only measured variables under the idle regime. Then at some point we shall
have to have invoked either Rule 2, in the form Y J‘DE Fx | (X,Z,W), or Rule 3, in the form
Y Lp_ Fx | (Z,W). But by Remark 8.2 and Remark 8.1, we shall never be able to find measured
variables Z, W for which either of these graph-separation properties holds. Consequently we shall
not be able to reduce p(y | Fix = x) to an identifiable form by applying the rules of the do-calculus.
Since these rules are complete, it follows that the existence of a bow-pattern between X and Y
precludes any possibility of identifying the causal effect of X on Y.

Remark 8.3 If we are willing to make additional assumptions it may become possible to identify
p(y | Fx = x) in the above case: see Chapter 11.

Remark 8.4 It is clear from Example 8.1 that we can not remove the condition ¥ € ch(X).
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Chapter 9

Confounding And Sufficient
Covariates

We consider a response variable Y, binary treatment variable 7', and associated treatment regime
indicator Fpr. We shall impose the following reasonable positivity requirement:

Condition 9.1 In the observational regime Fr = (), both values of T' occur with positive probabil-
ity.

We are fundamentally interested in comparing the distributions of Y given, respectively, Fr =

1 (active treatment) and Fr = 0 (control). Because these are interventional regimes, such a

comparison can be interpreted causally, and in particular used to address a decision problem, as

described in §2.4. A simple and often useful comparison is the average causal effect' of T on Y,
defined as:

ACE:=E(Y |Fr=1)-E{Y | Fr =0). (9.1)

However, when we have data from an observational regime, rather than directly from the
interventional regimes of interest, making such causal comparisons can be problematic.

9.1 Example: Normal regression
We will use the following concrete example to illustrate the more abstract concepts below.

Example 9.1 In addition to the treatment variable T and univariate response variable Y, we
have a set U = (Ux,...,Up)’ of covariates measured on each unit.

The conditional distribution of Y given (T',U) is the same in all regimes: specifically, it is
normal, with mean

E(Y |T,U,Fr)=d+3T +bU (9.2)

and variance 2.

In the observational regime Fr = (), T = 0 or 1, each with probability %; and the distribution
of U given T =t (t = 0,1) is multivariate normal with mean p, and dispersion matrix . In
particular, the marginal distribution @ of U is a 50-50 mixture of these two multivariate normal
distributions, having mean @ := %(,ul + p,). We further suppose that U has this same marginal
distribution @ in each of the two interventional regimes, Fr = 0,1. We assume all the parameters
of all the above distributions to be known.?

Note that E(Y | Pr =t) = d+ 6t + b'in. So the ACE of (9.1) is just 6, which can thus be
interpreted causally, and will be taken as the principal target of causal interest. O

LA better term might be “causal average effect”
2 —except for §10.3 below.

63
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9.2 No confounding

Consider the property:
Y L Fr|T. (9.3)

This asserts that the distribution of Y given T will be the same, whether the variables arise
naturally or T is set by intervention. Since, for t = 0,1, Fp =t = T = t, this is equivalent to
requiring that, for ¢ = 0,1, the conditional observational distribution of Y given T' = ¢ be the
same as the marginal distribution of ¥ under an intervention that sets 7" at .3 When this holds,
causal enquiries about the ‘effect of 7" on Y”’, which we regard as relating to the distributions of
Y given Fpr = t for various settings ¢, can be addressed directly from observational data in this
situation: in particular, we can identify the average causal effect, since then

ACE=E(Y |T=1,Fr=0)—E(Y |T =0, Fp =0). (9.4)

In such a case we say that there is no confounding (of the effect of T on Y').

Note that our definition (9.3) of ‘no confounding’ is absolute, rather than relative to a given
model—as is the case, for example, for Definition 6.2.1 of Pearl (2000). But it can certainly be
helpful to express this by means of a graphical model. The augmented DAG of Figure 9.1 describes
the situation in which (9.3) applies.

Rl

Figure 9.1: No confounding

9.2.1 Potential responses

In the potential response framework, the “no confounding” condition is usually expressed as
T U (Yo, Y1) | Fr =0, (9.5)

which says: “In the observational regime, treatment 7 is independent of the pair (Yp,Y7) of
potential responses.” In fact, it is sufficient to make the weaker assumption of independence for
each potential response separately:

TILY; | Fr=0 (t=0,1). (9.6)

When (9.6) can be assumed, the observational distribution of Y = Yp given T' = ¢ is just the
marginal distribution of Y;, which, it is assumed, is the response to intervening with Fpr = ¢. Thus
(9.3) follows.

9.3 Confounding

As the examples of §1.2 illustrate, (9.3) is a bold assumption that will often be inappropriate. In
this case we say there is confounding.

Example 9.2 In Example 9.1, the expectation of Y given T' = t and Fr is d + 0t + b'u, for
FPr =10, but d+ 6t + b’ for Fr =t. So (9.3) does not hold in this case. a

Example 9.3 Consider again Example 1.8. It appears from Tables 1.2 and 1.3 there that the
variable “sex” is strongly associated with survival.

We can also examine the relationship, in the study, between sex and treatment (Table 9.1).
This makes it apparent that treatment is strongly confounded with sex, so that, in the overall

3We need Condition 9.1 here to ensure that both these conditional observational distributions are well-defined.
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Male Female Total % Male
New treatment 300 100 400 75%
Standard treatment 100 300 400 25%

Table 9.1: Confounding by sex

comparison in Table 1.1, we are not comparing like with like. In particular, given only these
summary data, we do not know whether to ascribe the differences we see in the survival rates
to differences in treatment, or to sex differences. The variable “sex”, being associated with both
treatment and survival, is a confounder for the effect of treatment on survival. It would be rash to
assume (9.3) and thereby treat the overall survival rates of Table 1.1 as predictive of what would
happen to a new patient under either treatment.

Can we however trust the more detailed data of Tables 1.2 and 1.37 If we want to treat a
new male patient, could we use the survival rates seen in Table 1.2 to predict his response under
either treatment? This might or might not be appropriate—there might be further, unmeasured,
variables that confound this interpretation too.

If we can assume that there is no further confounding, after adjusting for sex, we can say that
sex is a sufficient covariate in this problem. ]

9.4 Sufficient covariate

Suppose we are happy to assume that, for a certain additional variable* U, the joint structure of
(Fr,T,U,Y) has the following two properties:

U 1 Fr (9.7)
Y 1 Fr|(UT). (9.8)

Properties (9.7) and (9.8) can also be expressed by means of the DAG of Figure 9.2 (where
the labels a and b should be ignored for the moment).

G

Figure 9.2: Sufficient covariate

A variable U for which conditions (9.7) and (9.8) hold is termed a sufficient covariate (for the
effect of T on Y).% In general there may be many choices (or none) for such a variable or set of
variables.

Example 9.4 In Example 9.1, taking U = U, properties (9.7) and (9.8) are readily seen to hold.
So U is a sufficient covariate.% a

4We allow U to be multivariate, so constituting a set of variables rather than just one.

5This definition is more general than that of Lauritzen (2000), which involves additional unmeasured variables.

6Given that, in this example, the properties of (T, U) were introduced in terms of a marginal distribution for T
and a conditional distribution for U given T', it may appear odd to represent it by Figure 9.2, which is naturally read
as specifying a marginal distribution for U and a conditional distribution for T" given U. However, it is important
to realize that it is not the directions of the arrows in a DAG that carry causal meaning, but rather the implied
conditional independences as can be read off using moralization. As we have constructed Example 9.1 we do indeed
have (9.7) and (9.8), so that Figure 9.2 is indeed a valid representation.
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Condition (9.8) is essentially the same as (9.3), but further conditioned on U. When this holds,
if we could always observe U we could identify the conditional distribution of Y given 7" and U in
the observational regime, and safely transfer this to the interventional regime. This would enable
a new subject, with measured U, to address his treatment decision problem.

