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Control functions in nonseparable simultaneous
equations models

RiCHARD BLUNDELL
University College London and Institute for Fiscal Studies

Rosa L. MATZKIN
University of California—Los Angeles

The control function approach (Heckman and Robb (1985)) in a system of linear
simultaneous equations provides a convenient procedure to estimate one of the
functions in the system using reduced form residuals from the other functions as
additional regressors. The conditions on the structural system under which this
procedure can be used in nonlinear and nonparametric simultaneous equations
has thus far been unknown. In this paper, we define a new property of functions
called control function separability and show it provides a complete characteri-
zation of the structural systems of simultaneous equations in which the control
function procedure is valid.
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1. INTRODUCTION

Economic models of agent’s optimization problems or of interactions among agents of-
ten exhibit simultaneity. It is well known that any function in which an explanatory vari-
able is partly determined by the dependent variable of the function cannot be identified
without additional information. Typically this additional information is provided by ob-
servable exogenous variables or functional structures.

Consider the identification and estimation of the derivative of the unknown function
m! with respect to the scalar y, in the structural model

yi=m'(y, e1),

where m! is strictly increasing in the scalar &1 and where it is suspected or known that y,
is itself a function of the scalar y;. One approach to identify this derivative proceeds by
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using an observable scalar instrument, x, independent of ¢ and functionally dependent
with y,. Newey and Powell (2003), Darolles, Florens, and Renault (2002), Ai and Chen
(2003), Hall and Horowitz (2003), Chernozhukov and Hansen (2005), Chernozhukov, Im-
bens, and Newey (2007), and Chen and Pouzo (2012) followed this instrumental variable
approach. Identification requires additional conditions on the relationship between y,
and x.! Estimation requires dealing with the ill-posed inverse problem.

Another approach involves describing the source of simultaneity by specifying some
function m? and a scalar unobservable &,, such that

o =m?(y1, X, €2),

where m? is strictly increasing with respect to ¢, and where x is independent of (&1, &;).
Identification can then be analyzed in terms of conditions on the structural system com-
posed of (m!, m?), and the distributions of (g1, ;) and x. In this discussion all variables
are scalars. Pointwise estimation of the derivative of m! with respect to y, can be per-
formed without facing ill-posed inverse problems. Roehrig (1988), Benkard and Berry
(2006), and Matzkin (2008, forthcoming) followed this approach. Identification and es-
timation require additional restrictions on the structural functions (m!, m?) and/or the
density of (&1, &7).

The control function approach assumes that the simultaneous system can be ex-
pressed in the triangular form

y1 =ml(y, &1),
»=s(x,m),

where the function s is strictly increasing in the unobservable scalar n and where x is
independent of (g1, n).? Identification of various features of this triangular model has

been widely studied under different sets of assumptions, including Newey, Powell, and
Vella (1999), Chesher (2003), Florens et al. (2008), Imbens and Newey (2009), Torgovitsky
(2012), and D’Haultfuille and Fevrier (2012), among others. Conditions for pointwise
identification and estimation of the derivatives of m! have been derived and again avoid
an ill-posed inverse problem.

Although the control function approach is attractive because of its simplicity, it re-
quires the condition that the simultaneous system can be expressed in a triangular form.
The question we aim to answer is the following: Suppose that we are interested in esti-
mating the function m! when the structural model is of the form

y1=ml(y, &1),
ya=m*(y, X, €2),

1See Chen, Chernozhukov, Lee, and Newey (2014) for the most up to date identification results for these
models. See also Hahn and Ridder (2011) regarding identification of models using conditional moment
restrictions.

2Heckman (1978) referenced the Telser (1964) paper in his comprehensive discussion of estimating si-
multaneous models with discrete endogenous variables. Blundell and Powell (2003) noted that it is diffi-
cult to locate a definitive early reference to the control function version of two-stage least squares (2SLS).
Dhrymes (1970, equation 4.3.57) showed that the 2SLS coefficients can be obtained by a least squares re-
gression of y; ony, and %, while Telser (1964) showed how the seemingly unrelated regressions model can
be estimated by using residuals from other equations as regressors in a particular equation of interest.
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and x is independent of (&1, £,). Under what conditions on m?

estimating a function for y, of the type

can we do this by first

»=s(x,m)

and then using 7 as an additional conditioning variable in the estimation of m!?
More specifically, we seek an answer to the question: Under what conditions on m
it is the case that the simultaneous equations Model (S),

2

y=ml(y, e1),

Yo =m*(y, x, £2),

with x independent of (&1, ¢;), is observationally equivalent to the triangular Model (T),
yi=m'(y, e),
= S()C, 77),

with x independent of (&1, 17)?
If (S) and (T) are observationally equivalent, then the average structural function of
m!, defined by Blundell and Powell (2003) as

G = [ ml o0ty (o1 den,
can be derived from the distribution of (Y7, Y5, X) as
GO = [ EViIVa =y T=0fr(t)
where
T = Fy,x(Y2).

The local average response function, defined by Altonji and Matzkin (2005) as

am!(y,
B(Y2)=/Wfsl|yz=yz(81)da1,
Y2

can be derived from the distribution of (Y7, Y5, X) as

_[IEMNIY2=n,T=1)
B(n)—/ v

leYzZyz (t) dta

where T is as defined above. The quantile structural function, defined by Imbens and
Newey (2009) for the rth quantile of ¢y, g, (1), as

O, ) = Plf(m1 (Y2, ge, (7)) < y11Y2 = y2),
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can be derived from the distribution of (Y71, Y3, X) by
O, ) = f Pr(Y1 <nlY2 =y, T =10)fr(t)dt.

