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Outline of the Talk

Motivation for covariance matrix regularization.

Rotation-equivariant estimator and Stieltjes transform

NERCOME : Nonparametric Eigenvalue-Regularized
COvariance Matrix Estimator.

A real data example: Stock and Watson’s macroeconomic
data series.

Theoretical results for factor model

Portfolio allocation.

Summary and future research.
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Curse of Dimensionality in Covariance Matrix
Estimation

Given stationary time series {yt}1≤t≤n has p components.
We want to estimate Σ and Σ−1, the covariance and
precision matrices of {yt}. Let E(yt) = 0, and

Y = (y1,y2, . . . ,yn)T.

The sample covariance matrix S = n−1YYT has extreme
eigenvalues biased seriously.

If p/n→ c > 0 and {yt} is i.i.d.(0,σ2Ip) with
independent components satisfying certain moment
conditions, can show almost surely

λ1→ σ2(1 +
√
c)2, λN →min(σ2(1−

√
c)2,0).
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Rotation-equivariant Estimator

In Ledoit and Wolf’s (2012) Annals paper, they consider
the class of rotation-equivariant estimators
Σ(D) = PDPT in solving

min
D
‖PDPT−Σ‖2F ,

with S = PDsamPT, where Dsam contains the
eigenvalues of S.

Solution is di = pT
i Σpi. We know pi but not Σ. Are

the di’s regularized?
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Stieltjes Transform

To study the asymptotic properties of pT
i Σpi, Ledoit and

Wolf (2012) consider

∆p(x) = 1
p

p∑
i=1

pT
i Σpi1{λi≤x}, x ∈ R,

where λ1 ≥ . . .≥ λp are the eigenvalues of S.

Closely related to the empirical spectral distribution
(e.s.d)

Fp(x) = 1
p

p∑
i=1

1{λi≤x}, x ∈ R,

which is well-studied under certain conditions, through
the Marčenko-Pastur equation.
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Stieltjes Transform
The Stieltjes transform of Fp is

mFp(z) :=
∫
R

1
λ− z

dFp(λ) = 1
p
tr[(S− zI)−1], z ∈ C+.

Marčenko and Pastur (1967) shows that Fp a.s.→ F , with
the famous Marčenko-Pastur equation

mF (z) =
∫
R

1
τ [1− c− czmF (z)]− zdH(τ), z ∈ C+.

Here H(τ) is the limit of the population spectral
distribution.

The inverse Stieltjes transform of mF then shows
what the limiting spectral distribution of F is.
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Stieltjes Transform

The Stieltjes transform of ∆p is

m∆p(z) = 1
p

p∑
i=1

pT
i Σpi
λi− z

= 1
p
tr[(S− zI)−1Σ], z ∈ C+.

Ledoit and Wolf (2012) shows that m∆p(z) a.s.→ m∆(z),
where

m∆(z) =
∫
R

1
τ [1− c− czmF (z)]− z τdH(τ)

= 1
c(1− c− czmF (z)) −

1
c
.
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Asymptotic expression for pT
i Σpi

The inverse Stieltjes transform of m∆(z) is shown to be
∆(x) =

∫
δ(λ)dF (λ), where

δ(λ) =


λ

|1−c−cλm̆F (λ)|2 , if λ > 0;
1

|(c−1)m̆F (0)|2 , if λ= 0 and c > 1;
0, otherwise.

We have m̆F (λ) := limz∈C+→λmF (z), and
F (λ) := (1− c)1{λ≥0}+ cF (λ).

It means that ∆p(x) a.s.→ ∆(x), i.e.
1
p

p∑
i=1

pT
i Σpi1{λi≤x}

a.s.→
∫
δ(λ)dF (λ).

F So pT
i Σpi is asymptotically close to δ(λi), which can be

estimated from data. 8 / 26



Nonlinear Shrinkage Estimator

Ledoit and Wolf (2012) proposed Σ̂ = PD̂PT, where
D̂ = diag(δ̂(λ1), . . . , δ̂(λp)). The eigenvalues are shrunk
nonlinearly.

It is computationally intensive. Their package needs
commercial software to boost computational speed.