In particular, under Condition (9.8) we can use the observational data to identify the specific
causal effect of T on Y, defined as follows:

Definition 9.1 The specific causal effect of treatment, for value u of U, is:
SCEy(u) :=E(Y |U=u,Fr=1)—EY |U =u, Fr =0). (9.9)

Thus SCEy(u) is an average causal effect, but restricted to the subpopulation of individuals
having the specified value u of U. We also denote by SCEy the random variable (function of U)
SCEy :=SCEy(U)=E(Y |U,Fr=1)—EY |U,Fr =0). |

When (9.8) holds, and using Fr =t = T =, t = 0, 1, we shall have
SCEy == E(Y |U,T=1,Fr =0) —E(Y |U,T =0, Fr = 0), (9.10)
so that SCEy is observationally identifiable.

Example 9.5 In Example 9.1, it is easily seen that SCEg; is the constant §, in this special case
being independent of the value u of U. ]

Condition (9.7) requires that the distribution of U be the same in all regimes: this is perhaps
less fundamental than (9.8), but generally useful. As we shall see in §9.9, even when we are not
in a situation of “no confounding”, so long as we can observe a sufficient covariate U along with
T and Y we can still identify the desired interventional distributions for Y given Fr = t from
data gathered under the observational regime F’r = (). This is termed the case of no unobserved
confounders.

Typically (though not necessarily), in order for condition (9.8) to be reasonable we would want
U to comprise a large set of variables: intuitively, we want U to account for the totality of those
individual characteristics that are relevant to the process whereby T generates Y. However, (9.7)
acts as a constraint on just how much we can throw into U. In any case, whatever intuitions we
may use to nominate a sufficient covariate U, the essential point is to ensure that we are satisfied
as to the appropriateness of both (9.7) and (9.8).

9.5 Allocation process

Here we describe one natural way in which the properties described in §9.4 might come about.

We have a population of exchangeable subjects (see §4.1.4), to each of which we can assign a
treatment, 7.

Let U be a set of “pre-treatment variables”. These might be genuine “covariates”, i.e. pre-
existing subject characteristics, or other background variables. We can also include in U variables
generated by further randomization, with probabilities perhaps tuned to observed subject charac-
teristics. We here use the term “covariate” widely, to include all such variables.

We now conceive of a binary allocation indicator D, itself in U, describing which treatment
would be chosen in the absence of any external intervention. This will typically be highly correlated
with individual subject characteristics that might themselves be predictive of response Y, so
generating confounding.

Let P; (t =0, 1) denote the joint distribution of all relevant variables (viz. U and the response
Y’) when a subject is assigned treatment ¢ (i.e. under interventional regime F}).

We assume:

(i). The distribution of U is the same under both Py and P;.



9.6. POTENTIAL RESPONSES 67

(ii). A subject’s response to a treatment does not depend on whether or not the treatment has
been externally imposed.”

Consider now an observational regime, F@, constructed as follows. We select a subject at
random from the population, observe his value of D, assign the corresponding treatment (7' = D),
and finally observe his response Y. (Note that T is then functionally determined by D and Fr:
T =t when Fr =t (t =0,1), while T = D when Fr =.)

The observational joint distribution Py can now be found. The covariates U (which include
D) have the same joint distribution as in either interventional regime (the same in both by as-
sumption (i)); while the conditional distribution of ¥ given U = w is the same as in regime Fy,
where d is the value of D in u.

It is easily seen that U is a sufficient covariate. In fact, as will be shown in §10.2.1 below, the
allocation indicator D is itself a sufficient covariate.

9.6 Potential responses

In our approach we regard a covariate as a quantity that could be fully measured, at any rate
in appropriate circumstances. But if we take a purely formal approach we can also admit more
general quantities.

In particular, suppose we are willing to conceive of the existence of the pair (Yo, Y1) of potential
responses. These are supposed to have the same values, and a fortiori the same joint distribution,
no matter what regime operates. That is:

(Yo, Y1) UL Fyp. (9.11)

Further, when the pair (Y,Y7) and the treatment applied T' are known, the actual response
Y is fully determined: Y = Y7, no matter what regime operates. This implies in particular:

Y AL Fr | (Yo, Y3, T). (9.12)

Comparing (9.11) and (9.12) with (9.7) and (9.8), we see that, formally at least, we can always
treat U* = (Yp, Y1) as a sufficient covariate.

9.7 Confounding

It would be nice if from (9.7) and (9.8) we could deduce the “no confounding” property (9.3).
However in general this will not be so. For, using the moralization criterion to query Figure 9.2 to
check whether it implies Y 1L Fr | T, we find we need to add a moralization link between U and
Fr, so creating a path Y—U—F7 from Y to Fr avoiding T'.

A sufficient covariate U, satisfying (9.7) and (9.8), is also called potential confounder. It is
a non-confounder in the very special case that (9.3) holds; otherwise a confounder.® In general,
when all potential confounders are unmeasured we can not identify causal effects from observational
data.

9.8 Nonconfounding

When will a potential confounder in fact be a non-confounder, i.e. when can we deduce (9.3) from
(9.7) and (9.8)? Two different sufficient conditions are given in the following.

7 Assumption (ii) may well be unreasonable in some (especially economic or sociological) contexts, since a subject
might behave differently if forced to take a treatment than he would if he himself had chosen to do so.

8Many workers would use this description for a single component of a multivariate sufficient covariate, not
necessarily sufficient of itself. We shall not have any use for this extension.
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Lemma 9.1 Suppose that, in addition to (9.7) and (9.8), either of the following conditions holds:

Y I U|T (9.13)
T 1 U | Fr. (9.14)

ThenY 1L Fp | T.

Proof. These results can be shown directly by algebraic manipulation of conditional indepen-
dence properties using P1-P5. Alternatively we can use graphical representations. Thus under
(9.13) the arrow b in Figure 9.2 is absent, and we can represent the problem by Figure 9.3. The

% %@

Figure 9.3: Irrelevance

property Y L Frr | T is then easily verified using the moralization criterion. If, instead, we assume
(9.14), we can drop arrow a from Figure 9.2, thus obtaining Figure 9.4. We can again read off the
desired property Y 1L Fp | T. ]

v
o

Figure 9.4: Randomization

Condition (9.13) says that the conditional distribution of response Y given treatment 7' and
covariate U (which, by (9.8) has already been assumed unaffected by whether treatment arose
naturally or by intervention), is not in fact affected by the value of U. It is indeed obvious then
that we can entirely ignore U, even if we were to observe it; and that the conditional distribution
of Y given treatment 7' (which is the same as that given both T and U) is unaffected by whether
treatment arose naturally or by intervention. In this case we could call U irrelevant for Y. In
a sense condition (9.13) represents a rather trivial way of obtaining (9.3), and in cases where it
holds we might have been just as willing to assume (9.3) directly.