The derivative of m! at (y», £1) for &1 = r!(y1, y») can be derived from the distribution of
(Y1, Y2, X), following Chesher (2003), by

aml(y, 1) _ |:‘9FY1|Y2=y2,T=t(Y1)
%) N

-1
l=FY2X=x(Y2)]

% |:07FY1|Y2=y2,T=t(Y1)
Y2

t=Fy,|x=x (YZ)i|

or, in terms of the distribution of the observable variables,

am'(y2, e1)
3%)
_ |:3FY1|Y2=y2,X=x(YI) :|_1 |:07FY1|Y2=y2,X=x(Y1):|
A% %)
|:(9FY1|Y2=y2,X=x(y1):|l [19FY1Y2=y2,X=x(Y1)]
+
%1 ax

5 KaFYZX:xuz))}‘l[(amX:xm)ﬂ
ax v, '

In what follows, we first define a new property of functions, control function separa-
bility. This is a condition that states that y; is weakly separable from x in the structural
inverse function 2. We then show, in Section 3, that this property completely character-
izes systems of simultaneous equations where a function of interest can be estimated us-
ing a control function. This condition is satisfied by simultaneous linear models with ad-
ditive errors. In nonlinear models, this condition should be checked, since it is a strong
assumption, and if it is not satisfied, estimation using a control function approach may
be severely inconsistent. Roughly, the condition states that the structural unobservable
random term, &;, in the second equation of the simultaneous equations system can be
represented as a function of the reduced form unobservable random term, 7, in the sec-
ond equation of the triangular system and the unobservable random term, &1, in the
first equation of the simultaneous equations system. An example of a utility function
whose system of demand functions satisfies control function separability is presented
in Section 4. In Section 5, we describe how to extend our results to limited dependent
variable models with simultaneity in latent or observable continuous variables. The Ap-
pendix provides conditions in terms of the derivatives of the structural functions in the
system and conditions in terms of restrictions on the reduced form system. Section 6
concludes.
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2. ASSUMPTIONS AND DEFINITIONS
2.1 The structural model and control function separability

We consider the structural model
Model (S) yi=m'(y, 1),
y2=m*(y1, x, £2),

with yi, 2, x, €1, & € R, satisfying the following assumptions.

AssumptIioN S.1 (Differentiability). For all values (y1, y2, x, €1, €2) of (Y1, Y2, X, €1, €2)
in R, the functions m' and m* are continuously differentiable.

AssumpTION S.2 (Independence). The vector (1, &7) is distributed independently of X .

AssumPTION S.3 (Support). Conditional on any value x of X, the densities of (&1, €2)
and of (Y1, Y») are continuous and have convex support.

ASSUMPTION S.4 (Monotonicity). For all values y, of Y, in R, the function m' is strictly
monotone in &1, and for all values (y1, x) of (Y1, X) in R?, the function m? is strictly
monotonein ;.

AssumpTION S.5 (Crossing). For all values (y1, y2, x, €1, €2) of (Y1, Y2, X, 1, &) in R3,
(9m' (y2, £1)/3y2)(@m* (y1, x, £2) /1) < 1.

The technical assumptions (Assumptions S.1-S.3) can be partially relaxed at the cost
of making the presentation more complex. Depending on the object of interest, the con-
tinuous differentiability in Assumption S.1 may be satisfied only on a particular neigh-
borhood of the support of the variables. The independence condition in Assumption S.2
may be satisfied only conditionally on some external variable. For example, if for a vari-
able Z, the conditional density of (Y7, Y,, X) given Z = z is identified, and if (&1, &;)
is independent of X conditional on Z = z, then our results can be extended to such a
situation. In many situations, the continuity of the densities of (Y7, Y,) and of (&1, &;)
given X = x may be required to hold only on some neighborhoods of the supports of the
variables.

Assumption S.3 is a weakening of the full support condition in Matzkin (2008). As-
sumption S.4 guarantees that the function m' can be inverted in &1 and that the function
m? can be inverted in &,. Hence, this assumption allows us to express the direct system
of structural equations (S), defined by (m!, m?), in terms of a structural inverse system
(D) of functions (r!, r?), which map any vector of observable variables (y, y;, x) into the
vector of unobservable variables (g1, &3):

Model (I) e1=r'(n, ),
£2=1*(y1, 2, X).

Assumption S.5 is a weakening of the common situation where the value of the en-
dogenous variables is determined by the intersection of a downward and an upward



276 Blundell and Matzkin Quantitative Economics 5 (2014)

slopping function. Together with Assumption S.4, this assumption guarantees the exis-
tence of a unique value for (y;, y»), given any X = x. In other words, these assumptions
guarantee the existence of a reduced form system (R) of equations, defined by functions
(h!, h?), that map the vector of exogenous variables (&1, &3, x) into the vector of endoge-
nous variables (y;, y»):

Model R)  y; =hl(x, &1, &),
v = h2(x, &1, £2).

These assumptions also guarantee that the reduced form function %' is monotone
increasing in £; and the reduced form function 4? is monotone increasing in &,. These
results are established in Lemma 1 below.

LEMMA 1. Suppose that Model (S) satisfies Assumptions S.1-S.5. Then there exist unique
functions h! and h? that represent Model (S). Moreover, for all x, &1, &, hl and h? are
continuously differentiable, oh'(x, 1, £2) /91 > 0, and dh%(x, &1, £2)/der > 0.

Proor. Assumption S.4 guarantees the existence of the structural inverse system (I) of
differentiable functions (7!, 7?) that satisfy

n =m1(y2,r1(y1,y2)),
ya =m?(y1, x, 1% (y1, y2, %)).

