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Ab initio finite temperature molecular dynamics simulations have been used to calculate the elastic constants
of hexagonal-close-packed (hcp) Fe as a function of temperature at ~300 GPa. The longitudinal modulus c11
decreases with temperature, in stark contrast to previous calculations, but in agreement with experimental
observations on other transition metals at ambient pressures. c33 and c44 also decrease with temperature,
while c12 and c23 slightly increase. When these moduli are used to calculate P-wave velocities through the
crystal, the sense of the anisotropy is such that VP is fastest along the c-axis up to 5000K; however, by 5500K
the anisotropy reverses with VP becoming faster in the a–b plane. This suggests that, for an inner core
dominated by crystals of hcp-Fe aligned with the c-axis in the polar direction, the observed isotropic outer–
inner core could result from the hcp-Fe being at a temperature close to melting where the axial wave
velocities parallel and perpendicular to the c-axis become similar, while at greater depths in the inner–inner
core, where iron is further from melting, stronger anisotropy is achieved with the faster P-wave velocities
parallel to the polar axis. No other mechanisms, such as changes in composition or crystal alignment, are
therefore required to account for the observed change in seismic anisotropy of the Earth's inner core with
depth.
ll rights reserved.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction

Seismic P-wave observations show the Earth's inner core to be
anisotropic and layered. It is well established that the inner core
exhibits significant anisotropy, with P-wave velocities ~3% faster
along the polar axis than in the equatorial plane (Creager, 1992; Song
and Helmburger, 1993; Song and Xu, 2002; Beghein and Trampert,
2003). More recent seismic observations suggest that the inner core
may also be layered; there is evidence for a seismically isotropic or
weakly anisotropic upper layer overlaying an irregular non-spherical
transition region to an anisotropic lower layer (Song and Helmburger,
1998; Song and Xu, 2002; Ishii and Dziewonski, 2003). The origins of
this anisotropy and layering are not properly understood but it has
generally been considered that the anisotropy reflects the preferred
orientation of the crystals present. The S-waves observed in the inner
core add to the complexity as they have unexpectedly low velocities
(Cao et al., 2005). Seismic interpretation is hampered by the lack of
knowledge of the physical properties of core phases at core conditions
and, at present, no mineralogical model exists which satisfactorily
matches the seismic data (for a recent summary of the problems of
understanding the inner core, see Vočadlo, 2007a,b).
The hexagonal-close-packed (hcp) phase of pure iron is thought to
be the stable phase of iron at Earth's core conditions (Vočadlo et al.,
2000, 2003a; Nguyen and Holmes, 2004), although the addition of the
light elements likely to exist in the coremay stabilise other phases such
as those with the body-centred-cubic or face-centred-cubic structures
(Vočadlo, 2007b; Vočadlo et al., 2008; Côté et al., 2008a,b, in press).
Knowledge of the elastic constants of iron at core conditions allows
determination of a number of properties including seismic wave
velocities and seismic wave anisotropy. The temperature dependence
of the elastic behaviour of hcp-Fe is thus of considerable interest,
especially since earlier calculations (Steinle-Neumann et al., 2001)
showed unexpected behaviour of the elastic stiffnesses c11 and c33 as a
function of temperature. In their paper, they used lattice dynamics
within the particle-in-a-cell method to determine the full elastic
constant tensor. They found that c11 became harder (increased) with
temperature, while c33 softened (decreased) considerably; these
changes were accompanied by an unexpectedly large increase in c12.
Hardening of c11 will increase the P-wave velocity for all directions
perpendicular to the c-axis of the hexagonal crystal, while softening of
c33 will decrease the P-wave velocity parallel to the c-axis (see, e.g.,
Pollard, 1977). The results of Steinle-Neumann et al. (2001) also gave a
bulk modulus, K, that increased with temperature, implying that the
volumetric thermal expansion coefficient, α, must also increase with
increasingpressure (e.g. Bina andHelffrich, 1992). Intuitively onewould
not expect either K or c11 to increase with temperature and, indeed, this
behaviour has not been observed in other hcp transition metals at high
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Table 1
Isothermal elastic constants (in GPa), adiabatic incompressibility, shear modulus and sound velocities for hcp-Fe as a function of temperature.