More interesting is (9.14). Because the conditional distribution of T' given Fr is degenerate
whenever Fr # (), this condition is only non-trivial for the case Fy = ). It is thus equivalent
to requiring that T and U be independent when both arise naturally—in which case we can say
that U is unassociated with treatment. Since this would occur in an experiment with completely
randomized assignment of T' (at any rate when U is a pre-treatment quantity), we may describe
(9.14) as the ‘randomization condition’. Under this condition, even though U might not be ir-
relevant, and hence would be useful were it to be measured, when it is not available it does not
bias the assessment of the distribution of response given only treatment, whose observational and
interventional versions will still be identical.
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9.8.1 Other conditions

It may be possible to demonstrate (9.3) under other conditions than those considered above. A
simple example is given in Figure 9.5, where U = (U, Us): we readily read off, by moralization,
the “no confounding” property Y Il Fr | T, even though neither (9.13) nor (9.14) need hold.

11
e

Figure 9.5: Nonconfounding

More generally, given a model involving specified relations between Y, T, Fr and some ad-
ditional variables, it will sometimes be possible to demonstrate (9.3), either directly, through
manipulation of conditional independence properties, or indirectly, by applying the moralization
criterion to a suitable graphical representation.

9.8.2 ‘No unobserved confounders’

In general, in order to be able to proceed without taking any account of confounding, it is nec-
essary that, for any potential confounder U, it in fact turns out to be a non-confounder—the
situation described by the phrase ‘no unobserved confounders’. Now this initially might appear to
require explicit consideration of all possible potential confounders—a task that would generally be
impossible in practice (and perhaps even in principle). Fortunately this is not required. So long
as we can identify just one potential confounder U that is a non-confounder, we can deduce (9.3),
and hence will be justified in interpreting the observational distributions of Y given T' as equally
meaningful under intervention. In particular, it will be enough to have (9.13) or (9.14) hold for
some potential confounder. Then any other potential confounder must also be a non-confounder
(even though it might not satisfy either (9.13) or (9.14)—since while these conditions are sufficient,
they are not necessary).

9.9 Deconfounding

Suppose that we have observational data on a sufficient covariate U, as well as on Y and T.
However, we can not observe any covariate information for the new subject S for whom a treatment
decision is required. For that purpose we would thus want to identify and compare the ‘marginal’
interventional distributions p(y | F; = t).

Now (9.7) and (9.8) are exactly the conditions required for the application of the “back-door”
formula of Theorem 8.1. Consequently, we can calculate:

plyl Fr=1) = Y ply| Fr=tu)p(u| Fr=1) (9.15)

> oy [T =tu)p(u). (9.16)

Thus in the presence of (9.7) and (9.8), if we can observe U we can identify the ‘marginal causal
effect’, on Y, of setting 7" to ¢, from an observational study in which (Y, T,U) are all recorded.

9.9.1 Complete confounding

To be more precise, for deconfounding using (9.16) we also require an additional ‘conditional
positivity condition’: under the observational regime Fr = (), for each ¢t = 0,1 we want Pr(T =1 |
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U = u) > 0 whenever Pr(U = u) > 0. Otherwise we will not be able to identify p(y | T = t,u).

For example, when our sufficient covariate is the allocation indicator D, (9.16) would give
ply| Fr=1)=ply | T=1,D=0)Pr(D=0)+ply|T=1,D =1)Pr(D = 0). But we
can not identify p(y | T = 1, D = 0), since the combination 7' = 1, D = 0 does not occur in the
observational regime.

9.9.2 External standardization

In some cases, we might be willing to assume (9.8), but not (9.7), relying instead on other, external,
information to identify p(u | Fpr = t) in (9.15). For example, if U is sex, and we have (by design
or accident) sampled different numbers of men and women, yielding say Pr(M | Fr = () = 0.8, we
would not want to apply this observational sex ratio to a new subject. If we know that the new
subject is male, we should use Pr(M | Fr =t) = 1 in (9.15). If we can not observe the subject’s
sex, we might reasonably take Pr(M | Fr =t) = 0.5.

9.10 Average causal effect
As a simple consequence of (9.16), we find, for any sufficient covariate U:

ACE E{E(Y |T=1,U)} —E{E(Y | T =0,U)} (9.17)

E(SCEy) (9.18)

where ACE is the average causal effect given by (9.1), and SCEy; the specific causal effect, obser-
vationally identifiable by (9.10). As in §9.9.2, the observational marginal distribution of U used
to calculate the expectation in (9.18) might be replaced by some externally justified distribution
when we can not assume (9.7).

9.10.1 Potential responses

In the potential response framework, we can formally take U = (Yp, Y1). Then we have E(Y | T =
t,U) =Y, so that
ACE = E(Y; — Y0), (9.19)

the expectation of the individual causal effect ICE :=Y; — Y. (Note however that ICE is always
unobservable, since we can not observe both Yy and Y; simultaneously.)



Chapter 10

Reduction Of Sufficient Covariate

Let U be a sufficient covariate. It is often possible to reduce the information in the variable U by
replacing it by some V < U while retaining the sufficiency property. Note that the condition

VL Fr (10.1)
is automatically satisfied, by P3. So for any such putative V' we only need check:
Y U Fr | (V,T). (10.2)

There are two main ways of proceeding, corresponding to the two arrows b and a in Figure 9.2
describing, respectively, the effect of U on Y and on T

10.1 Reduction of effect on Y

By Condition 9.1, for t = 0,1, each of Pr(Y € A |U, T =t,Fr =1t),Pr(Y € A|U,T =t,Fr =0)
is defined, as a function of U, up to a set of values having probability 0 under the distribution of
U (which by (9.7) is the same in all regimes). Then (9.8) asserts that these are (almost surely)
identical. Thus if we define Pr(Y € A | U, T =t) := Pr(Y € A | U, Fr = t), this will serve as a
conditional distribution for Y given (U,T =t) in all regimes.

We shall show that (10.2) holds if the following condition is satisfied:
Condition 10.1 (Response-sufficient reduction) Fort=0,1,Y L U | (V, Fr =t).

This says that, for each treatment decision, once V' is known further information about U is of no
value for predicting Y.

Because of Condition 9.1, Condition 10.1 is equivalent to saying that, for each ¢ = 0,1, the
observational conditional distribution Pr(Y € A | U,T = t, Fr = ())—a distribution that is in fact
common to all regimes, on account of (9.8) as seen above—in fact depends on U only through its
reduction V: a property that can be tested using observational data. It can also be expressed as:

Y AL (U, Fr) | (V,T). (10.3)

(Note that (10.3) already incorporates (9.8), using P4 and the property V' < U). Property (10.2)
now follows, showing that V is a sufficient covariate.
Further, for any covariate X that is a function of U, we can easily show that:

V U Fr| X (10.4)
Y U Fr | (X,V,T). (10.5)

That is to say, V remains a sufficient reduction of U even after we condition throughout on X.
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Fomal

Figure 10.1: Reduction of sufficient covariate between U and Y

The conditional independence properties (9.7) and (10.3) can be represented by the DAG
of Figure 10.1 (the omission of an arrow from V to T, representing the property V IL T | U, is
justified by the fact that, given U, V is non-random and hence independent of anything). Their
implications (10.1) and (10.2) are easily read off using the moralization criterion. Similarly (10.4)
and (10.5) can be read off the extended DAG of Figure 10.2, where again the functional dependence
of X on U justifies representing X as conditionally independent of all other variables, given U.