By Assumption S.1, we can differentiate these equations with respect to y; and y; to get

omt orl amt n amt arl
10\ der Iy %) aer dy
0 1 om?  om? or? om! or?
dy1  dex dy dey Iy»
Hence, drl/dy; = (dm'/de))™L, ar?/dy, = (dm?/dex)™1, orl/dy, = —(dm'/de)™ x

(dm! 3yy), and 9r?/dy; = —(dm?/der) "1 (dm?/Jy;). These expressions together with As-
sumptions S.4 and S.5 imply that arlJayy > 0, ar*/dy, > 0, and (9r' /ay,)(r?/dy1) <
(dr'/ay1)(9r?/dy,). Hence the determinants of all principal submatrices of the Jacobian
matrix

art(, y2) art(y, y2)

A% 3%)
It (y1, y2,X)  Ir*(y1, y2, X)
A% A7)

of (r!, r?) with respect to (y;, y») are positive. It follows by Gale and Nikaido (1965) that
there exist unique functions (4!, %) such that for all (&1, €,),

er=r'(h'(x, &1, 82), h*(x, 1, £2)),

&) :rz(hl(X7 €1, 82)7 hz(x’ €1, 82)7x)‘
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We have then established the existence of the reduced form system (R). The implicit
function theorem implies by Assumption S.1 that 4! and 4? are continuously differen-
tiable. Moreover, the Jacobian matrix of (A!, 4?) with respect to (&1, £;) is the inverse of
the Jacobian matrix of (7!, 72) with respect to (y1, y»). Assumptions S.4 and S.5 then im-
ply that for all x, &1, &, dhl(x, 1, £2)/de1 > 0 and dh>(x, €1, &2)/de, > 0. This completes
the proof of Lemma 1. O

We next define a new property, which we call control function separability.

DEerINITION 1. Let (V1 x Y, x X) denote the support of (y1, y2, x). A structural inverse
system of equations (r'(yy, y2), r>(y1, y2, x)) satisfies control function separability if there
exist functions g:R?>— Randv:R*— R such that for all (yy, y2, x) € (V1 X Yo x X),

@ r2(y1, y2, %) = 0(q(y2, %), 7 (y1, y2)),
(b) q is strictly increasing in its first argument, and

(c) v is strictly increasing in its first argument.

Control function separability is weaker than the standard triangular specification,
where the unobservable variable in the second structural equation, &;, is determined
only by y, and x. Control function separability allows this unobservable variable, &, to
be determined by y; as well as by y, and x. However, the way in which y; affects the
value of &, is very limited. The dependent variable y; in the first structural equation can
determine the value of the unobservable variable ¢; in the second equation only through
a function of (y1, y»), which is the same function through which (y;, y») determine the
value of ¢;. In other words, in control function separability, y; determines the value of
&7 only weakly, through the effect of y; on ¢; and that of £; on &;.

2.2 The triangular model and observational equivalence

We consider triangular models of the form
Model (T)  yi=m'(, e1),
Y2 =s(x,m),
with yy, 2, x, 1, 7 € R, satisfying the following assumptions.

AssumptioN T.1 (Differentiability). For all values of (y1, y2, x, €1, m) of (Y1, Y2, X, &1, 1)
in R3, the functions m' and s are continuously differentiable.

AssumptioN T.2 (Independence). The vector (&1, 1) is distributed independently of X .

AssumptION T.3 (Support). Conditional on any value x of X, the densities of (¢1, n) and
of (Y1, Y,) are continuous and have convex support.

AssumpTION T.4 (Monotonicity). For all values of y,, the function m! is strictly mono-
tone in &1, and for all values of x, the function s is strictly monotone in 7.
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Using the standard definition of observational equivalence, we say that Model (S) is
observationally equivalent to Model (T) if the distributions of the observable variables
generated by each of these models is the same.

DEFINITION 2. Model (S) is observationally equivalent to model (T) if and only if for all
Y1, Y2, X such that fx(x) > 0,

Iy vax=x(1, ¥2:8) = fr, vax=x (Y1, y2: T).

In the next section, we establish that control function separability completely char-
acterizes observational equivalence between Model (S) and Model (T).

3. CHARACTERIZATION OF OBSERVATIONAL EQUIVALENCE AND
CONTROL FUNCTION SEPARABILITY

Our characterization theorem is the following.
THEOREM 1. Suppose that Model (S) satisfies Assumptions S.1-S.5 and Model (T) satisfies
Assumptions T.1-T.4. Then Model (S) is observationally equivalent to Model (T) if and

only if the inverse system of equations (r*Ovi, y2), 201, o, x)) derived from (S) satisfies
control function separability.

ProoF. Suppose that Model (S) is observationally equivalent to Model (T). Then, for all
Y1, ¥2, X such that fx (x) > 0,

Y va1x=x(V1, ¥2:8) = fyv,, vo1x=x (1, y2: T).
Consider the transformation

e1=r"(y1, »),

Y2=Y2,

X =X.
The inverse of this transformation is
1
yi=m(y,e1),

Y2 =y2,

X =Xx.

Hence, the conditional density of (&1, y») given X = x, under Model (T) and under
Model (S) are, respectively,

am'(y2, &1)
deq

fer,volx=x(e1, ¥2: T) = fv,, v, x=x (ml(}% £1), y2; T)‘
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and

am!(y2, e1)

Forvalx=x(e1, 12:8) = fyy valx=x (M (32, €1), y2: )
deq

In particular, for all y», all x such that fy(x) > 0, and for &; = rl(y1, y2),

fY2\61=r1(Y1,)’2),X=x(y2; )= fY2\81=r1()’17)’2),X=x(y2; S)- (T1.1)

That is, the distribution of Y, conditional on &; = r'(y;, y») and X = x, generated by
either Model (S) or Model (T), must be the same. By Model (T), the conditional distribu-
tion of Y, conditional on (g1, X) = (' (1, y»), x) can be expressed as
Pr(Yz < yoler =r (1, y2), X = x)
=Pr(s(x,n) < yler = (v, 3m), X = x)
=Pr(n <32, X)le1 =r' (y1, »2), X = x)
= Fn\81=r1(Y1,Y2) (E(yz, x)),

where 5 denotes the inverse of s with respect to 7. The existence of 5'and its strict mono-
tonicity with respect to y, is guaranteed by Assumption T.4. The last equality follows
because Assumption T.2 implies that conditional on &1, n is independent of X. On the
other side, by Model (S), we have that