Good performance, and does not require special structure
of Σ, like sparseness or low-dimension + sparse.
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Regularization by Sample Splitting
Abadir et al (2014) propose to split the data into two
independent sets Y = (Y1,Y2) with size p×m and
p× (n−m) resp. Suppose

Σ̃1 =m−1Y1YT
1 = P1D1PT

1 , Σ̃2 = (n−m)−1Y2YT
2 = P2D2PT

2 .

They estimate Σ by Σ̌m = Pdiag(PT
1 Σ̃2P1)PT.

Randomly permute the data and repeat M times, they
propose

Σ̌m,M = 1
M

M∑
s=1

Σ̌
(s)
m , Σ̌M =

∑
m∈[0.2n,0.8n]

Σ̌m,M .

Theoretical analysis assumed p is fixed. Optimal m
proved to be m→∞ with m/n→ γ ∈ (0,1).
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Some Assumptions

(A1) Each observation can be written as yi = Σ1/2
n zi for

i= 1, . . . ,n, where each zi is a p×1 vector of
independent and identically distributed random variables
zij . Each zij has mean 0 and unit variance, and
E|zij |2k =O(pk/2−1), k = 2,3,4,5,6.

(A2) The population covariance matrix Σn is non-random and
of size p×p. Furthermore, ‖Σn‖=O(p1/2), where ‖ ·‖ is
the L2 norm of a matrix.
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NERCOME - Theoretical Analysis
Write P1 = (p11, . . . ,p1p). We show in Lam (2014):

Almost sure convergence of pT
1iΣ̃2p1i

Under assumption (A1) and (A2), if p/n→ c > 0 and∑
n≥1(n−m)−3 <∞,

1
p

p∑
i=1

pT
1iΣ̃2p1i1{λ1i≤x}−

1
p

p∑
i=1

pT
1iΣp1i1{λ1i≤x}

a.s.→ 0,

where λ1i is the ith largest eigenvalue of Σ̃1.

Hence, inspire us to estimate Σ by
Σ̂m = P1diag(PT

1 Σ̃2P1)PT
1 .

The estimator is in fact asymptotically optimal in solving
min

D
‖P1DPT

1 −Σ‖2F . 12 / 26



NERCOME - The Estimator for Σ−1

Define the Stein’s loss

L(Σ,Σ̂) = tr(ΣΣ̂−1)− logdet(ΣΣ̂−1)−p.

Then solution to

min
D
L(Σ,P1DPT

1 )

is di = pT
1iΣp1i.

Hence, we estimate Σ−1 by

Σ̂−1
m = P1diag−1(PT

1 Σ̃2P1)PT
1 .
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Efficiency Loss for Estimators

Define Σ̂Ideal = Pdiag(PTΣP)PT. The efficiency loss of
Σ̂ is defined as

EL(Σ,Σ̂) = 1− L(Σ,Σ̂Ideal)
L(Σ,Σ̂)

.

We consider two loss functions. The Frobenius loss

L(Σ,Σ̂) = ‖Σ̂−Σ‖2F ,

and the Stein’s loss.
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NERCOME - Theoretical Analysis
Positive Definiteness
Under assumption (A1), if we further have E|zij |k ≤B <∞
for k ≤ 20, ‖Σ‖=O(1) and ∑n≥1 p(n−m)−5 <∞, then Σ̂m

is almost surely positive definite as long as Σ is.

Asymptotic Efficiency
Under some further technical conditions on the eigenvalues of
Σ, and that m/n→ 1, we have EL(Σ,Σ̂m) a.s.→ 0.

Need the split location m to satisfy m→∞ and
m/n→ 1, with ∑n≥1 p(n−m)−5 <∞.

m= n−an1/2 does the job.

F Different from m/n→ γ ∈ (0,1) in Abadir et al (2014).
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Practical Implementation
To choose a split location, we minimize

g(m) =

∥∥∥∥∥∥ 1
M

M∑
s=1

(Σ̂(s)
m − Σ̃2,s)

∥∥∥∥∥∥
2

F

.

Search on the grid
m= [2n1/2,0.2n,0.4n,0.6n,0.8n,n−2.5n1/2,n−1.5n1/2].