ﬁ@ﬁ

Figure 10.2: Conditional sufficiency of V, given X

Example 10.1 In Example 9.1, a linear transformation V' = AU is a response-sufficient reduc-
tion of U whenever b is in the range-space of A’. O

10.1.1 Minimal response-sufficiency

Suppose that we have a collection V = {V,, : @ € A} of response-sufficient reductions of U. Then,
for each t = 0,1, the conditional distribution of Y given U, consequent on treatment decision
Fr = t, actually depends on U through V, alone—for any o € A. Intuitively,! this means
that its actual dependence on U can only be through whatever information is common to all the
Vo ’'s—which could itself be embodied in a variable Vi =< V, (all «). Then V; likewise would satisfy
Condition 10.1 and hence be a sufficient covariate. Taking V to be the set of all response-sufficient
reductions of U, V; is thus the minimal response-sufficient reduction of U.

Example 10.2 In Example 9.1, the minimal response-sufficient reduction of U is Vy := b'U. O

1There are some technical difficulties in making this argument fully rigorous, very similar to those involved in
the general construction of a minimal sufficient statistics for parametric inference (Dawid 1980). However these are
of no importance for most practical applications.
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Caution: The above argument does not work if we can not assume all the V,, are response-
sufficient reductions of the same variable U which is already sufficient. In particular, if we only
know that V3 and V5 are sufficient covariates, it may not be possible to find a common sufficient
reduction Vg of them both.

10.2 Reduction of effect on T

Consider now the alternative condition, for W <X U:
Condition 10.2 (Treatment-sufficient reduction) T UL U | (W, Fr = 0).

This says that, in the observational regime, treatment assignment T depends on U only through
its reduction W—a property that, like Condition 10.1, can be tested using observational data. An
equivalent characterization is that, for the (two-member) family of observational distributions for
“data” U, given “parameter” T, the “statistic” W is a sufficient statistic.

Because T is in any case non-random in the interventional regimes Fr = 0 and Fpr = 1,

Condition 10.2 is equivalent to
T1U| (W, Fr). (10.6)

We can represent the conditional independence relations (9.7), (9.8) and (10.6) by means of
the DAG of Figure 10.3.2 Now Y 1L Fr | (W, T) follows on applying the moralization criterion.
Hence W is a sufficient covariate.

u

H 4@

Figure 10.3: Reduction of sufficient covariate between U and T

Again, W will remain sufficient after conditioning on a further covariate X < U, as can be
read off from Figure 10.4.

0

H 4@

Figure 10.4: Conditional sufficiency of W, given X

2 Again, we do not need an arrow from W to Y because W < U.
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Example 10.3 In the observational regime of Example 9.1,
W =cU (10.7)

with
c= 3" (py — po), (10.8)

is the Fisher linear discriminant function (LDF) for separating the two multivariate normal dis-
tributions for U, given T. It is well known, and straightforward to check, that U 1L T | W, so
that W is a treatment-sufficient reduction of U—as is any linear transformation W = CU such
that ¢ is in the range-space of C’. O

10.2.1 Allocation process

Consider again the allocation process of §9.5, with allocation indicator D. We suppose we start
with some sufficient covariate U € U.

Since, in the observational regime, 7' = D, Condition 10.2 is equivalent to the requirement
that (in the joint distribution of covariates, which is common to all regimes):

DIU|W. (10.9)

In particular, (10.9) holds if we take U = U, W = D, so the allocation indicator D itself is a
sufficient covariate—as similarly is any subset of U containing D. Alternatively, (10.9) will hold

if D is generated by using a randomizing device with probabilities depending on U only through
the value of W.

It may appear surprising that (10.9) does not explicitly include a requirement that the additional
information in D, over and above that in W, be of no value in predicting the response Y. However,
Theorem 10.1 below shows that, so long at any rate as we are comparing only two treatments, this
property is already implicit in (10.9).

Theorem 10.1 In the setting of § 9.5, with binary treatment variable T, response variable Y, and
allocation indicator D, suppose W is a sufficient covariate. Then fort =0,1

Y UL D | (W, Fr =1t). (10.10)

Proof. From the comment after (10.9), (W, D) is sufficient, so that
Y U Fp | (W,T,D). (10.11)
If, in addition, W alone is to be sufficient, we must also have:
Y U Fp | (W,T). (10.12)

According to (10.11) and (10.12), conditional on any fixed values (w,t) for (W, T), Y must be
independent of Fr both marginally and conditionally on D. But (Yule 1903; Dawid 1980) since D is
binary these two properties can only hold if at least one of the following holds:

Y U D|(W=wT=t,Fr) (10.13)
D 1 Fr| (W=wT=t). (10.14)
Now (10.13) holds trivially for Fr = 0, so only has real bite for F = 0 or 1. In these cases it is
equivalent to:
Y1UD|(W=w,Fr=t). (10.15)
If, on the other hand, (10.14) holds for some (wo, to), we have

PI‘(D =to ‘ W =wo, T =tg, Fr = @) = PI‘(D =1 | W = wo, Fr = to). (10.16)

The left-hand side of (10.16) is 1. The right-hand side is Pr(D = to | W = wo, Fr) for any regime
Fr, since (W, D) is a covariate and thus independent of Fr. So if (10.14) holds for (wo,to),then
conditional on W = wop, D is almost surely constant, in any regime. But this itself implies (10.15)
(for either value of t). Thus (10.15) holds for all (w,t), so showing (10.10). o
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10.2.2 Minimal treatment-sufficiency

Suppose that we have a collection W = {W, : o € A} of treatment-sufficient reductions of
U, all satisfying Condition 10.2. Then the observational conditional distribution of Y given U
actually depends on U through W, alone, for any o € A. Arguing as in the response-sufficient
case, we can construct a minimal treatment-sufficient reduction Wy of U. This is in fact the
same as the definition and construction for determining the minimal sufficient statistic for the
observational distributions of “data” U given “parameter” T'. One choice for this is the propensity
score II:=Pr(T =11|U).

Example 10.4 In Example 10.3, the LDF variable W is a minimal treatment-sufficient covariate.
The propensity score Il = Pr(T =1 | U) is an increasing function of W, given by:

logit T=W —m (10.17)
where
mo= (uy —p) SR
E(W | Fr =10).
O

10.3 Propensity scoring in practice

The propensity score Il := Pr(T =1 | U) was introduced in §10.2.2 as a minimal treatment-sufficient
reduction of a sufficient covariate U for a binary treatment 7'. Rubin (2007) argues that the analysis of
observational data is better if based on appropriate adjustment for the propensity score I, rather than
for a response-sufficient covariate V. One practical point in favour is that, because the propensity score
II can be identified without even looking at the outcome variable, it is more “objective” and so guards
against deliberate or subconscious bias. Propensity adjustment can also be considered as a way of
mimicking (conditionally) random treatment assignment: all subjects with the same propensity score
have, independently, the identical probability of being assigned to active treatment (or to control).

All the above is fine when we know the true propensity score II, or (essentially equivalent) a
minimal treatment-sufficient covariate W. In practice, however, we will not know the underlying
probability structure, and so will have to use the observational data to estimate the form of W, e.g.
by fitting a model for the dependence of T on U. (In any case we have to assume that we are starting
from a sufficient covariate U, which it is usually impossible to be sure of). When the dimension of U
is not small compared with the number of data-points, there is every danger that we will “overfit” to
random patterns of the data in hand, leading to poor estimates. There have been numerous claims
that this is not a real problem for propensity scoring: it is even suggested that adjusting for an
estimated propensity score is superior to using the true score. However, this can not be generally
true, as the following example shows.

Example 10.5 Consider Example 9.1, with minimal treatment-sufficient covariate W given by (10.7)
and (10.8). Now from (9.2)

E(Y |T,W,FPr)=d+ 6T+ bEU | W), (10.18)

where the final term does not involve T on account of (10.6), and is a linear function of W. Conse-
quently (10.18) has the form:
EY |T,W)=a+dT+8W. (10.19)

It follows that the coefficient of T" in the regression of Y on 7" and W is exactly the same as in
the regression on T and all of U, namely the ACE, §.