Pr(Ys < yaler =r' (1, y2), X = x)
=Pr(h2(% £1, &) < »leq =r1(Y1,Y2),X=x)
=Pr(e < nA(x, &1, Y2)lel =r1(Y1,Y2),X=x)
=Pr(e < rz(ml(}% 1), Y2, x)|e1 = oy, y), X = x)
= Fsz\e1=r1(y1,y2)(r2(m1 (2, €1), y2, X)),

where /2 denotes the inverse of % with respect to &;. The existence of h? and its
strict monotonicity with respect to y, follows by Lemma 1. The third equality fol-
lows because of the uniqueness of equilibrium. At equilibrium, conditional on X = x,
(y1,y2) is mapped into (e1, £2) = (r'(y1,y2), 2 (31, y2, x)), and (&1, £2) is mapped into
(hY(x, &1, €3), h*(x, €1, &2)). In other words, along the curve of all the values (y;, ;) for
which g = rl(yi, ¥5), the value of rz(yi, Y5, X) is equal to & only when (y;, y5) = (1, y2).
Similarly, when &1 and y; are given, the only values of &}, and y; for which

y=h(x, e1, €)),
=r] (yia )’2)

are (&5, y)) = (2, y1) = (r*(y1, y2, x), m (32, £1)). But then, because of the strict mono-
tonicity of h2(x, &1, €,) in &), it must be that, glven g1 and y,, & = h? (x,e1,») =
r2(31, y2, ). Substituting y = m!(y,, £1), we get that h2(x, &1, y2) = r2(m' (32, £1), y2, %),
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which shows that the third equality is satisfied. The last equality follows because As-
sumption S.2 implies that conditional on 1, &, is independent of X.

Equating the expressions that we got for Pr(Y> < y|e; = rl(y1, y2), X = x) from
Model (T) and from Model (S), we can conclude that for all y;, x, &1,

F€2\€1=V1()’17YZ) ("z(ml (2, 1), Y2, x)) = F,,|81:,1(y1,y2)(?(y2, x)) (T1.2)

Substituting ml(y, €1) by y;, we get that for all y;, y, x,

2 i~
F€2\€1=r1()’17}’2) (r 1 y2, x)) = F”fl\81="1(}’1,)’2) (S(yz, x))

Note that the distribution of &, conditional on & can be expressed as an unknown
function G(e, £1) of two arguments. Analogously, the distribution of n conditional
on g1 can be expressed as an unknown function H(7, ¢1). Denote the (possibly infi-
nite) support of &, conditional on &; = r'(y;, y») by [e%, a%,], and denote the (possi-
bly infinite) support of n conditional on &; = r!(y|, y2) by [11, ny]. Our Assumptions
S.2 and S.3 imply that the distribution F, , _,1,, ,,)(-) is strictly increasing on [e2, &3]
and maps [s%, a%,] onto [0, 1]. Our Assumptions T.2 and T.3 imply that the distribution
Fnlal:rl(yl,yz)(') is strictly increasing in [n, ny] and maps [nz, ny] onto [0, 1]. Hence,
(T1.1) and our assumptions imply that there exists a function %, strictly increasing in its

second argument, and functions G(e;, ¢1) and H (7, &1), such that for all y;, y,, x with
fx(x)>0and fy, vy, x=x(y1, y2) >0,

G(r* (1, y2, 0), ' (1, y2)) = HE 2, %), 7' (31, 12)),

and such that G and H are both strictly increasing in their first arguments at, respec-
tively, &2 =r2(y1, »2, x) and 7 =3(y2, x). Let G denote the inverse of G with respect to its
first argument. Then G(-, 7! (y1, y2)): [0, 11 — [&7, £2,] is strictly increasing on (0, 1) and

(1, y2, ) = G(H (2, ), ' (91, 1)), 71 1, ).

This implies that r?is weakly separable into 7 (y;, y,) and a function of (y», x), strictly in-
creasing in y,. Moreover, since H and G are both strictly increasing with respect to their
first argument on their respective relevant domains, > must be strictly increasing in the
value of 5. We can then conclude that (T1.1), and hence also the observational equiv-
alence between Model (T) and Model (S), implies that (' (y;, y»), 72(y1, y2, x)) satisfies
control function separability.

To show that control function separability implies the observational equivalence
between Model (S) and Model (T), suppose that Model (S), satisfying Assumptions
S.1-S.5, is such that there exist functions q:R2 — R and v:R? — R such that for all
(Y1, y2, ) € V1 X Ip x X),

(1, y2, ) = v(q(y2, X), 11 (1, 1)),

where on (), x X), q is strictly increasing in its first argument, and for each for each
1, y2, X) € (V1 x Vo x X),v(q(y2, x), rL(y1, y2)) is strictly increasing in g(y2, x).
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Let &1 =rl(y1, y2) and 7 = q(y», x). Then

g2 =1 (31, y2, X) = (T, £1),

where v is strictly increasing in 7. Letting v denote the inverse of v with respect to 7, it
follows that

q(y2, x) =M =V(ez, &1).

Since v is strictly increasing in &;, Assumption S.3 implies that (&1, 1) has a continu-
ous density on a convex support. Let § denote the inverse of ¢ with respect to y,. The
function g exists because ¢ is strictly increasing in y,. Then

y =47, x)=q(v(ez, &1), x).