Search over 0.2n to 0.8n because of finite sample
performance.
Search on 2n1/2 for the case Σ = σ2I, where m is proved
to be optimal when as small as possible.

Final estimator is Σ̂m,M = 1
M

∑M
s=1 Σ̂(s)

m .
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Stock and Watson’s Macroeconomic Data

We compare our method to POET by Fan et al. (2013) as
well, which basically finds a factor model for the data, and
estimate the covariance matrix of the noise by thresholding.

Use Stock and Watson (2005) monthly US
macroeconomic data with p= 132 and n= 526.

Some pervasive and many weaker factors expected.
Numerous analysis shows number of factors r > 30 - scree
plot only shows 3 pervasive and several other weaker
factors.
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Generalized Least Square
We simulate 500 times from

yi = Xiβ + 2wi+zi, β = (−0.5,0.5,0.3,−0.6)T,

with zi having i.i.d. N(0,0.2) entries and wi the standardized
macroeconomic data in Stock and Watson (2005).

Estimate β using generalized least square (GLS).
The noise covariance matrix Σε is estimated by POET in
Fan et al (2013), NERCOME, the nonlinear shrinkage
estimator (NONLIN) from Ledoit and Wolf (2012), and
Abadir et el (2014) (call it CRC, a condition number
regularized estimator).
Sum of absolute bias ‖β̂GLS−β‖1 compared, as well as
the mean root-average-square prediction error (RASE)

n−1
n∑
t=1

p−1/2‖yt−Xtβ̂GLS‖.
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Generalized Least Square

Figure: Mean sum of absolute bias (upper row) and mean RASE
(lower row) for estimating β. Number of factors in the bottom
axis is for POET. Least Squares, NERCOME, CRC and NONLIN
stay constant throughout.
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Simulations

Figure: Mean efficiency loss with respect to the Frobenius loss for
profile (I). NERCOME and CRC share the same split locations.
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Simulations

Figure: Mean efficiency loss with respect to the Frobenius loss
(upper row) and Stein’s loss (lower row) for profile (V).
NERCOME and CRC share the same split locations.
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Data from Factor Model

In portfolio allocation or the macroeconomic data like
before, the data is in fact of the form

yi = Axi+ εi,

where A is a factor loading matrix of size p× r, {xi} is
an r×1 factor series.

Nonlinear shrinkage results in Ledoit and Wolf (2012)
cannot be applied theoretically since xi is of low
dimension.

Still have EL(Σ,Σ̂m) a.s.→ 0 under suitable conditions.
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Example: Portfolio Allocation
Risk minimization for a portfolio of p= 100 stocks.
Annualized daily excess return {rt} from Jan 1 2001 to
Dec 31 2010.
Portfolios are created at the beginning of each month
using the past 1 year of data.
The solution to minw:wT1p=1 wTΣw is

wopt = Σ−11p
1T
pΣ−11p

.

We estimate Σ−1 by 4 different methods.
At the end of each month (108 of them), we compare
out-of-sample variance of return, for i= 12, . . . ,119,

σ̂2
i = 1

21

22i+22∑
t=22i+1

(ŵTrt− µ̂i)2, µ̂i = 1
22

22i+22∑
t=22i+1

ŵTrt.
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Example: Portfolio Allocation

NERCOME SFM POET CRC NONLIN
Proportion outperforms 57.4% 47.2% 58.3% 49.1%
Mean risk improvement 5.0% 0.4% 0.0% -0.0%
when outperforms 12.1% 6.8% 1.3% 1.7%
when performing worse 4.5% 5.4% 1.9% 1.7%

Table: Performance of different methods relative to NERCOME.
SFM represents strict factor model, with diagonal covariance
matrix.
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Summary and Future Research

When dimension is large, sample covariance matrix is not
a good estimator. Eigenvalues are heavily biased.

NERCOME is an easy to compute method which achieves
the correct regularization theoretically.

NERCOME can be applied to data from a factor model
as well. No need to estimate the unknown factors and
loadings, and the number of factors.

Portfolio allocation. Direct regularization based on
minimizing the optimal minimum variance?

Generalization to time series?
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