This appears to be good news—we can reduce the multivariate covariate U to the univariate
covariate W without affecting the interpretation of the regression coefficient of T as a causal effect.

But consider now what happens when we do not know the parameters of the model but have to
estimate them from data. The standard procedure would estimate p; by the relevant sample mean &;,
and (up to an unimportant scale-factor) ¥ by the within-group sum-of-squares-and-products matrix S.
After substituting these estimates for the population parameters, application of the identical manipu-
lations that yield the population LDF in the known-parameter case will now yield the corresponding
sample LDF.
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Suppose we proceed by first identifying this sample LDF, say w (a linear combination of the (U;)
with coefficients estimated from the data), and then calculating the sample regression of Y on T and

W. We would find, in analogy to (10.6) (applied now at the level of first- and second-order moments
only) that the sample (estimated) regression of U on T and W does not involve T—in this sense,

adjusting for W has brought the two sample distributions of U given T into agreement. In much of
the propensity literature, this “balancing” behaviour is regarded as highly desirable, and considered
as leading to improved accuracy for estimating the causal effect on the response. By contrast, even
if we knew the true LDF W it would not in general possess this property in the sample. So it might
appear, from examining the data, that adjusting for an estimated propensity-type variable would be
better than adjusting for its true population counterpart.

Now the sample version of (10.19) shows that the coefficient 3 of T in the sample regression of

Y on T and the single variable W will be identical with that in the sample regression on T and
the full multivariate covariate U. Since the estimate is unchanged, so necessarily is its precision. In
particular, when the sample size n is not much greater than the dimension p of U, the variance of the

estimator & can be very large; moreover, this is entirely unaffected by whether we have calculated it
by regressing Y directly on (p-variate) U, or indirectly by first forming W and then regressing Y on

T and (univariate) W. Conducting a propensity analysis has had absolutely no effect on the estimate
and its uncertainty.

In effect, the data-dredging that leads to W being a generally poor substitute for W counter-
balances the increase in precision from reducing the covariates from p to 1—notwithstanding any

seductive message in the sample that adjusting for W has brought the two sampling distributions of
U given T into close alignment. m|

In practice, we will rarely be in a position to make strong distributional assumptions, such as
multivariate normality, about the joint observational distribution of 7" and U. A common procedure
would be to first fit a logistic regression model for the dependence of II = Pr(T" = 1| U) on U, and then
form groups of subjects whose estimated value for II all fall in some interval, e.g. one of the intervals
[0,.2), [.2,.4), [4,.6), [.6,.8), [.8,1]. Within any group, all subjects should have approximately the
same propensity score, so that an observational comparison of the two treatments should mimic an
experimental comparison. (Some of the groups, particularly at the extremes, might have very few
subjects receiving one of the treatments: these might simply be discarded). Finally we can combine
such comparisons across the groups.

Although the specific analysis of Example 10.5 will not apply to such more general analyses, the

same sort of behaviour can be expected.

10.4 A complication

Although each of Condition 10.1 and Condition 10.2 is a sufficient condition for a reduction W of
U to be a sufficient covariate, neither is necessary.

Example 10.6 Randomization. Suppose that, in the observational regime, we in fact have
completely randomized allocation. That is, the binary allocation variable D is generated by a
fair coin-flip, independently of all pre-ezisting covariates W. In order to satisfy the previous
requirement D € U, we take the full set of “covariates” to be U = (W, D).

We assume the mere action of flipping and observing the coin can have no effect on the response,
which thus depends only on the pre-existing covariates W and the actually applied treatment 7'

Y UL (D, Fr)| (W,T). (10.20)
We shall however suppose that W affects response: i.e. for at least one value ¢t =0 or 1,
Y AW |T =t. (10.21)

The assumed conditional independence properties can represented graphically by Figure 10.5,
a special case of Figure 9.5, so that (unsurprisingly) we have the “no confounding” property:
Y UL Fr |T. In particular, this means that the trivial variable 0, identically equal to 0, is
sufficient—and thus a sufficient reduction of U.
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Figure 10.5: Randomization

However, on account of (10.21), W = 0 does not satisfy Condition 10.1. Further, W = 0 does
not satisfy Condition 10.2. For in the observational regime we can not have T' Il U, since T = D
is completely determined by U (and is not constant).

Note that in this case application of the construction of §10.2.2 would deliver D—the actual
outcome of the coin-flip—as the “minimal treatment-sufficient reduction” of U (this would also
be the associated propensity score), without giving any indication that it could be further reduced
to 0 (so generating the constant propensity score 0.5) while retaining sufficiency. O

10.5 Joint reduction?

Suppose V and W are, respectively, minimal response-sufficient and minimal treatment-sufficient
reductions of U. Since W < U, it follows from (10.3), on applying P4 and P3, that Y 1L Fr | (V, W, T).
Hence U* := (V, W) constitutes a sufficient covariate, and moreover each of V., W is a sufficient
reduction of U*. It is tempting to conclude, by analogy with the arguments of §§ 10.1.1 and 10.2.2,
that the information, Uy say, in common to V and W will itself be a sufficient covariate. However
this is typically not so (the Caution of §10.1.1 applies): indeed, it will commonly be the case
that Up is entirely vacuous, and so (in general) not sufficient.
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Chapter 11

Instrumental Variables

Figure 11.1: Instrumental variable

Suppose we would like to identify, if possible, the causal effect of a variable X on a response
Y. Suppose further that we can describe the problem by means of Figure 11.1.

Here Fx is the usual intervention indicator for X, and U is an unobserved sufficient covariate
for the effect of X on Y, so that

U 1 Fx (11.1)
Y 1 Fx|(X,U). (11.2)

In this case, however, we also have an additional observable variable Z (which in fact could
be either a random variable or a decision variable—all our arguments will be conditional on Z)
such that the following conditional independence properties (stronger than (11.1) and (11.2))
represented in Figure 11.1 hold:!

U 1 (Z Fx) (11.3)
Y AL (Z,Fx)|(X,0). (11.4)

A variable Z satisfying (11.3) and (11.4) is termed an instrumental variable or instrument (for
the effect of X on Y). The idea is that, in the observational regime, Z acts something like the
intervention variable F'x to affect the value taken by X, without directly affecting the way Y
depends on X. A good instrument is one which, in addition, is strongly associated with X. (An
“instrument” that is independent of X is of no use whatsoever).

For the case of binary X, we sometimes have an availability indicator, a binary variable Z such
that

Z=0=X=0. (11.5)

1Figure 11.1 also encodes Z 1l Fx, but since we will be arguing conditionally on Z this is of no significance.
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Thus a subject having Z = 0 is simply not able to access the active treatment. When such Z is
also an instrumental variable we may term it an availability instrument.
Note that, under an intervention at X (Fx = x # 0), the arrows into X from Z and U are
deleted, and we infer:
YUZ|Fx=x. (11.6)

That is, the value of Z should not affect the behaviour of Y in response to an intervention at X.
If this property can not be assumed, we can not regard Z as an instrumental variable. But there
are other constraints too (although they involve unmeasured variables): thus (11.4) requires that
the same variable U that “screens off” the effect of X on Y from the regime indicator F'x will also
screen it off from Z in the observational regime.