Since 77 is a function of (&1, &;), Assumption S.2 implies Assumption T.2. Since also

y2 = h%(x, &1, £2),

it follows that
¥ =h*(x, e1, £2) = G(Vez, £1), %),

where ¢ is strictly increasing with respect to its first argument. Hence,
y2=h*(x, &1, 82) = G(7, x),

where ¢ is strictly increasing in 7. This implies that control function separability implies
that the system composed of the structural form function for y; and the reduced form
function for y; is of the form

yi=m'(y, e),
Y =h(x, &1, £2) = G(V(e, £1), X) = G(7, x),

where ¢ is strictly increasing in % and (&1, 17) is independent of X. To show that the
model generated by (m!, h?) is observationally equivalent to the model generated by
(m', §), we note that the model generated by (m!, h?) implies that for all x such that
fx(x) >0,

v v x=x(y1, y2: S)
= for.e,(r (31, y2), P2 (91, 12, x))’rylf%z - r;/fl ;

where ryl1 = r;] (y1, y2) defines the partial derivative of r! with respect to its first argument.
Similarly 2 = rZ (y1, y2, x), 3, = r}, (1, y2), and r2, = r? (y1, y2, x). On the other side, for

the model generated by (m', §), we have that

fY1,Y2\X:x(Y1aYZ§ T)

= fer 7 (r 01, 320, B(F2 (1, 2, 1), 7 (1, 1))

1 1

X r)’l (ﬁr)%z + 52r)l’z) - r)’z (ﬁlr}z’l + 52}’;1 ) |’
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where v denotes the derivative of v with respect to its first coordinate and v, denotes
the derivative of ¥ with respect to its second coordinate. Since

}r)l’l (51r§2 + 62”;2) - r)l’z (’51 r)z’l + '172}’)1,1)‘ =7 ’r;1r§2 - r;ZF)ZH |

and

f92|81:r1 (yl’yz)(rz(yls Y25 x)) = fﬁ|81:r1 (yl’yz)(?)l(rz(yly Y2, x)a rl (Y1, YZ)))ijl’

it follows that for all x such that fx(x) > 0,

Y, va1x=x(V1, ¥2: ) = fyv,, vo 1 x=x 1, y2: T).

Hence, control function separability implies that Model (S) is observationally equivalent
to Model (T). This completes the proof of Theorem 1. O

Theorem 1 provides a characterization of two-equation systems with simultaneity
where one of the functions can be estimated using the other to derive a control func-
tion. One of the main conclusions of the theorem is that to verify whether one of the
equations can be used to derive a control function, it must be that the inverse function
of that equation, which maps the observable endogenous and observable exogenous
variables into the value of the unobservable, must be separable into the inverse func-
tion of the first equation and a function not involving the dependent variable of the first
equation. That is, the function

ya=m*(y1, X, €2)

can be used to derive a control function to identify the function m!, where

y1=ml(y, &1)

if and only if the inverse function of m? with respect to ¢, is separable into r! and a
function of y, and x.

3.1 Alternative characterizations

An alternative characterization of systems where one of the functions can be estimated
using a control function approach can be given in terms of the derivatives of the func-
tions of Models (T) and (S). Let ry = dr>(y1, y2, X)/dx, ry, = dr*(y1, y2, x)/dy1, and ry, =
art(y1, y», x)/dy, denote the derivatives of r2, let s, = ds(y», x)/dx and Sy, = 3s(y2, X)/Iy>
denote the derivatives of s, and let miz = dm!(y, £1)/dy, denote the derivative of the
function of interest m' with respect to the endogenous variable y,. The following theo-
rem, whose proof is presented in the Appendix, provides one such characterization.

THEOREM 2. Suppose that Model (S) satisfies Assumptions S.1-S.5 and that Model (T)
satisfies Assumptions T.1-T.4. Then Model (S) is observationally equivalent to Model (T)
ifand only if for all x, y1, y»,

2
s Sy
2 1 2 T
5, 1My, +ry2 5y
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In the Appendix, we show that in terms of the derivatives of the inverse system of
structural equations of Model (S), the condition in Theorem 2 implies that

J <r;1 V1, y)rE(v, 2, x)) _

—Io
07)’1 |”y()’1,)’2>x)|

Another alternative characterization, which follows from the proof of Theorem 1, is
in terms of the reduced form functions. Suppose we ask when the function

y2=m?(y1, X, &2)
can be used to derive a control function to identify the function m!, where

n= ml(J’Z, 81)~

Our arguments show that the control function approach can be used if and only if the
reduced form function, 42(x, €1, »), for y, can be expressed as a function of x and a
function of (1, £7). That is, the control function approach can be used if and only if, for
some functions s and v,

h2(x, &1, &2) = s(x, V(e1, £2)).

Note that while the sufficiency of such a condition is obvious, the necessity, which fol-
lows from Theorem 1, had not been previously known.3

4. AN EXAMPLE

We next provide two examples in the context of a consumer optimization problem with
unobserved heterogeneity. In the first example, the utility is such that the first order
conditions for maximization satisfy control function separability. In the second exam-
ple, control function separability is not satisfied. In both examples, the utility function,
Ul(ey, €2, Y1, Y2, ¥3), for goods yy, y», and y3, and for a consumer with unobservable taste
(&1, &) > 0 has the recursive structure

U(er, €2, Y1, ¥2, y3) =V (&1, €2, y2) + W (&1, y1, y2) + y3,

where the unknown functions V' (e, €3, -) and W(ey, -, -) are such that U (eq, &3, -, -, y3) is
strictly increasing and strictly concave in (yi, ;). The typical consumer, characterized
by (&1, £2), chooses the quantity of (y;, y2, y3) by maximizing U (1, €2, ¥1, ¥2, ¥3) subject
the linear budget constraint, x;y; + x2y> + y3 < x3, where x; and x; denote the prices of,
respectively, one unit of y; and y,, and where x3 denotes the income of the consumer
The price of a unit of the third good is normalized to 1. Since U(ey, &3, -, -, -) is strictly

3Kasy (2010) also highlighted the one-dimensional distribution condition on the reduced form A2, but
did not relate this to restrictions on the structure of the simultaneous equation system (S), which is our
primary objective.
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increasing in (y1, y2, y3), the optimal quantities satisfy the budget constraint with equal-
ity. Substituting y; = x3 — y;x1 — y»2x7, we get that the optimal quantities of (yi, y,) must
maximize the unconstrained function

U(e1, €2, Y15 Y25 X1, X2, X3)
=V(e1, &2, 2) + W(er, y1, y2) — y1X1 — Y2 X2 + X3.