T c/a ρ P c11 c33 c12 c23 c44 c66 KS G VP VS

(K) (kgm‐3) (GPa) (GPa) (GPa) (kms‐1) (kms‐1)

0 1.585 13698 295 2205 2418 1053 950 479 576 1419 564 12.59 6.42
2000 1.59 13401 290 1998 2183 1111 986 375 444 1412 444 12.23 5.75
3000 1.60 13324 293 1915 2109 1121 986 313 397 1407 394 12.05 5.44
4000 1.61 13236 298 1830 1905 1150 1004 248 340 1399 328 11.78 4.98
5000 1.62 13154 308 1689 1725 1186 990 216 252 1365 266 11.44 4.50
5500 1.62 13155 316 1646 1559 1253 995 153 197 1363 208 11.17 3.97

c66 is not independent and is equal to 1/2 (c11−c12). Uncertainties in cijb2.5%; uncertainties in VP and VS are ~1%. The values for c/a were taken from Gannarelli et al. (2005).
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temperatures (Ogi et al., 2004;Antonangeli and Farber, 2005).Given the
importance to the Earth science community of the elastic behaviour of
iron athigh temperatures andpressures, in this paperab initiomolecular
dynamics calculations of the elastic behaviour of hcp-Fe are reported as
a function of temperature at ~300 GPa.

2. Methods

The ab initiomolecular dynamics method used is based on density
functional theory (DFT) (Hohenberg and Kohn, 1964) within the
generalised gradient approximation (GGA) (Wang and Perdew,
1991). The calculations were performed using the VASP code (Kresse
and Furthmüller, 1996) with the projected-augmented wave (PAW)
(Blöchl, 1994) method to calculate the total energy of the system;
they were run on the UK high-performance computers (HecTor). The
main advantage of this code is that the ab initio energy of the system
can be combined with molecular dynamics methods to simulate the
properties of iron and its alloys at simultaneously high pressure and
high temperature. In ab initio molecular dynamics, the ions in the
system are treated as classical particles and, for each set of atomic
positions, the electronic energy and forces on the ions are calculated
within the DFT approximation which includes the thermal excitations
of the electrons. When performing calculations to determine
the elastic moduli of hcp structures it is convenient to specify the
structure in terms of a C-centred unit cell with orthogonal axes, as the
crystallographic x, y, and z axes then lie parallel to the Cartesian axes
used to define the elastic stiffness tensor (Nye, 1995). The calculations
were performed with 4 irreducible k-points in the Brillouin zone on a
64 atom supercell (4×2×2) of this C-centred cell of hcp-Fe, at inner-
Fig. 1. Elastic constants of hcp-Fe at ~300 GPa as a function of temperature (the
pressure at each temperature is listed in Table 1). c66 is not independent and is equal to
1/2 (c11−c12). Those at 5500K are taken from earlier work (Vočadlo, 2007a,b).
core densities equivalent to ~300GPa. The temperatures were set to
values between 2000K and 5000K. Athermal simulations were also
performed to obtain the elastic constants at zero Kelvin.

When calculating elastic constants it is essential that the simulated
box is in hydrostatic equilibrium before any strain matrix is applied.
Of particular importance in this case is the use of the correct equilibrium
c/a ratio for hcp-Fe, which itself changes as a function of temperature;
the values employed here were taken from Gannarelli et al. (2005). The
calculations at high temperature were performed at constant cell
parameter, a (=2.158 Å), varying c/a as described above, so there is a
slight variation in density (decreasing) and pressure (increasing) as T is
raised due to the varying c/a ratio (see Table 1). For the athermal
calculations a value of a=2.145 Åwas used so as to obtain the required
pressure. This approach enabled approximately constant pressures
(300±10 GPa) to be achieved as a function of temperature (truly
isobaric calculations can only be attained by trial and error); however,
wedonot expect these small variations in pressure to significantly affect
the results since, for example, it has previously been shown that
between 300 GPa and 360 GPa the pressure derivatives of c11 and c33
are almost identical, such that the calculated anisotropy should be
invariant (Söderlind et al., 1996). The elastic constantswere determined
from the calculated stresses associated with strains applied to
hydrostatically equilibrated supercells. A deformation matrix was
applied to enable distortions, δ, of ±4% to be applied, as shown
below. Simulation times from 5ps to 10pswere used, depending on the
Fig. 2. a) Incompressibility (upper line) and shear modulus (lower line) of hcp-Fe;
b) average seismic wave velocities VP (upper line) and VS (lower line) of hcp-Fe at
~300 GPa as a function of temperature (the pressure at each temperature is listed in
Table 1).
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time taken for the simulated system to equilibrate. Convergence tests in
k-point sampling and cell-sizehadbeen carried outpreviously (Vočadlo,
2007b) to ensure that the uncertainties in the time-averaged stresses
from the molecular dynamics simulation were negligible.
Fig. 3. Single-crystal P-wave velocities as a function of propagation direction for hcp-Fe at ~30
taken from earlier work (Vočadlo, 2007a,b). Note that the velocities in the [hk0] directions,
until above 5000K the direction of maximum VP changes from [001] to [hk0]. Figure gener
Representing the hexagonal structure using a C-centred orthogo-
nal unit cell in order to follow the standard convention for the axes of
the elastic constant tensor (Nye, 1995), two deformation matrices are
required in order to obtain the five elastic constants of the hexagonal
0 GPa and temperatures of 2000, 3000, 4000, 5000 and 5500K. The results at 5500K are
perpendicular to the c-axis, are gradually becoming more equal to that along the c-axis
ated by Unicef Careware (Mainprice, 1990).
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phase. These matrices, used to define the axes of the deformed unit
cell, are as follows:
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Using the time-averaged stresses, σij, from the calculations, the
elastic constants were obtained from the standard relations σij=cijklεkl.
Having obtained the elastic constants it is straightforward to determine
the isothermal incompressibility, KT, for a polycrystalline aggregate by
using the Voigt average (see e.g., Simmons andWang, 1971), which, for
a hexagonal crystal is given by:

KT = ð2= 9Þðc11 + c12 + 2c23 + ð1 = 2Þc33Þ

The adiabatic incompressibility was then obtained from:

KS = KT ð1 + αγTÞ

using values of the volumetric thermal expansion coefficient, α=1×
10−5K−1 and the Grüneisen parameter, γ=1.5 (Vočadlo et al., 2003b).

The Voigt average for the shear modulus of a hexagonal crystal is
given by:

G =
2ðc11 + c33Þ

15
− c12 + 2c23

15
+

3ð2c44 + ð1 = 2Þðc11−c12ÞÞ
15

The average seismic P-wave velocity,VP, and shear-wave velocity, VS,
are then readily obtained from standard relations. Single-crystal elastic
wave velocities were calculated and plotted using Unicef Careware
(Mainprice, 1990) Uncertainties in the elastic constants were estimated
from the calculation of c23, which is obtainable from both deformation
matrices; this led to an uncertainty of ±2.5%, in agreement with the
estimated uncertainty in previous similar calculations (Vočadlo, 2007b;
Vočadlo et al., 2008). Comparison with previous work indicates that the
errors in the axial cijwill be smaller than this value, while that in c44may
be slightly larger, b4% (Vočadlo, 2007b; Vočadlo et al., 2008). However,
uncertainties of this order in thevalues of the elastic constants propagate
through to uncertainties in the elastic bulk and shear moduli and in VP
and VS of only ~1%, in agreement with previous work (Vočadlo 2007b;
Vočadlo et al., 2008).

3. Results and conclusion

The calculated elastic properties and average seismic velocities
from the present study are listed in Table 1 and shown in Figs. 1
and 2; values from previous work at 5500K (Vočadlo, 2007b) have
also been included. It can be seen that the longitudinal modulus c11
decreases with temperature, in contrast to previous calculations
(Steinle-Neumann et al., 2001), but in agreement with experimental
observations on other transition metals at ambient pressures (Ogi
et al., 2004). c33 and c44 also decrease with temperature, while both
c12 and c23 slightly increase. The incompressibility, K, decreases only
very slightly with temperature, being almost invariant, while the
shear modulus decreases smoothly, following the requirement that
it must fall to zero at melting. Both VP and VS decrease smoothly with
temperature. Our elastic constants are broadly similar to those found
in a very recent computational study of hcp-Fe to 4000K by Sha and
Cohen (2009), who also found that both c11 and c33 decrease with
temperature, with c33Nc11 at 0K.

Fig. 3 shows the calculated single-crystal P-wave anisotropy as a
function of temperature, in the range of 2000–5000K, from this study
together with that from previous work on hcp-Fe at 5500K (Vočadlo,
2007b). The sense of the anisotropy is such that VP is fastest along the
c-axis up to 5000K; however, by 5500K, the anisotropy has reversed,
with VP becoming faster in the a–b plane. This suggests that, for an
inner core dominated by aligned crystals of hcp-Fe, with the c-axis
aligned in the polar direction, the observed seismically isotropic
outer–inner core could result from the hcp-Fe being at a temperature
close to melting, where the axial wave velocities in [001] and [hk0]
directions become similar, while at greater depths in the inner–inner
core, where iron is further from melting, stronger anisotropy will be
achieved, with the fast P-wave direction parallel to the polar axis.
Recent estimates based on the melting curve of pure iron put the
temperature at the inner-core boundary at ~6400K (Alfè, 2009)
which is much higher than the temperature in the present study at
which the sense of the P-wave anisotropy reverses; however, these
results can be reconciled if the addition of alloying elements to hcp-Fe
were to lower the melting temperature without greatly affecting the
elastic properties. Noothermechanisms, suchas changes in composition
or crystal alignment, are therefore required to account for the observed
change in seismic anisotropy of the Earth's inner core with depth.
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