Example 11.1 Randomized encouragement trial. In an encouragement trial patients are
randomly assigned to take either active treatment or placebo, but might not comply with their
assignment, so that the treatment actually taken, X, might differ from that assigned, Z. (Often,
but not invariably, Z will be an availability instrument). The possible common dependence of
X and Y on further unobserved patient characteristics will typically imply that Y can not be
assumed independent of Z given X. However, because Z is randomized it should be independent
of any such characteristics, and hence be an instrumental variable. o

Example 11.2 Trans fatty acids. Trans fats, which are mainly found in partially hydrogenated
vegetable oil and are common ingredients in thousands of food products, have been linked to raised
blood cholesterol levels and heart disease.

Suppose we want to investigate the effect of trans fats on health outcomes. We could make
use of the fact that in 2003 Denmark banned the use of trans fatty acids in packaged foods to
treat living in Denmark as an availability instrument. For this analysis to be appropriate we
have to assume (condition (11.3)) that all Nordic people are essentially exchangeable on dietary
preference and other determinants of health. This assumption of similar diets and lifestyles is of
course debatable.

In Britain, Sainsbury’s, Marks and Spencer and Asda have recently eliminated trans fatty
acids from their own-brand foods; Tesco and Waitrose are planning to do so too. Thus which
supermarket a consumer shops at acts as an availability variable. However, it is not likely to be
an instrument, since it could well be associated with health-related life-style characteristics U. O

Example 11.3 Non-randomized treatments. Suppose (McClellan et al. 1994) we are inter-
ested in the effect of invasive emergency procedures on patients suffering an acute myocardial
infarction. Patients who receive different treatments tend to differ in both observable and un-
observable health characteristics, so biasing naive estimates of treatment effects. However the
variable “distance to nearest emergency centre” is strongly associated with the type of treatment
received, but can reasonably be considered independent of any patient characteristics that might
affect response to treatment. It could thus be used as an instrument.

Examples such as this, where even though there is no experimental assignment of treatment
there are nevertheless convincing reasons to accept the appropriateness of the assumptions (e.g.
(11.3) and (11.4)) underlying the causal analysis, are sometimes termed “natural experiments”.

O

Example 11.4 Mendelian randomization. This is a type of natural experiment that currently
looks very promising.

In the mid-1980s there was some observational evidence that low serum cholesterol level, X,
could increase the risk of cancer, Y. However, account has to be taken of possible confounding.
For example, a hidden tumour might induce a lowering of cholesterol in a future cancer patient,
while factors such as diet and smoking might affect both cholesterol levels and cancer.

The gene APOE, U, is known to be associated with serum cholesterol, carriers of the E2
allele having particularly low levels. The value of U can reasonably be considered unrelated to
socioeconomic position, lifestyle, and other such potential confounders. Moreover, lower cholesterol
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levels in E2 carriers are present from birth, so can not be caused by pre-existing tumours. So U
can serve as an instrumental variable for the effect of X on Y.

If low serum cholesterol level is really a risk factor for cancer, then patients should have more
E2 alleles and controls should have more E3 and E4 alleles. Otherwise, APOE alleles should be
equally distributed across both groups. o

11.1 Causal inference

From §8.3.2 we know that there can be no general expression for the desired causal effect of X on
Y in terms of distributions identifiable from observational data on (Z, X,Y"). But if we are willing
to make some stronger assumptions, or come away with weaker conclusions, we can make some
progress.

11.2 Null hypothesis

The “causal null hypothesis” is Y Il X | Fix # (). A sufficient (though not necessary) condition for
thisis Y 1L X | U, represented by the absence of the arrow X — Y in Figure 11.1. In that case we
would also have Y Il Z | Fx—a property that, in view of (11.6), only bites when Fx = (). But this
is testable from observational data on (Z,Y). If we discover it fails, we must deduce Y JL X | U.
While it remains logically possible that the causal null hypothesis holds, this would only be by
dint of perfectly counterbalancing values of the probabilities in the problem, so in realistic terms
we can usually rule it out. That is, if we find the instrument is observationally associated with
the response, we can deduce that X has a causal effect on Y.

11.3 Linear model

Suppose all the variables are univariate, and we can describe the dependence of Y on (X,U) in
(11.4) by the linear model:

EY | X,U)=W+3X (11.7)

for some function W of U.
Because (11.7) remains valid under an intervention Fx = z, we deduce

EY |Fx =x2)=wy+fx

where wy := E(W | Fx = x) is a constant independent of z, by (11.1). Hence /3 can be interpreted
causally, as describing how the mean of Y changes in response to changes in the way we manipulate
X. Our aim is to identify (.

Now by (11.4), (11.7) is also E(Y | X, Z, U, Fr =0). SoE(Y | Z,Fr =0)) =EW | Z, Fr =
0)+ BE(X | Z,Fr = 0). But by (11.3) the first term on the right-hand side term is constant.
That is,

E(Y|Z =z Fr=0)=const. + BE(X | Z = 2, Fr = 0). (11.8)

Equation (11.8) relates two functions of z, both of which can be identified from observational
data.? Consequently (so long as E(X | Z = z, Fr = () is not independent of 2) we can identify
the causal parameter § from such data.

Typically both E(Y | Z, Fr = 0) and E(X | Z, Fr = () would also be assumed linear in Z, and
estimated by appropriate regression analyses; the required causal parameter [ is then estimated
by the ratio of the coefficients of Z in these two regressions.

2Indeed, we do not even need to observe all the variables (Z, X,Y) simultaneously: it is enough to have obser-
vational data on the pair (Z, X) and perhaps quite separate observational data on the pair (Z,Y).
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Note that we have not needed the full force of (11.3) in the above, but only:

U 1 Fx | Fx#0
U 1L Z | Fx=0.

11.4 Binary case

Now suppose that all the observable variables Z, X, Y are binary. Although we can not fully
identify the “causal probability” w, := Pr(Y = 1| Fx = z) from observational data, we can
develop inequalities it must satisfy.

11.4.1 Instrumental inequalities

We first note that, even leaving the variable U unspecified, the property of being an instrumental
variable puts constraints on the observational distribution of (X,Y") given Z. For defining

Gy =Pr(Y =y, X=2|Z=2)
(where all probabilities are calculated under the observational regime) we have
Gyee = BAPK(X = 2] Z = 2,U) Px(Y = y| X = ,U)}, (11.9)

when the expectation is over the distribution of U. Now suppose we find ¢g9.0 = 1. Then from
(11.9) Pr(Y =0 | X = 0,U) = 1 almost surely, whence Pr(Y =1 | X = 0,U) = 0 almost surely.
Again applying (11.9), this in turn implies we must have ¢19.1 = 0.

In fact it can be shown (Pearl 1995b) that a necessary set of conditions for the joint observa-
tional distribution to be compatible with having arisen from a model represented by Figure 11.1
is:

¢Om.z0 + (blm.zl S 17 (1110)

for all z, zg, z1 € {0,1}. Hence if we find that any of these inequalities is violated, we know that Z
can not be an instrumental variable. Conversely, if all these inequalities hold it is formally possible
to represent the joint distribution as arising from the model of Figure 11.1; although this does not
mean that there need exist a real variable U for which it applies.