To provide an example where control function separability is satisfied, we let u(-) denote
a strictly increasing and strictly concave function, and specify

Ver, 2, y2) = (&1 + &2)u(y2)
and
W (&1, y1, y2) = e1log(y1 — u(y2)).
The first order conditions with respect to y; and y, for maximization of

U(et, €2, Y1, Y2, X1, X2, X3)

= (&1 + &2)u(y2) + &1 log(y1 — u(y2)) — y1x1 — y2x2 + x3

are
i: 781 — xl = 0’ (4.1)
Iy (y1 — u(y2))
d , , &1
_ _|_ — _— = 0 4.2
7 (e1+e2)u(y2) —u(y2) Or—uGy 2 (4.2)
The Hessian of the objective function is
—&1 g1/ (y2)
(y1 — u(y))? (1 — u(y2))?
81Lt/(y2) ( €1 ) 1" ’ 2 €1
A — + e — — e —
Or—aom? T G ) O T W e

This Hessian is negative definite when &; > 0, v/(y2) > 0, u”(y2) <0, and

£
- 0.
(81 e O — M()’z))) -

Since at the values of (y;, y;) that satisfy the first order conditions, &1/(y; — u(y;)) =
x1and (e1+ &2 — (e1/(y1 —u(y2)))u'(y2) = x2, the objective function is strictly concave at
values of (y;, y») that satisfy the first order conditions as long as x; > 0 and x;, > 0. Since
the demanded quantities for (y;, y;) are optimal, they satisfy the simultaneous system
of equations given by the first order conditions. To express those conditions in the form
of an indirect system of equations, Note that from (4.1), we get

e1=[y1 — u(y)]x1, (4.3)
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and using (4.3) in (4.2), we get

[(e1+ &2) — x1]u'(y2) = x2. (4.4)
Hence,
&= /—2 —yix1+u(y2)x; +x1
u'(y2)
—< 2 4x )—( —u(y))x
“\wom 1 3! y2))x1.

We can then easily see that the resulting system of structural equations, which is

&1 = [y1 — u(y)]x1,

X2

& = +x1> — 1 —uly))x1,
( u'(y2) ( )

satisfies control function separability. The triangular system of equations, which can

then be estimated using a control function for nonseparable models, is

€1

X1 ’

n—1 X2
2= () (81 +82—x1)‘

The unobservable n = 1 + &, is the control function for y, in the equation for y;.
Conditional on n = &1 + &, y; is a function of only (x1, x;), which is independent of &;.
Hence, conditional on n = &1 + &3, ) is independent of ¢, exactly the conditions one
needs to use 7 as the control function in the estimation of the equation for y;.

To modify the example so that control function separability is not satisfied, suppose
that IV is specified as above but I is instead given by

yi=u(y)+

Wet, y1, y2) = e1w(y1, y2)

for a strictly increasing and strictly concave function w. The first order conditions for
optimization become

1%

— 1wy, (y1, 2) —x1 =0, (4.5)
iy y; (V15 Y.

& /

—&yzi (e1+ &)U’ (y2) + e1wy, (y1, y2) — x2 =0. (4.6)

The system of simultaneous equations that (y;, y») satisfies can then be expressed as

g=— L 4.7)
wy, (Y1, 2)
and
e = X2 e |:1+ Wyz(y17y2):|. (4.8)
u'(y2) u'(y2)
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Unless —wy, (y1, y2)/wy, (y1, y2) = u/(y2), as in the previous example, in general, control
function separability will not be satisfied.

5. SIMULTANEITY IN LATENT VARIABLES

Our results can be applied to models with simultaneity in continuous latent variables.
These are the models with “no structural shifts” in Heckman (1978), which do not allow
for explanatory variables that are dummy endogenous variables. More specifically, our
results can be applied in simultaneous equations models specified as

yik = ml(J’;, 81)7
) (5.1)
y; =m-(y], x, &2),
where instead of observing (y;, y;), one observes a transformation, (y1, y2), of (y{, y5)
defined by a known vector function (771, 73):

yi=T1007.5), 52

y2="Ta(y1,53)-
Suppose that m! and m? satisfy Assumptions S.1-S.5 and also control function sep-
arability. Then, by Theorem 1, (5.1) can be written equivalently as the triangular model
yik = ml(yika 81)7
y5 =s(x,m),

satisfying Assumptions T.1-T.4. Identification in the model

yi=Ti(y1,55),

v ="T07.5), 53

yik ZmI(J’;, 81)7
vy =s(x,m),

can then be analyzed using known techniques for models with latent variables and tri-
angularity.
To provide an example, consider the binary response model with simultaneity,

Vi =g(n) —e1,
y2 =A(Byf +yx + £2),

1, ifyr>0,

= 0, otherwise,

where only the random vector (yi, y2, x), whose supportis {0, 1} x R?,is observed, where
A is strictly increasing, and where the functions g and A and the parameters g and vy are
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unknown. Usually in this model one is interested in objects such as the probability that
y; = 1 when g7 is assumed to be distributed with its marginal distribution (Blundell and
Powell (2004)) or the derivative of the probability that y; = 1 with respect to y, when the
distribution of ¢; conditional on y; is kept unchanged (Altonji and Matzkin (2005)). In an
empirical application in Blundell and Powell (2004), y; is the hours of work of one of the
spouses in a household and y; is the income of the other spouse. The family makes the
joint decision of (y;, y2). Assume that the function A~ (y) — Bg(yy) is strictly increasing
in y,, and that Assumptions S.1-S.5 are satisfied. Then the system