11.4.2 Causal inequalities

By somewhat sophisticated convex analysis, it can be shown (Balke and Pearl 1997; Dawid 2003)
that, when Z is an instrumental variable, the causal probabilities wg, w1 can be bounded in terms
of the observationally identifiable probabilities (¢y,.~), as follows:

1 — ¢00.0

1—
wo < min $00.1 (11.11)
¢o1.0 + ¢10.0 + d10.1 + P11.1

$10.0 + P11.0 + Po1.1 + P10.1

$10.1
wg > max ¢10.0 (11.12)
$10.0 + $11.0 — P00.1 — P11.1

—¢00.0 — @11.0 + P10.1 + D111
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1 —¢o11
1 _
wi < min doL.0 (11.13)
$10.0 + 110 + do0.1 + P11.1

$00.0 + ¢11.0 + d10.1 + P11.1

P11
w1 > max f11.0 . (11.14)
—¢o1.0 — P10.0 + P10.1 + D111

®10.0 + $11.0 — do1.1 — P10.1

We further find that, for given ¢, wy and w; can vary independently, subject only to the above
inequalities. In particular (Balke and Pearl 1994), the bounds for the “causal effect” o := wy — wp
are given by: a,. < a < o, where

®00.0 + ¢11.1 — 1
$11.0 + P01 — 1
—¢01.0 — P10.0 + P11.0 — P10.1 — P11.1
o, = max —¢10.0 — P11.0 — Po1.1 — G101 + 111 7 (11.15)
—¢o1.1 — $10.1
—¢01.0 — P10.0
—¢00.0 — Po1.0 + P00.1 — Po1.1 — P10.1

$00.0 — $01.0 — $10.0 — P00.1 — Po1.1

1 —¢10.0 — do1.1
1 — ¢o1.0 — d10.1
$00.0 — $01.0 + @11.0 + P00.1 + Po1.1
$00.0 + Po1.0 + $00.1 — Po1.1 + P11.1
$00.1 + P11.1
$00.0 + P11.0
$10.0 + P11.0 + $00.1 — P10.1 + P11.1
$00.0 — $¥10.0 + P11.0 + P10.1 + P11.1

(11.16)

The above bounds are sharp in the sense that they can not be improved upon without making
additional assumptions.

Example 11.5 Suppose we have observed (¢00.0, $01.0, $10.0, $11.0, P00.1, P01.1, P10.1, P11.1) = (0.919,
0, 0.081, 0, 0.315, 0.139, 0.073, 0.473). These values satisfy the instrumental inequalities (11.10).
The bounds (11.15), (11.16) on « yield: 0.392 < « < 0.780. Indeed from (11.11)—(11.14) we obtain
the stronger conclusion:

0.081

0.861.

0.081
0.473

wo

IN A

<
< wr
In particular, in this special case we have achieved exact identification of wg: Pr(Y =1 | Fx =
0) = 0.081. |

In many applications there may be little or no data on all three variables (Z, X,Y") together,
but (compare footnote 2 on page 81) we may have possibly separate sources of data on the pairs
(Z,X) and (Z,Y) , thus allowing us to identify the observational distributions of X | Z and Y | Z.
These also can be used to supply bounds on causal effects (Ramsahai 2007). Using the values
implied by those in Example 11.5, on the basis of this weaker information we obtain the weaker
bounds 0.384 < a < 0.919.
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11.4.3 General discrete variables

In principle the above methods can be extended to handle instrumental variable problems with
discrete observed variables. In practice the inequalities become extremely complex and not par-
ticularly useful.



Chapter 12

Effect Of Treatment On The
Treated

Formula (9.18) allows us to identify ACE from an observational study whenever we can also
measure some sufficient covariate. But what can we do if we can not measure a sufficient covariate?

Definition 12.1 (Geneletti 2005). Let U be a sufficient covariate for the effect of T on Y. The
effect of treatment on the treated (relative to U) is defined as:

ETTy :=E(SCEy | T =1,Fr =10). (12.1)

O

Thus ETTy is the average, in the observational regime, of the specific causal effect (relative

to U) for those individuals who in fact receive the active treatment T = 1. This could be iden-

tified from observational data on all three variables (T, U,Y). But now we assume that U is not
observable, in any regime: a seemingly fatal handicap to identification of ETTy;.

12.1 Special cases

12.1.1 Allocation variable

An important special case of the above arises when, in the setting of §9.5, we take the sufficient
covariate U to be the allocation indicator D (shown sufficient in §10.2.1). Then ETTp is the
average causal effect among those who would be treated if entered into the observational study.!

12.1.2 Potential responses

As shown in §9.6, in a potential response setting we can formally treat the pair U* := (Yp,Y7)
of potential responses as a sufficient covariate. Then (see §9.10.1) the associated specific causal
effect is just the “individual causal effect”, ICE = Y7 — Yj; and hence ETTy» = E(Y1 — Yy | T =
1.Fr = (). This potential response version is the usual definition of ETT. Expressed in this form
it appears highly problematic, since in the observational regime we can never observe Yy when
T=1.

12.2 Uniqueness of ETT

Definition 12.1 appears, prima facie, to depend on the choice of the sufficient covariate U, and its
distribution (jointly with the observables (T,Y")). However Theorem 12.1 below shows that this

1A better term for ETTp might be “the effect of treatment on the treatable”.
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is not in fact the case: ETTy does not depend on the choice of U, but only on the distributions
of the observables Y and T in the different regimes.

Theorem 12.1 For any sufficient covariate U,

B(Y | Fr = 0) — E(Y | Fr =0)

ETTy = 12.2
v Pr(T =1 Fr = 0) (12.2)
Proof. For t =0,1, define
k(t) = E{E(Y |UFr=0)|T=t Fr=0} (12.3)
= EB{E(Y|UT=0Fr=0)|T=tFr=0} (12.4)
by (9.8). In particular, k(0) = E(Y | T =0, Fr = 0).
By (9.10) and conditional independence property (9.8), (12.1) becomes
ETTy =E(Y |T =1, Fp = 0) — k(1). (12.5)
Also,
B(Y | Pr=0) = FB{B(Y |U,Fr=0)|Fr=0}
— B{E(Y |U,T=0,Fr =0) | Fr = 0)
E{E(Y |U,T =0, Fy = 0) | Fr = 0} (12.6)
by (9.8) and (9.7). It follows that
EY | Fr=0) = E{KT)|Fr=0}
= Pr(T=0]Fr = 0)k(0) + Pr(T = 1|Fy = 0) k(1).
Hence 0 0
k() = B0 Fr =0) = Pr(T = 0| Fr =) E(Y | T =0,Fr =0) (127)
Pr(T =1| Fr =0)
Formula (12.2) now follows on substituting (12.7) into (12.5). ml

12.3 Identifying ETT

Theorem 12.1 reassures us that we could identify ETT if we could gather data on T under ob-
servational conditions, and on Y, both under observational conditions and for a random group of
subjects assigned to the control treatment.

If we have only the observational data, we need to make further assumptions in order to identify
ETT. One approach (Heckman and Robb 1985) involves modelling the way in which individuals
make choices (i.e. the allocation indicator D): this is especially popular in Econometrics where it
attempts to incorporate general principles of rational economic behaviour. Suitably strong model
assumptions will allow observational identification of ETT.

Another approach is possible in the presence of an availability instrument Z, such that the
situation can be modelled as in Figure 11.1 (with X now translated to T'). Since Z 1L U, the group
assigned Z = 0, and thus forced to take T' = 0, can be regarded as a random sample from the
population. This group can thus serve as the interventional control group. The group assigned
Z =1 can similarly serve as the observational study group.



Chapter 13

Dynamic Treatment Strategies

The development in this chapter follows Dawid and Didelez (2005).

Suppose we can apply a sequence of treatments over time, observing interim “status” variables
that we can then make use of in choosing the next treatment. Then we would like to assess the
consequences of various strategies for making such sequential interventions on the basis of the
sequentially accruing information. When and how can we do this from observational data?

Suppose that a patient presents with initial symptoms/status L1, and is then given a treatment
T1. Following this he develops further symptoms/reactions Lo, and is given a treatment T, after
which we observe the final response, Y. Any one of these variables may depend probabilistically
on all the earlier ones. For notational simplicity we introduce L; := (L; : j < 1), etc.

o

Figure 13.1: Sequential ignorability

Consider the influence diagram of Figure 13.1. Ignoring node o, this is just a DAG model
for the alternating sequence L1, T, Lo, T5, Y of status and treatment variables, allowing arbitrary
probabilistic dependence.

The additional decision node ¢ indexes which regime is in operation. The possible values of
o range over 8* = S U {0}, where S is the collection of interventional regimes we care about
(e.g. we might want to optimize over ¢ € S) and ) denotes the observational regime. The
conditional distribution p(t; | l;,#;—1,0) under any o € S (though not for o = (}) is supposed
fully specified, describing the way (typically deterministic, but in principle possibly randomized)
in which treatment T; is to be chosen in response to the observed values of all earlier variables.

The significant property of Figure 13.1 is that there are no arrows out of ¢ into any status
variable L; (including L3 = Y). This is equivalent to the conditional independence properties

Lillo|(Li—1,Ti—1) (i=1,2,3). (13.1)

That is to say, it is assumed that the conditional distribution of L;, given the past and o, does
not depend on o—in particular, it is the same for ¢ = (} as for any o € {§}. In other words,
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the probabilistic effect of all previous variables (both status and action) on a status variable is
supposed to be a “stable feature”, the same across all regimes considered. This property is termed
“sequential ignorability”. When it can be assumed, it permits (under a positivity condition)
identification of p(l; | l;_1,%;_1,0), for an interventional regime ¢ € S, from observational data
collected under o = §).

We are interested in discovering the distribution p(y | o) of the response Y that would result
from applying some interventional regime o. Simple probability theory gives:

p(l,ti,la,te,y | o) = p(l| o)
x p(t1 | 11,0)
x p(ly | 11,t1,0)
x p(te | l1,t1,12,0)
X p(y | l1,t1,l2,t2,0).

Now because o is a well-specified interventional regime, we know the (perhaps degenerate)
distributions p(¢; | l1,0) and p(t2 | l1,t1,02,0). Further, the sequential ignorability property
L; Lo | (Li—1,T;—1) means that we can replace ¢ by ) in the remaining terms p(l; | o), p(l2 |
l1,t1,0) and p(y | l1,t1,12,t2,0). Hence we can evaluate the joint distribution of all the variables
under o. In particular, we can obtain the marginal distribution of the final response Y consequent
on applying interventional strategy o:

plylo)=[dl [dt: [dly [dts
p(l | 0)
xp(ti | l1,0)
x p(la | 11,t1,0)
Xp(tg | ll,tl,lg,O')
X p(y |l t1,l2,t2,0).

Moreover, we can do this for any o € S.
A non-randomized interventional regime g is specified by functional relationships:

T = gi(Ll1)
T, = 92@2)} (132)

corresponding to degenerate distributions. Then we obtain the g-computation formula (Robins
1986):

py|g) = //P(ll | 0)p(la | L1 =11, Th = g1(11),0) p(y | L1 = 11, Th = g1(lh), Lo = l2, Ts = ga(l2), 0) dly dls.

(13.3)

The argument generalizes readily to N > 2 stages. The resulting formula is best expressed

as g-recursion, a downwards recursion for f(h) := p(y | h, o), where h denotes some sequence of
successive observations:

f(L, tifl) = /p(tz | Zi,fi,l, O') X f(zz,fl) dtl (134)

fllici,ticn) = /p(li | lic1,Tim1,0) x f(l5,8-1) dl;. (13.5)
We start the recursion with

fn,tn) =p(y | In,En,0) = py | In. I, D),

and exit with the desired interventional distribution p(y | o).
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For the special case that ¢ is a non-randomized strategy g, the dependence on the t; = g; :=

gi(1;) can be left implicit, and g-recursion becomes:

f(li—l) = /p(li | Zi_l,gi_l,@) X f(L) dl;. (136)

13.1 DMore structure

Just as with the simple no-confounding property (9.3), we will often not find it easy to think
directly about the acceptability of the sequential ignorability property (13.1). Rather, we might
be able to build an acceptable conditional independence model to describe an extended situation,
involving additional variables (possibly unmeasured). We can then use algebraic or graphical
manipulation to investigate whether the desired conclusions L; 1l o | (Zi_l,Ti_l) follow from the
assumptions made.

For example, suppose that variables U;, arising before the point of applying T;, may possibly
affect that and later treatments in the observational regime (though the U; are not taken into
account in the interventional strategies of interest). When can we ignore their presence, and still
have sequential ignorability with respect to the (L;)? Two alternative sets of sufficient conditions
are:

LiJ_LUi_l | (fi_l,Ti_l,U), (137)

a sequential version of (9.13); and

TiJ_LUi | (fi,Ti_l,O'), (138)

a sequential version of (9.14).
For the case N = 2 these properties can be represented, respectively, by the IDs of Figure 13.2
and Figure 13.3, from which (13.1) can be verified by moralization.

Figure 13.2: Sequential irrelevance

Under such conditions we can again apply g-computation to compute the effect of an interven-
tional strategy that depends only on past (L;) from observational data.

13.2 Other conditions

Conditions (13.7) and (13.8), while sufficient, are not necessary for sequential ignorability, and
hence g-computation. Indeed, so long as we are only interested in computing the marginal inter-
ventional distribution of Y, rather than the joint interventional distribution of all variables, we
even get by without sequential ignorability, while still being able to use g-computation (Pearl and
Robins 1995; Dawid and Didelez 2005).
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Figure 13.3: Sequential randomization

13.3 PR approach

For completeness we here describe the alternative conception of “sequential ignorability” within
the potential response framework (Robins 1986; Robins 1987). This applies to non-randomized
strategies ¢ as in (13.2). Corresponding to any such strategy we are required to conceive of poten-
tial versions of all the status variables, (Lig, Log, Yy). As is typical of the PR approach, all such
potential variables, for all strategies g under consideration, are regarded as having simultaneous
existence and a joint probability distribution.

We need to relate the potential variables to the actual observed variables (L1,T1, L2, T,Y),
which is done as follows. Suppose that, in the observational regime, we are about to observe some
status variable (i.e. L1, La, or Y)). Suppose further that, for any earlier treatment variable, its
observed value happens to be the same as that prescribed by strategy g, applied to the information
available at that decision point. Then we assume that that realized value of the upcoming status
variable will be identical with its potential value under the operation of g. Mathematically, this
is stated as:

Ly =Ly
Ty = g(L1) = Lo= Ly, (13.9)
T1 = g(Ll), TQ = g(Ll,Lg) = Y = Yg.

Having set up this framework, the PR sequential ignorability condition, allowing identification
of the “causal effect” of strategy g by means of the g-computation formula (13.3), is:

In the observational regime, each treatment variable is independent of all future poten-
tial observables under strategy g, given any history to date that is a possible history
under g.

This is expressed mathematically as:

(13.10)

Ty AL (L2g,Yy) | Li=h
T, 1L Y, | Li=h,Ti=g(),La=1

and can be regarded as a generalisation of the “no confounding” condition (9.6) to this dynamic
setting. It can be shown (Dawid and Didelez 2005) that the above conditions imply those of (13.1).
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