Vi =80n) — e,
2 =A(Byf +yx + &)

satisfies control function separability. To see this, note that the random variable ¢, in
this system is determined by the function

g2 =[A"1(3) — Bg(n) — yx] + B(g(2) — ¥}),

which is separable into the function [A~!(y,) — Bg(y2) — yx] and the function B(g(y») —
y1). It then follows by Theorem 1 that the system is observationally equivalent to a tri-
angular system

i =8n) —e1,

yn=s(x,n),

satisfying Assumptions T.1-T.4. Given the distribution of 1 or of (7, y,) (Matzkin (2003),
Imbens and Newey (2009)), one can obtain the probability that Y; =1 when Y, = y; and
&1 is distributed with its marginal distribution as

Fuy(s02) = / Pr(Yi = 1|Ys = yo, m = 1) f, (1) dt.

The derivative with respect to y, of the probability that y; = 1 when the conditional dis-
tribution of & stays fixed can be calculated as

IFs(g(y2)) :/ IPr(Y1=1|Y2 =y, =
2% 2%

t) f’r]|Y2=y2(t) dt7

where 6 denotes a random term that has the same distribution as that of ¢; conditional
on Y, = y,. (See Blundell and Powell (2004) and Altonji and Matzkin (2005) for details.)
Alternatively, one can employ our results to identify g or its derivative with respect to
v, separately from the distribution of ¢; by first identifying the distribution of the latent
variables and then proceeding with that distribution as if the latent variables were ob-
served. For single equation binary response models, with all the explanatory variables
being independent of the unobservable ¢, the conditions under which such a proce-
dure can be done were given in Cosslett (1983) for linear in parameters g and in Matzkin
(1992) for nonparametric g. Matzkin (1992) showed pointwise identification of g un-
der shape restrictions on g, such as homogeneity of degree 1 or additivity, and without
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requiring large support conditions. Matzkin and Newey (1993) used the conditions in
Matzkin (1992) to develop an estimator that followed the two step procedure. Still under
independence conditions, Briesch, Chintaguna, and Matzkin (2010) considered binary
response models with nonparametric random functions g. Identification in more gen-
eral limited dependent variable models, under conditional independence, rather than
full independence, and with linear in parameters g, were developed in Lewbel (2000),
using a large support regressor.
Consider models with simultaneity,

yik = ml(y;a 81)5

yik = mz(yika X, 82)7
where instead of observing (y;, y;), one observes a transformation, (y1, y2), of (y{, y5)
defined by a known vector function (73, T3):

y=Ti(y ),

v2=Ta(y1, ¥3)-
For these models, Matzkin (2012) showed identification using additional regressors
(w1, wy). Specifically, the vector (wy, w;, x) was assumed to be distributed indepen-
dently of (1, &2), (w1, wy) entered the functions in known ways, and restrictions on the
support of the continuous (w;, w;) conditional on x had the effect of restricting the set of
values (y1, y», x) at which the functions or its derivatives were identified. Identification
followed the two step procedure. This required attaching to each y; and y; one of the
continuous regressors, wi and wy, in a known way. Matzkin (2012) assumed that the ad-
ditional regressors (wy, wy) were observed, and that the simultaneous model was weakly
separable into known functions b1 (y;, w) and b2(y;, wy). In other words, the model was
assumed to be

yi = ml()ék, w1, Wy, 81),

yik = mz(J’ik, wi, Wa, X, 82)7
with the restriction that for some unknown functions 7! and mz, and known functions
b1(yy,w1) and b (y5, wa):

bi(yi, wr) =m' (ba(v3, w2), €1),

ba(v5, wa) = m2 (b1 (v, wi), x, &2).

The restrictions on the support of (wy, wy, x) depended on the range of the known

transformations (77, 7») and on the elements of 7' and 77° that one is interested in iden-
tifying. For example, if y; is observed, so that y, = y;, or, in other words,

(¥}, ¥3) = y2,
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then w; is not needed. Alternatively, if y; is only observed when it is positive, then the
support of w, may only be the half real line. The most important feature is that the sys-
tem can be expressed as

by =m' (b, e1),

by =m" (b1, x, £1),
where the distribution of (b1, bs, x) = (b1 (y}, w1), b2(y5, w2), x) is continuous. Since the
mapping between (m!, m?) and (', m?) is known, identification of pointwise features
in (m!, m?) can be obtained from identification of analogous features in (mt, m?).

To provide some insight to the methods, consider first a single equation binary re-

sponse model. Suppose that (wq, y;) is independent of ¢, the conditional distribution

of wy is continuously distributed given y, = 0, and g(0) = 0. Matzkin (1992, Example 3 in
Section 5) showed identification of g in the model

i =w1 +g(n) — &1,

1, ifyr=o0,
= 0, otherwise,

by applying her Theorem 1. In her theorem, the support of w; is not required to be un-
bounded. As mentioned above, the effect of a smaller support is to restrict the set of
values of y, at which the function g is identified. Identification of F,, follows because

Pr(y; =1lwy, y» =0) = Fg (wy),

while once F;, is identified in the relevant support, g(y,) is identified, given any value of
w1, by
g») = F ' (Pr(y; = Llwy, y2)) — wy.

Consider now the binary response model with simultaneity and random function g!,

yi=wi +g'(n, e1),
»=g*(yf —wi, x, &2),

1, ifyr=o,
= 0, otherwise,

where (wy, x) is independent of (&1, &2). An example of such a model is where y; is the
utility of one of the spouses from working, y, is the work income of the other spouse,
and w, is an exogenous variable that increases the utility y; for one of the spouses but

decreases the amount of work income of the other. Denote b; = y; — wi. Assume that g!
is invertible in £; and g2 is invertible in &,. Then, for some functions r! and 2,

e1 =1 (b1, ),

&2 =1%(by, y2, X).
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Note that b; takes the place of y; in the model with continuous dependent variables. The
only problem is that the distribution of (b1, y») is not directly observed. To identify the
distribution of (b1, y,), Matzkin (2012) followed the argument in Lewbel (2000). Assume
that (x, w;) has an everywhere positive density. Our independence assumption between
(x, w1, wy) and (&1, &) implies that w is independent of (&1, £;) conditional on x. Then,
since conditional on x, (b1, y») is only a function of (&1, ,), we have that for all wy, #;

Pr((B1, Y2) < (11, 2)|X = x) = Pr((By, Y2) = (11, y2) Wi = wy, X =x)
=Pr((Yf — W1, Y2) < (11, )W = w1, X =x)
=Pr((Y{, Y2) < (1 + w1, p) W1 =wy, X =x).

Letting w; = —#;, we get that
Pr((B1,Y2) < (11, )| X = x) =Pr((Y1, Y2) < (0, )W = —11, X = x).

Hence, the distribution of (by, y2) conditional on X is identified. The analysis of the sys-
tem

by =g'(n, e1),

y2=8%(b1, x, )

when the distribution of (b1, y», x) is identified is analogous to the analysis of the system

i =ml(y, e1),
ya=m*(y1, X, €2)

when the distribution of (y;, 2, x) is given.
Suppose now that the system (g', g?) satisfies control function separability in the
sense that it can be expressed as

e1=r(b1, ),
&2 =v(s(y2, x), rl(by, )

for some functions v and s, each strictly increasing in its first argument. Then one can
identify and estimate g! using a control function approach.

6. CONCLUSIONS

In this paper, we have provided a conclusive answer to the question of when it is possible
to use a control function approach to identify and estimate a function in a simultaneous
equations model. We defined a new property of functions, called control function sep-
arability, which characterizes systems of two simultaneous equations where a function
of interest can be estimated using a control function derived from the second equa-
tion. We showed that this is a strong condition, equivalent to requiring that the reduced
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form function for the endogenous regressor in the function of interest is separable into
a function of all the unobservable variables. We also provided conditions in terms of the
derivatives of the two functions in the system.

An example of a system of structural equations, which is generated by the first or-
der conditions of a heterogeneous consumer optimization problem that satisfies control
function separability, was presented. By slightly modifying the example, we have shown
the restrictiveness of the control function separability condition. We have also shown
how our results can be used to identify and estimate limited dependent variable models
with simultaneity in the latent or observable continuous variables.

APPENDIX

ProoFr orF THEOREM 2. As in the proof of Theorem 1, observational equivalence be-
tween Model (T) and Model (S) implies that for all y,, x, &1,

2
Fsz\slzrl(yl,yz) (I" (ml(y27 81)3 ¥, x)) = F7I|81=r1(y1,yz)(s(y2’ x)) (T2.1)
Differentiating both sides of (T2.1) with respect to y, and x, we get that

Foaler (2 (m' (y2, €1), y2, %)) (5 my, +75) = Fyiey (502, 1)) 53,
Fonter (P2 (m' (2, £1), ¥2, X)) 12 = Frley (52, X))

r§1 = r*(ml(y2, £1), y2, %) /Iy, r§2 = arX(m'(y2, £1), y2, X)/3y2,

r2 = ar*(m'(y, e1), y2, X)/9x, miz = dm'(y2, £1)/9y2, Sy, = Is(y2, x)/dy2, and sy =
ds(y2, x)/dx.
Taking ratios, we get that

where, as defined above,

72

X Sx

2l 42 g
My, 15, Sy
Conversely, suppose that for all y,, x, &1,

I’2 Sx

X
L (T2.2)
2 4l 2
Ty My, + ) 5y2

Define

b(ys, x, &1) = r*(m! (2, £1), y2, x).

Equality (T2.2) implies that for any fixed value of &7, the function b(y, x, &1) is a trans-
formation of s(y,, x). Let ¢(-, -, £1) : R — R denote such a transformation. Then, for all

2, X,
b(y2, x, £1) = r*(m' (32, £1), y2, x) = t(s(y2, X), £1).
Substituting m!(y, £1) with y; and &; with r!(y1, y»), it follows that

P2 (y1, 2, X) = t(s(y2, x), rOn, »)).



292 Blundell and Matzkin Quantitative Economics 5 (2014)

Hence, (T2.2) implies control function separability. This implies, by Theorem 1, that
Model (T) and Model (S) are observationally equivalent, and it completes the proof of
Theorem 2. U

A.1 Alternative expression for (T2.1)

Instead of characterizing observationally equivalence in terms of the derivatives of the
functions m! and 2, as in (T2.2), we can express observational equivalence in terms of
the derivatives of the inverse reduced form functions. Differentiating with respect to y;
and y, the identity

n =m1(y2,r1(y1,y2)),

: 1
and solving for my, , we get that

» 1
'y,

Hence, the condition that for all y;, y», x,

2
ry Sx

2 a1l 2 ’
Ty, My, + Ty, 5y2

is equivalent to the condition that for all y;, y, x,

V;I(Yh)’z)r;%(h,)’z,x) s, %)
75 O, Y215, (1, ¥2, X) = 1, (01, Y2075, (V15 Y2, X) 83, (32, %)

or

73 (V1 YOTE(YL, Y2, X) _ 5,0
|”y(Y1,}’2ax)| Syz(y27x),

where |ry(y1, y2, X)| is the Jacobian determinant of the vector function r = (r!, r?) with
respect to (y, »2).

Differentiating both sides of the above equation with respect to y;, we get the fol-
lowing expression, only in terms of the derivatives of the inverse system of structural
equations of Model (S):

dlog <r}1 1, y2)rE(n, 2, x)) 0
IV 7y (V1,5 y2, X)| ’
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